The effect of closed classical orbits on quantum spectra: Ionization of atoms in a magnetic field by Du, Meng Li
W&M ScholarWorks 
Dissertations, Theses, and Masters Projects Theses, Dissertations, & Master Projects 
1987 
The effect of closed classical orbits on quantum spectra: 
Ionization of atoms in a magnetic field 
Meng Li Du 
College of William & Mary - Arts & Sciences 
Follow this and additional works at: https://scholarworks.wm.edu/etd 
 Part of the Atomic, Molecular and Optical Physics Commons 
Recommended Citation 
Du, Meng Li, "The effect of closed classical orbits on quantum spectra: Ionization of atoms in a magnetic 
field" (1987). Dissertations, Theses, and Masters Projects. Paper 1539623773. 
https://dx.doi.org/doi:10.21220/s2-khfp-vh38 
This Dissertation is brought to you for free and open access by the Theses, Dissertations, & Master Projects at W&M 
ScholarWorks. It has been accepted for inclusion in Dissertations, Theses, and Masters Projects by an authorized 
administrator of W&M ScholarWorks. For more information, please contact scholarworks@wm.edu. 
IN F O R M A T IO N  TO USERS
The most advanced technology has been used to photo­
graph and reproduce this manuscript from the m icrofilm  
master. U M I film s the orig inal text d irectly from the copy 
submitted. Thus, some dissertation copies are in typew riter 
face, while others may be from a computer printer.
In the un like ly  event that the author did not send U M I a 
complete manuscript and there are missing pages, these w ill 
be noted. Also, i f  unauthorized copyrighted m aterial had to 
be removed, a note w ill indicate the deletion.
Oversize m aterials (e.g., maps, drawings, charts) are re ­
produced by sectioning the original, beginning at the upper 
left-hand corner and continuing from left to right in  equal 
sections with small overlaps. Each oversize page is available 
as one exposure on a standard 35 mm slide or as a 17" x  23" 
black and white photographic prin t for an additional charge.
Photographs included in the original manuscript have been 
reproduced xerographically in this copy. 35 mm slides or 
6" x 9" black and w hite photographic prints are available for 
any photographs or illustrations appearing in this copy for 
an additional charge. Contact U M I directly to order.
A c c e s s i n g  l h < ;  W o i l t J ' S  I n t u r m a l i o n  s i n r e  1 9 J B
N H ) N i ) r N i  M- :  i m  j  A m  A r h c r  M M H K H j M i f j l . ' I C A

Or d e r  N u m b e r  8SU390T
T h e  efFert o f  c losed c lass ica l o rb its  ott q u a n tu m  s p e c tra :  
Io n is a t io n  o f  a to m s  in  a m a g n e tic  fie ld
1 >U, Metig Li, E’ h .D .
The College of William and Mary, 1987
Copyr i ght  rtpiOBS liy Du ,  Me l i g  Li .  Al l  right . * reserved.
KHIN ZechRd
Arn Arbor. Ml 4KKKS

PLEASE NOTE:
In all cases this material has been filmed in the beat possible w ay from the available copy. 
Problems encounte fed w ith  th is docum ent have been iden tified  here with a  check mark V
1 Glossy photographs or p a g e s _____
2. Colored illustra tions, paper or p r in t_______
3. Phctogruphs w ith  dark background
A. Illustrations are poo r c o p y _______
5. Pages with black marks, not orig inal c o p y ______
6. Print shows through as there is text on both sides of p a g e _______
7 Indistinct, broken or small print on several pages ^
8. Print exceeds m arg in  requ irem ents______
9. Tightly bound copy w ith  print lost in spine
10. Computer p rin tou t pages w ith ind is tinc t p rin t _ _ _ _
11. Pagers)  __________   lacking when material received, and  not available from school or
author.
12 Page(s) seem to be missing in numbering on ly  as text fo llow s
t3  Two pages num bered Text Follows.
14 Curling and w rink led pages
15 Dissertation con ta ins  pages w ith print at a slant, filmed as received
16 Other

THE  KKF’ KCT  OF CL OS E D f ' t . ASSI CAl .  
O H B T T S  ON QUANTUM SPECTRA 
l u n i i f t l  i o n  o f  a t o m s  i n  i ibh gn e t 1 r  f  1 e I d
A D i s s e r t a t i o n  
P r e s e n t e d  t o  
T h e  F a m i l y  a f  t h e  He p a r  I men I u f  P h y s i c  a 
T h e  C o l l e g e  o f  W i l l i a m  a n d  M a r y  i n  V i r g i n i a
1n P a r t i a l  F u 1 f 1 1 1 men t 
o f  t h e  R e q u i r e m e n t s  f o r  t h e  D e g r e e  o f  
D o c t o r  o f  P h i l o s n p h y
I  y
Me n #  1.1 !>u
1 <187
APPROVAL SHEET
This dissertation is submitted in partial fulfillment 
the requirements for the degree of
[Doctor of Philosophy




Hoy L , c h a m p io n







HF.NU I I [JU
All R ig h lj  R eserved
f o r  m y  p a r e n t s
i i i
T A B L E  OF CONT E NT S
P a g  e
F O H E W O H D .......................................................   i K
AC KNOW L K  DGEME N T S   *  i
1.1 S i  O F  T A B L E S .................................................................................................................  x  1 i
L I S T  OF r  I G U H E S .............................................................................................................. x m
A B S T H  A C T  . , „  .......................................................................................................................  x i v
c  H A i ’ T F H O.  AN I N T R O D U C T I O N .........................................................................  I
A .  A M i n i  V e r s i o n  o f  t h e  T h e s i s ............................................ J
I I .  Wh t i t  I s  i n  O t h e r  C h a p t e r s .................................    t>
Ci !  A F T E R  I .  R E G U L A R  A ND I R R E G U L A R  C L A S S I C A L  M O T I O N S  
AND T H E I R  C O N S E Q U E N C E S  I N  Q U A N T U M
M E C H A N I C S .............................................................................................  0
A . D r d p r l y  ri n at L h a u t  l r  M o t i o n s  i n  C l a s s i c a l
M e c h a n i c s .......................................................   10
1 . I l i t  e g !  a h  1 e S y s I e r a s ...................................................................  H
11. I r r e g u l a r  S y s t e m s ...........................................   - 1 ‘i
U ,  P s e u d o  I n t e g r a b l e  S y s t e m s ............................................ I H
A,  Q u a s i  I n t e g r a b l e  S y s t e m s ...........................    I H
fj , M a p p i n g s     I U
H . W a v e  I m i r t  t o n s     2 2
i v
1.  S e n i r 1 a s s i c a 1 H a v e  F u n c t i o n s  a n d  F a m i l y
o f  T r a j e c t o r i e s - . - , ....................................    22
2 .  F i ( f p n ( u t n  t  i o n s  i n  a R e g u l a r  S v s t e m   23
H . K i g e n f u r r t  i o n s  i n  an  I r r e g u l a r  S y s t e m . .  2 b
C ............................................ S p e c t r a .................................................................  27
1. I t i  d i v i d u a l  E n e r g y  l e v e l s   . .  2d
2 . S m a l l  S c e i I c  S t r u c t u r e  ( d  S p e c t r u m .............  3 !f
2 .  l a r g e  S c a l e  S t r u c t u r e  o f  S p e c t r u m .............  22
CHAP T E R I I -  ATOMS I N  A M A G N E T I C  F I E L D ..................................  3H
A-  H a m i l t o n i a n  o f  t h e  S y s t e m .....................................  2 9
h . D i f f e r e n t  T y p e s  o f  S p e c t r u m .  .........................  13
] - | ,»w F i e l d  S p e c t r u m ............. ................................................  4 r>
2 . I n t e r m e d i a t e  F i e l d  S p e c t r u m ............... .. ...............  47
3.  S p e c t r u m  N e a r  t h e  l o r  i  r a t  m t i  T h r e s h o l d .  -I'd
C H A I ’ Tf cH 1 1 1 .  HAS 1C FORMUL AS FO H SPEC I R A ...........................  S2
A.  I ’ h o t  on  A b s o r p t i o n  a n d  O s c i l l a t o r  S t r e n g t h
[ I on  s i t v ..................... ...... ................. ................................................  r' 2
P . F o r m a l  E x p r e s s i o n s  o f  t h e  O s c i l l a t o r
S t r e n g t h  D e n s i t y  a n d  T h e i r  R e l a t i o n s h i p . . .  -r>t>
1.  D e f i n i t i o n  o f  T i m e  D e p e n d e n t  P r o p a g a t o r
................... .............. a 7
2 - D e f i n i t i o n  o f  T i m e  I n d e p e n d e n t  U u t g o i n u
G r e e n ' s  F u n c t i o n .................................................................... S H
3 .  T h e  U s c i I l a t o r  S t r e n g t h  D e n s i t y  i n
T e r m s  o f  t h e  P r o p a g a t o r ........................... ..................  Ml
4 .  T h e  O s c i l l a t o r  S t r e n g t h  D e n s i t y  i J i
T e r m s  o f  t h e  G r e e n ' s  F u n d  i o n ......................... , (if)
C . S u m m a r y ............................................................ ................ .....................   ■ b 7
v
C H A P T E R  I V .  HYDROGEN ATOM W I T H O U T  F I E L D S ........................  6 8
A .  J u s t i f i c a t i o n  F o r  t h e  N e g l e c t  o f  M a g n e t  i r
K i e 1 d C l o s e  t o  h li o 1 e u  s   6  0
H T n 1 1 i ei ! Wa v e  F u t u  I i  n n  a n d  C o u  1 o m b  G r e e n ' s
t u i n ' t  i n i l  N e a r  t h e  I o n i z a t i o n  T h r e s h o l d . - . .  7 0
I , J i o u n  ti S l a t e  Sn ]  u t  i  o n s  : I n i t i a l  Q u n n  I uni
W a -j e Pun i  I i o n ............................................................................... 7 (1
3 , S u l u l  i o n  N e a r  [ m i  i  z a l  i  i o n  T h r e s h o l d . . . .  7 2
J .  E s t i m a t e  o f  A c c u r a c y  f o r  E ■ 0 ..................................... 7 4
4 . C o u l o m b  G r e e n ' s  F u n c t i o n  N e a r  t h e
I o n i s a t i o n  T h r e s h o l d .........................................................  7 6
d . 1 h i 1 O v e r t o p  Kh i I i  h I I n t e g r a l s .................................. HO
L" , S< i d  I i- r m g  l  n a Con  I orah F i e l d , , . , ...........................  8 3
I .  I n c i d e n t  E l e c t r o n  f r o m  N e g a t i v e  ?. A x i s
W i t h  Z e r o  E n e r g y . . , ............................................    8 6
3 .  I n c i d e n t  E l e c t r o n  C o m i n g  F r o m  a n
At ' h  i I r a r y  D i r e c t i o n ............................................................  HH
3 . C y l i n d r i c a l  C o u l o m b  W a v e ,  .  ...............................- H9
[) , S ll mm a r  y .................      - U
C i l A P T E  l< V.  P R O P A G A T I O N  UK WAVE I N  3 EM I C 1. A 3 3 J CA L
M E C H A N I C S ........................................................................................  0  6
A.  S e n i i  l a s s  u  h 1 M e c h a n i c s .......................................................  '->7
H . C o n d i t i o n s  f o r  3 cm i < 1 a s  s i  r  a I M e c h a n i c s . - . -  M8
C . T ti e M e t h o d  f  o  r  P r  o [> a g H t i n p, S i ’ i n i r  l a s s n  a l
W a v e s .................................................................................................................  10 3
I . i ' i  h i  e i l u r f  . . , - .................................................................................... 1 0  3
3 , [list u s s n m ......................................................................................... I 0 r>
v i
D . S i m p l i f i e d  F o r m u l a s  U n d e r  C y l i n d r i c a l
5 y a  m e t  r  y .................................................................. ...........................................  1 0 7
E .  S u m i i f l f v .................................................................................................................  1 1 2
C h a p t e r  V I .  T HE F O R MU L A  FOR A B S O R P T I O N  S P E C T R A , - ,  I M
A.  T h e  P h y s i c a l  P i c t u r e  t > f  t h e  l o n i j a t  i o n
I ’ r ( i i - e s B t ' S ........................................................................................................... I I f)
B . T h e  ( i r p p n  ’ s  F u i u  t  i n n  i n  t h e  P r e s e n c e  o f  a
M a g n e t i c  F i e l d .................... * ................... ..............................................  1 I h
] . G r e e n ’ s F u n c t i o n  a n d  C l o s e d  O r b i t s   1 1 7
2 ,  ( 3 i n t  n h u l  i o n  f  r  o n  E a r h  C l o s e d  O r b i t  t o
t h e  G r e e n ’ s  F u n c t i o n ....................... ....................................  1 2 0
i t .  T h e  G r e e n ’ s F u n e t  m n  ( i u n t  r  i h u t  i o n s  f r  uni
n i l  C l o s e d  O r b i t s ......................................................... ... 1 2 4
C , An  O s c i l l a t o r y  O s c i l l a t o r  S t r e n g t h  D e n s i t y
F o r m u l a .................................................................................................................. 1 2 6
] > . N u m m a r y ............................ .................................................................................... I i f  H
C H A P T E R  V I I .  S P E C T R U M  FOR T R A N S I T I O N  2 l ’ j  —  mr 0 ..................... M U
A . I l i i i K i d  u  y l  S p e c t r u m  f u r  T r a n s i t i o n
2 P ,■ -*■ Hi r ■ U .............. ........................  14 1
I .  T h e  B a c k g r o u n d  S p e c !  r u m ..................................................  M l
2 . T r a j e c t o r i e s  a n d  C l o s e d  O r b i t s  i n  t h e
S u b s p i r r e  m 0 . . . . .   ...................................................................  I T  it
3 .  T h e  S p e c t r u m  f r o m  t h e  C l o s e d  O r b i t s . . .  1 6  f>
■1. C o m p a r i s o n s  B e t w e e n  I  h e  o r e  I  i c a l  a n d
E x p e r i m e n t a l  S p e c t r u m ...................................................... ... I "  I
P.  R e m a r k s  o n  C l o s e d  O r b i t s ........................................................  I Hi t
C . Wha> H a s  B e e n  L e a r n e d ............................................................... I I M
I t ,  Whsi  1 M o [ i >  C; n i  B e  D o n e ...................................     ] H f i
v 1 I
A F P E N D I X  A.  E NE RGY  A V E H A U E ..................................................................... LHH
A P P E N D I X  B . HYDROGEN WAVE F U N C T I O N S ........................................  183
A P P E N D I X  C .  THE FORMULA FOR I N T E G R A L  I n J * ........................  1 8 6
A P P E N D I X  D .  S T A T I O N A R Y  P H A S E  A P P R O X I M A T I O N ......................  I 3 H
A P P E N D I X  E . P R O O F  OF T HE  S HM I C L A S S  1 C A I. WAVE
A P P R O X  f M A T  I O N ..............................................................................  [ 0 0
A P P E N D I X  F ,  f ' H A K E  L O S S  T H R O U G H  A F O C U S . ................................. 2 (16
A P P E N D  I X  G , T H E  A P P R O X I M A T I O N  OF  R E T U R N I N G  WA V E S  . 2 0 8
A P P E N D I X  I I .  T H E  R E S U L T S  ARE I N D E P E N D E N T  OF T H E
J O I N  I NO RAD I I .................................. ............................................ 2 12
A P P E N D I X  I .  A C T I O N  AND T I M E  r H E O R E M ........................................  2 1 5
A P P E N D I X  J .  T H E  D E P E N D E N C E  OF A C T  I O N  ON M A G N E T I C
F I V L U ..................................... ...................................................................  2 1 H
A P P E N D I X  K . P R A C T I C A L  F O R M U L A S  F OR E V A ] i 1 .A T I NO
3 EM I C  L A S  8 I C A I. WA V E  AMP L I TU D I .............................. 2 2 1
R E F E R E N C E S .................................................................................................................................  2 2 3
v i I I
(■ORE WORD
L a s t  s umme r  a b o u t  1 h i e  I m e  1 a s k e d  m y a e  I f  t o  do  a 
s e r i o u s  s t u d y  w h i c h  w o u l d  1 e n d  t o  a d e g r e e .  Bu t  w a s
t h e r e  an i n t e r e s t i n g  e n o u g h  p r o j e c t  a r o u n d '  At  t h a t  
t i m e  [ w^.s a b s o r b i n g  ma n y  n e w i d e a s .  1 s t a r t e d  t o  
l e a r n  a b o u t  t h e  c o m p l e x i t y  w i t h i n  r l a s s i r a l  m e c h a n i c s  
t h a t  19 h o r n  o u t  o f  r e g u l a r  a n d  i r r e g u l a r  n o t i o n s ;  I 
a l s o  b e g a n  t o  l e a r n  t h e  b e a u t y ,  s i m p l i c i t y  a n d  p o w e r  o f  
s e m i c l a s s i c a l  l e c h a n n ' a  A r e c u r r i n g  q u e s t i o n  b a s e d  on  
t h e  c o r r e s p o n d e n c e  p r i n c i p l e  i s :  How w i l l  q u a n t u m
m o t i o n  b e  a f f e c t e d  b y  t h e  v a r i e t y  o f  c l a s s i c a l  m o t i o n s '  
To t r y  t o  a n s w e r  t h i s ,  s h o u l d  I j u s t  do  a n o t h e r  
c a l c u l a t i o n  on a m o d e l  s y s t e m  w h i c h  c a n  n o t  b e  d i r e c t l y  
m e a s u r e d 7 A p p a r e n t l y  t h i s  w o u l d  n o t  b e  a v e r y  g o o d
t h i n g  t o  d o .  N e a r  t h e  e n d  o f  t h e  s u h n e r  I w a s
i m p r e s s e d  b y  a f e w  p a p e r s  i n  w h i c h  t h e  n e a r  t h r e s h o h l  
a p e e t r u n  o f  H y d r o g e n  a t o m a  i n  a s t r o n g  m a g n e t i c  f i e l d  
w a s  m e a s u r e d .  I k n e w  t h a t  c I n 3 h i r  a 1 m o t i o n  n e a r '  t h e  
t h r e s h o l d  i a  c h a o t i c .  B u t  t h e  a u t h o r s  c l a i m e d  t h a t
s o m e h o w ,  u n s t a b l e ,  i s o l a t e d  p e r i o d i c  o r b i t s  w e r e  
r e l a t e d  t o  t h e  q u a n t u m  s p e c t r u m ;  h o w e v e r  t h e y  w e r e  
u n a b l e  t o  e x p l a i n  w h y *  I s o o n  f o u n d  o u t  t h a t  t h e  
h i s t o r y  o f  t h i s  s u b j e c t  w e n t  b a c k  t o  1 9 6 9 ,  b u t  o v e r  t h e  
y e a r s  t h e  t h e o r y  o n  t h e  s u b j e c t  h a s  b e e n  i n  u v e r y  
u n s a t i s f a c t o r y  s t a t e .  Now i t  s e e m e d  t h a t  d e v e l o p i n g  a
i x
t h e o r y  f o r  t h e  n e a r  t h r e s h o l d  s p e c t r u a  o f  b H y d r o g e n  
a t o m  i n  a  s t r o n g  m a g n e t  i n  f i e l d  w o u l d  m a k e  a g o o d  P h . D  
t h e s i s .  On o n e  h a n d  i t  h a s  r o n n e c t i o n  w i t h  f u n d m e n t a l  
q u e s t i o n s  o f  " q u a n t  u e ) c h a o s " ,  a n d  o n  t h e  o t h e r  h a n d  i t  
i s  a s y s t e m  t h a t  c a n  b e  t e s t e d  e x p e r i m e n t a l l y .
I n  t h e  f a l l  b e f o r e  l e a v i n g  W i l l i a m s b u r g  f o r  
B o u l d e r  f o r  a o n e  y e a r  v i s i t  1 v a g u e l y  a g r e e d  t o  t a k e  
t h i s  p r o j e c t  a f t e r  t a l k i n g  w i t h  D r -  J .  B .  D e l o s .  I w h s  
n o t  s u r e  t h e n  t h a t  a n y t h i n g  c o u l d  c o m e  o u t  s o o n .  A f t e r  
a r r i v i n g  i n  B o u l d e r  J b e g a n  t o  r e a d  s o m e  p a p e r s  on  
p e r i o d i c  o r b i t  t h e o r y  w h i c h  w e r e  b e l i e v e d  t o  h a v e  
s o m e t h i n g  t o  d o  w i t h  t h e  s u b j e c t . I t  t o o k  me m a n y  
w e e k s  b e f o r e  1 u n d e r s t o o d  m o s t  o f  t h e  m a t e r i a l s  i n  t h e  
p a p e r s .  O n c e  t h e y  w e r e  u n d e r s t o o d ,  h c l e a r  p i c t u r e  o f  
t h i s  t h e o r y  e m e r g e d .
T h e  t h e o r y  p r e s e n t e d  i n  t h i s  t h e s i s  i s  a r e s u l t  o f  
m a n y  d i s c u s s i o n s ,  m a n y  h o u r s  s i t t i n g  i n  f r o n t  o f  
c o m p u t e r s  a n d  m a n y  d a y s  o f  q u i e t  t h i n k i n g .
M . I. . D
J u n e  1 9 8 7
x
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t h e o r y  o n  t h e  o s c i l l a t o r y  s p e c t r a  w n u l r i  n o t  h a v e  b e e n  
h o r n  h y  n o w .  a n d  t h i s  t h e s i s  w o u l d  n o t  b e  i n  i t a  
c u r r e n t  f o r m  w i t h o u t  h i s  i n s i g h t  a n d  s u g g e s t i o n s .
T h e  n u I  h o t  i s  a l s o  i n d e b t e d  t o  P r o f e s s o r s  S t e v e  K.  
K n u d  s o n ,  R o y  L.  C h a m p i o n ,  E d w a r d  A.  h e m l e r ,  a n d  G e o r g e  
M , V a h  a 1 a f o r  t In-  i r  c a r e f u l  r e a d i n g  a n d  c r i t i c i s m s  o  f  
t h e  m a n u s c r i p t .
I  h* '  a u t h o r  t h a n k s  m a n y  p e o p l e  wh  <1 h a v e  h e l p e d  h i m  
i n t h e  I a n  I J e w  y e a r s .
f i n a l l y  t h e  a u t h o r  a c k n o w l e d g e s  t h e  D e p a r t m e n t  o f  
I ' h y s  i i s ,  C o l l e g e  o f  H i l l  r a m  a n d  M a r y  f o r  p r o v i d i n g  t h e  
o p p o r t u n i t y  t o  c o n t i n u e  h i s  s t u d y  a n d  r e s e a r c h  a n d  t h e  
J o i n t  I n s t i t u t e  f o r -  L a b o r a t o r y  A s t r o p h y s i c s  w h e r e  r o o s t  
o f  t h e  w o r k  i n  t h i s  1 h c s 1 s w a s  t o m p 1 e l  e d  .
L I S T  0> T A B L E S
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A B S T R AC T
T h e  p u r p o s e  o f  I h i s  s t u d y  i s  t o  u n d e r s t a n d  t h e
a b s o r p t i o n  s p p c t  r u m l> f  a n  a t o m  i n  a m a g n e t i c  f i e l d ;  t h e
s p e c i f i c  t r a n s i t i o n s  i n v o l v e d  a r e  f r o m  t h e  l o w  l e v e l s  
t o  s t a t e s  w i t h  e n e r g i e s  c l o s e  t o  t h e  i o n i z a t i o n  
t h r e s h o l d .  T h i s  i s  a n  e x a m p l e  o f  a s y s t e m  t h a t  i s
c l a s s i c a l  l y  c h a o t i c ,  s o  t h i a  w o r k  a d v a n c e s  o u r
u n d e r s t a n d i n g  o f  t h e  q u a n t u m  b e h a v i o u r  o f  c l a s s i c a l l y  
c h a o t i c  s y s t e m s .
A «l ui i  111 i t it t i v e  q u a n t u m  m e < h an  1 < ■ n J t h e o r y  o 1 t h e  
p r o c e s s  i s  d e v e l o p e d .  A s i m p l e  p h y s i c a l  p i c t u r e  
a s s o c i a t e d  w i t h  t h e  t h e o r y  e n a b l e s  us t o  e s t a b l i s h  t h e  
c o n n e c t i o n  b e t w e e n  c l o s e d  o r b i t a  e x i s t i n g  i n  t h e  s y s t e m  
a n d  o s c i l l a t i o n s  i n  t h e  s p e c t r u m .
A s a m p l e  t h e o r e t  i r e !  c omp  u t a t i o n  f o r  t r a n s i t i o n  
1.' P i  m ( 0 a g r e e s  v e r y  w e l l  w i t h  t h e  m e a s u r e m e n t .  T h u s
t h i s  t h e o r y  p r o v i d e s  us a c o m p l e t e  u n d e r s t a n d i n g  o f  t h e  
o s c i l l a t o r y  s p e c t r u m  w h i c h  h a s  r e m a i n e d  a m y s t e r y  e v e r  
s i n c e  i t s  f i r s t  d i s c o v e r y  i n  I H h i ! .
\  1 V
THE EF F E C T  OF CLOSED C L A S S I C A L  
O R B I T S  ON QUANTUM SPECT RA:
i o n i z a t i o n  of a t o n s  in a m a g n e t i c  f i e l d
C H A P T E R  0
AN I N T R O D U C T I O N
I n  t h i s  v e r y  f i r s t  c h a p t e r ,  1 p r e s e n t ,  a  s i m p l i f i e d  
o v e r v i e w  o f  t h i s  t h e s i s .  T h e  p u r p o s e  o f  d o i n g  t h i s  i s  
c l e a r :  f o r  t h o s e  w h o  w a n t  t o  k n o w  t h e  p r o b l e m  a n d  t h e  
r e s u l t  i n  j u s t  a f e w  w o r d s ,  r e a d i n g  t h e  f o l l o w i n g  f e w  
p a g e s  i s  e n o u g h ;  f o r  t h o s e  wh o  a s k  t h e  why  a n d  how  
t y p e s  o f  q u e s t i o n s ,  t h i s  c h a p t e r  w i l l  s e r v e  a s  a ma p  o f  
t h e  l o g i c a l  t h i n k i n g ,  s o  t h e  d a n g e r  o f  g e t t i n g  l o s t  i n  
t h e  m a t h e m a t i c a l  d e t a i l s  o f  l a t e r  c h a p t e r s  w i l l  b e  
mi 111 n  i z e d  .
A.  A M i n i  V e r s i o n  o f  t h e  T h e s i s ^
T h e  r e l a t i o n s h i p  b e t w e e n  c l a s s i c a l  M e c h a n i c s  a n d  
q u a n t u m  m e c h a n i c s  i s  r a t h e r  w e l l  u n d e r s t o o d  f o r  
i n t e g r a b l e  s y s t e m s .  S u c h  s y s t e m s  a d m i t  a s e t  o f  
c o n s e r v e d  c l a s s i c a l  a c t i o n  v a r i a b l e s ,  a n d  t h e  e n e r g y  
e i g e n v a l u e s  c o r r e s p o n d  c l o s e l y  t o  t r a j e c t o r i e s  h a v i n g  
a p p r o p r i a t e l y  q u a n t i z e d  v a l u e s  o f  t h e s e  a c t i o n  
v a r i a b l e s .  F o r  s y s t e m s  i n  w h i c h  t h e  c l a s s i c a l  m o t o n  i s  
i r r e g u l a r  o r  c h a o t i c ,  on  t h e  o t h e r  h a n d ,  I h e  q u a n t u m  
b e h a v i o u r  i s  p o o r l y  u n d e r s t o o d ,  a n d  t h e  w h o l e  f i e l d  o f
2
" q u a n t u m  c h a o s "  i s  m a r k e d  b y  c o n f u s i o n  a n d  c o n t r o v e r s y .
I t  i s  e a s i e r  t o  i d e n t i f y  p r o p e r t i e s  w h i c h  c h a o t i c
1
2s y s t e m s  l a c k  (e. g. c o n s e r v a t i o n  laws) t h a n  the 
p r o p e r t i e s  t h e y  p o s s e s s .
T h e r e  i s  e v i d e n c e  t h a t  i n  s u c h  s y s t e m s ,  w h e n  t h e  
d e n s i t y  o f  s t a t e s  g e t s  v e r y  h i g h ,  e i g e n f u n c t i o n s  a n d  
e i g e n v a l u e s  b e c o m e  v e r y  u n s t a b l e  u n d e r  s n a i l  c h a n g e s  i n  
t h e  H a m i l t o n i a n ,  a n d  a l s o  u n s t a b l e  u n d e r  s m a l l  c h a n g e s  
i n  t h e  c a l c u l n t  i o n s )  m e t h o d . ^  T h i s  w o u l d  me a n  t h a t  
t h e s e  m o s t  f u n d a m e n t a l  q u a n t i t i e s  ma y  b e  e x c e e d i n g l y  
d i f f i c u l t  t o  c a l c u l a t e  a n d  t o  m e a s u r e .  I f  t h i s  i s  
c o r r e c t ,  t h e n  t h e  m a j o r  p r o b l e m  i s  t o  i d e n t i f y  
p r o p e r t i e s  w h i c h  c a n  b e  c a l c u l a t e d  a n d  m e a s u r e d ,  a n d  
w h i c h  i n  t h i s  s e n s e  c o n s t i t u t e  s t a b l e  a t t r i b u t e s  o f  t h e  
s ys tem.
I m p o r t a n t  i n s i g h t  c o m e s  f r o m  e x p e r i m e n t a l  
m e a s u r e m e n t s  o f  t h e  a b s o r p t i o n  s p e c t r u m  o f  a t o m s  n e a r  
t h e  i o n i z a t i o n  t h r e s h o l d .  I f  t h e  a t o m  i s  i n  f i e l d - f r e e  
s p a c e ,  t h e n  t h e  o b s e r v e d  o s c i l l a t o r  s t r e n g t h  i s  a 
s m o o t h  a n d  s l o w l y  v a r y i n g  f u n c t i o n  o f  p h o t o n  e n e r g y ,  
g o i n g  c o n t i n u o u s l y  f r o m  a f i n i t e  v a l u e  a b o v e  t h r e s h o l d  
to t h e  s a m e  a v e r a g e  v a l u e  b e l o w  t h r e s h o l d .  A l m o s t  
t w e n t y  y e a r s  a g o ,  U a r l o n  a n d  T o m k i n s ^  s h o w e d  t h a t  i f  
t h e  a t o m  i s  p l a c e d  i n  ti m a g n e t i c  f i e l d ,  t h e n  t h e  
a b s o r p t i o n  s p e c t r u m  s h o w s  a n  o s c i l l a t i o n  s u p e r i m p o s e d  
o n  t h i s  s m o o t h  b a c k g r o u n d .  f i d m o n d s ^  p o i n t e d  o u t  t h a t  
t h i s  o s c i l l a t i o n  i s  c o r r e l a t e d  w i t h  a p e r i o d i c  o t b i t
ip
i n t  h e  s y s t e m ,
D e c e n t l y  t h e  n e a r  t h r e s h o l d  s p e c t r u m  o f  H y d r o g e n  
a t o m s  i n  m a g n e t i c  f i e l d s  h a s  b e e n  m e a s u r e d  w i t h  mu c h
3i m p r o v e d  r e s o l u t i o n .  I t  wa s  f o u n d  t h a t  t h e  o b s e r v e d  
o s c i l l a t o r  s t r e n g t h  i s  i n  f a r t  a s u p e r p o s i t i o n  o f  n o n y  
s i n u s o i d a l  o s c i l l a t i o n s .  F u r t h e r m o r e ,  t h e  “ w a v e l e n g t h ' '  
t o r  p e e k  t o  p e a k  e n e r g y  s p a r i n g  ) o f  e a c h
o s c i l l a t i o n  c o r r e s p o n d s  t o  t h e  p e r i o d  7~n °  f  a
c l a s E i c a l  p e r i o d i c  o r b i t  o f  t h e  s y s t e m  t h r o u g h  t h e  
r e l a t  i o n a h i p  d f n — ^ ^  '  7 n r
C o a i p u t a t  l o t i a l  e v i d e n c e  i n d i c a t e s  t h a t  t h e s e  
s y s t e m s  a r e  t L a s s i e a l l y  c h a o t i c ,  w i t h  o n l y  i s o l a t e d ,  
u n s t a b l e  p e r i o d i c  o r b i t s ,  Why  d o  t h e s e  o r b i t s  p r o d u c e  
s u c h  p h e n o m e n a ' ' ^
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Ma n y  y e a r s  a g o  ( l u t z w i l l e r  p r o v e d  t h a t  p e r i o d i c  
c l a s s i c a l  o r b i t s  p r o d u c e  o s c i l l a t i o n s  i n  t h e  d e n s i t y  o f  
s t a l e s  o f  a  q u a n t u m  a y s  t e n ,  H o w e v e r ,  s p e c t r a l  
m e a s u r e m e n t s  do n o t  d i r e c t l y  o b s e r v e  t h e  s t a t e  d e n s i t y ,  
b u t  r a t h e r  t h e  a v e r a g e  o s c i l  1 a t  o r  s t r e n g t h  d e n s i t y :  t h e
t r a n s i t i o n  d i p o l e  m o m e n t  a v e r a g e d  o v e r  t h e  s m a l l  r a n g e
a 'o f  e n e r g y  c o r r e s p o n g m g  t o  t h e  e x p e r i m e n t a l  r e s o l u t i o n ,
( 4 f r )  I ■ >,-i (C, * , ) ! % ) %  , .
/
T h i s  t h e s i s  d e s c r i b e s  t h e  d e v e l o p m e n t  o f  a 
q u a n t i t a t i v e  t h e o r y  w h i c h  s h o w s  t h e  r e l a t i o n s h i p  
b e t w e e n  c l o s e d  o r b i t s  a n d  t h e  o b s e r v e d  o s c i l l a t i o n s  i n  
t h e  s p e c t r u m .
T h e  t h e o r y  e n d  c a l c u l a t i o n s  a r e  b a s e d  u p o n  t w o  
a p p r o x i m a t i o n s .  ( I )  C l o s e  t o  t h e  n u c l e u s  ( r  < 5 0 ao ) , t h e  
e f f e c t  ( j f  t h e  m a g n e t i c  f i e l d  i s  n e g l e c t e d ,  a n d  t h e
e l e c t r o n  w a v e  f u n c t i o n  c o r r e s p o n d s  t o  i e r o e n e r | y  
s c a t t e r i n g  i n  a C o u l o m b  f i e l d .  ( 2 )  F a r  f r o m  t h e  
n u c l e u s  ( r > 5 0 a » )  a s e a  i c 1 b b b  i c s l  a p p r o K i i a t  i o n  i s  u s e d  
T h e s e  a p p r o x i m a t i o n s  l e a d  t o  a s i m p l e  p h y s i c a l  p i c t u r e
Wh e n  t h e  a t o m  a b s o r b s  a p h o t o n ,  t h e  e l e c t r o n  g o e s  
i n t o  a n e a r - f e r o  e n e r g y  C o u l o m b  o u t g o i n g  w a v e .  T h i s  
w a v e  p r o p a g a t e s  a w a y  f r o m  t h e  n u c l e u s  t o  l a r g e  
d i s t a n c e s .  F o r  r ^ 5 0  b o  t h e  o u t g o i n g  w a v e - f r o n t s  
p r o p a g a t e  a c c o r d i n g  t o  s e m i c 1 a s s i c a 1 m e c h a n i c s ,  a n d  
t h e y  a r e  c o r r e l a t e d  w i t h  o u t g o i n g  c l a s s i c a l  
t r a j e c t o r i e s .  E v e n t u a l l y  t h e  t r a j e c t o r i e s  a n d  w a v e  
f r o n t s  a r e  t u r n e d  b a c k  b y  t h e  m a g n e t i c  f i e l d ;  some o f  
t h e  o r b i t s  r e t u r n  t o  t h e  n u c l e u s ,  a mi  t h e  a s s o c i a t e d  
w a v e s  ( n o w  i n c o m i n g )  i n t e r f e r e  w i t h  t h e  o u t g o i n g  w a v e s  
t o  p r o d u c e  t h e  o b s e r v e d  o s c i l l a t i o n s .
F r o m  t h e s e  i d e a s ,  a n d  w i t h  t h e s e  a p p r o x i m a t i o n s ,  
we s h o w  t h a t  t h e  o b s e r v e d  o s c i l l a t o r  s t r e n g t h  c a n  be  
w r i t t e n  as  a  s m o o t h ,  s l o w l y  v a r y i n g  b a c k g r o u n d  t e r m  
p l u s  a sum o f  s i n u s o d i a l  o s c i l l a t i o n s :
f ln U I  ■>">(/W U t ' i  J , 0 Z)
n 0
T h e  b a c k g r o u n d  t e r m  D f  o ( E ) i s  p r e c i s e l y  t h e  
o s c i l l a t o r  s t r e n g t h  d e n s i t y  t h a t  w o u l d  b e  o b t a i n e d  i n  
t h e  a b s e n c e  o f  a n  e x t e r n a l  f i e l d .
E a c h  o s c i l l a t o r y  t e r r a  c o r r e s p o n d s  t o  a c l o s e d  
o r b i t  o f  t h e  e l e c t r o n  i n  t h e  c o m b i n e d  C o u l o m b  a n d  
m a g n e t i c  f i e l d s .  E a c h  c l o s e d  o r b i t  b e g i n s  a n d  e n d s  a t
5t h e  a t o n i c  n u c l e u s .  T n ( E )  i s  t h e  t r a n s i t  t i n e  f o r  t h e  
e l e c t r o n  o n  t h i s  o r b i t ;  i t  i s  a s l o w l y  v a r y i n g  f u n c t i o n  
o f  E ( i n  m o s t  c a s e s  e s s e n t i a l l y  c o n s t a n t  o v e r  t h e  
r e l e v a n t  r a n g e  o f  E i ,  J f  t h e  a p e c t r u *  i s  l e a a u r e d  St  
l o w  r e s o l u t i o n ,  t h e n  o n l y  t h e  o r b i t s  o f  s h o r t e s t  
d u r a t i o n  c o n t r i b u t e  t o  t h i s  s u n ;  o r b i t s  o f  l u n g e r  
d u r a t i o n  p r o d u c e  r a p i d l y  o s c i l l a t i n g  t e r n s  t h a t  a v e r a g e  
t o  z e r o .  W i t h  i n c r e a s i n g  r e s o l u t i o n ,  n o r e  a n d  s o r e  
t e r m s  b e c o m e  s i g n i f i c a n t ,  a n d  t h e  s p e r t r u n  i s  f o u n d  t o  
o s c i l l a t e  w i l d l y .
T h e  a m p l i t u d e s  o f  t h e  o s c i l l a t i o n s ,  An ( E ) , d e p e n d  
u p o n :  ( i . )  t h e  i n i t i a l  s t a t e  o f  t h e  s y s t e m ;  ( 2 }  t h e
p o l a r i z a t i o n  o f  t h e  a b s o r b e d  l i g h t ;  < 3- j t h e  i n i t i a l  
a n d  f i n a l  d i r e c t i o n s  o f  t h e  o r b i t ,  a s  i t  l e a v e s  a n d  
r e t u r n s  t o  t h e  n u c l e u s ;  a nd  t 4 ) t h e  r e l a t i v e  s t a b i l i t y  
o f  t h e  c l o s e d  o r b i t ,  i . e .  t h e  d i v e r g e n c e  o f  a d j a c e n t  
t r a j e c t o r i e s  f r o m  t h e  c e n t r a l  c l o s e d  o r b i t .
T h e  p h a s e  c o n s t a n t - f o r  e a c h  o s c i l l a t o r y  t e r m  i s  
a l s o  r e l a t e d  t o  t h e  i n i t i a l  s t a t e ,  l i g h t  p o l a r i z a t i o n  
a n d  i n i t i a l  a n d  f i n a l  d i r e c t i o n s ;  i n  a d d i t i o n  i t  i s  
r e l a t e d  t o  t h e  c l a s s i c s ]  a c t i o n  i n t e g r a l  on t h e
o r b i t  a t  z e r o  e n e r g y ,  a n d  it c o n t a i n s  M a s l o v  p h a s e  
c o r r e c t i o n s  a s s o c i a t e d  w i t h  c a u s t i c s  o r  f o c a l  p o i n t s  
t h r o u g h  w h i c h  t h e  o r b i t  p a s s e s .
A c o m p l e t e  s e t  o f  f o r m u l a s  f o r  t h e s e  q u a n t l 1 i e a  
a n d  t h e  d e r i v a t i o n  o f  t h e s e  f o r m u l a s  i s  p r e s e n t e d  i n  
C h a p t e r  I I I  t h r o u g h  C h a p t e r  V I I .  H e r e  we s h o w  s o me  o f
o u r  r e s u l t s  t h a t  c a n  b e  c o m p a r e d  w i t h  e x p e r i m e n t .  
B e c a u s e  t h e  s p e c t r u m  i t s e l f  i s  w i l d l y  o s c i l l a t o r y ,  a 
d i r e c t  c o n p a r  i s o n  b e t w e e n  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  
o s c i l l a t o r  s t r e n g t h  i s  u n h e l p f u l .  M o r e  a p p r o p r i a t e  f o r  
c o m p a r i s o n  i s  t h e  F o u r i e r  t r a n s f o r m  o f  t h e  s p e c t r u m ,  
w h i c h  w a s  o b t a i n e d  i n  H e f .  7 h .  We s h o w  t h e i r  r e s u l t  
c o m p a r e d  t o  o u r  c a l c u l a t e d  a m p l i t u d e s  i n  F i g .  0 - 1 .
V e r y  p l e a s i n g  a g r e e m e n t  i s  o b t a i n e d  f o r  t h e  s h o r t -  
p e r i o d  o r b i t s  ( T /  Tr  <. 4 . B ) .
T o  c o n c l u d e ,  w e  s h o w  i n  t h i s  t h e s i s  t h a t  s t a b l e  
a n d  o r d e t  J y  p r o p e r  t l e s  o f  a q u a n t u m  s y s t e m  a r e  
a s s o c i a t e d  w i t h  c l o s e d  c l a s s i c a l  o r b i t s  o f  t h e  s y s t e m .  
I n  t h e  p r e s e n t  c a s e ,  t h e  s p e c t r u m  s h o w s  o r d e r l y  
p a t t e r n s  c o r r e l a t e d  w i t h  t h e  o r d e r l y  b e h a v i o u r  o f  t h e  
c l a s s i c a l  t r a j e c t o r i e s  f o r  r e s t r i c t e d  p e r i o d s  o f  t i m e .
B,  W h a t  I s  i n  O t h e r  C h a p t e r s ' '
C h a p t e r  I 19 d e v o t e d  t o  a b r i e f  r e v i e w  o f  r e g u l a r  
a n d  i r r e g u l a r  c l a s s i c a l  n o t i o n s  a n d  t h e i r  e f f e c t  on  
' q u a n t u m  p r o p e r t i e s .
C h a p t e r  I I  d e s c r i b e s  t h e  s p e c t r u m  o f  a t o m a  i n  a 
m a g n e t i c  f i e l d ,  s p e c i f i c a l l y  t h e  d i a m a g n e t i c  e f f e c t .  
P r o b l e m s  w h i c h  a r e  t h e  r e s e a r c h  s u b j e c t  o f  t h i s  t h e s i s  
i s  a l s o  i d e n t i f i e d .
I n  r ho  p t e r  1 1 1 .  t h e  * v in* 1 1 mo n 1 0 J I v n u - . i a m  ah I '■ 
k p t r  u n h i l l  be r h I a t  . 1 r . 1 l i e Mi  ■' j  ^' j > :t L d e t ! n * .!
o s c i l l a t o r  s t r e n g t h  d e n u i t v ,  w h i c h  w i l l  b e  1 a I c  u L a t e d
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Bi n  I n t e r  c h a p t e r s .  T h e  o a c i l l a t o r  s t r e n g t h  d e n s i t y  i n  
s h o w n  t o  be  r e l a t e d  t o  M a t r i x  e l e m e n t s  o f  t h e  G r e e n ' s  
f u n r t i o n .
I n  C h a p t e r  I V ,  I  s t u d y  t h e  b e h a v i o r  o f  t h e  
H y d r o g e n  a t o i  w a v e  f u n r t  i o n s  c l o s e  t o  t h e  n u c l e u s .  
T h e r e  t h e  d i a m a g n e t i c  f i e l d  t a n  b e  n e g l e c t e d .  I n  
C h a p t e r  V , I e x  a n  m e  s e m i  c l a s s i c a l  p r o p a g a t i o n  o f  
w a v e s .  T h i s  s e m i  c l a s s i c a )  a p p r o x i m a t i o n  d e s c r i b e s  t h e  
w a v e s  w h e n  t h e y  a r e  f a r  f r o m  t h e  n u c l e u s .
I n  C h a p t e r  V I  d i f f e r e n t  a p p r o x i m a t i o n s  i n  
d i f f e r e n t  r e g i o n s  a r e  p u t  t o g e t h e r ,  e n d  t h e  f i n a l  
f o r m u l a  f o r  t h e  s p e d  r u n  i s  d e r i v e d ,  A p r o c e d u r e  f o r  
c o m p u t i n g  t h e  s p e c t r u m  i s  a l s o  p r e s e n t e d .
F i n a l l y  i n  C h a p t e r  V I I ,  a c o n f u t a t i o n  i s  
p r e s e n t e d .  T h e  r e s u l t  i s  c o m p a r e d  w i t h  t h e  b e s t  
;i v h 1 I a t) U j e x p e r i m e n t a l  m e a s u r e m e n t s -  i m p l  n  a t  m n s  iu d
p r e d i c t i o n s  of the Ih e o r y  art; a l s o  d i s c u s s e d .
C H A P T E R  I
R E G U L A R  AN D I R R E G U L A R  C L A S S I C A L  M O T I O N S  
AND T H E I R  C O N S E Q U E N C E S  IN Q U A N T U M  M E C H A N I C S
I d  the e a r l y  days of q u s o t u i  a e c h s n i c i ,  B o h r ' s  
c o r r e s p o n d e n c e  p r i n c i p l e  w a s  used to f i n d  the q u a n t u s  
p r o p e r t i e s  of a e y s t e a  f r o i  k n o w l e d g e  of the 
c o r r e s p o n d i n g  c l a s s i c a l  l y s t e a .  O n c e  the c o r r e c t  
q u a n t u s  m e c h a n i c s  f o r a a l i s s  was  e s t a b l i s h e d  a n d  s h o w n  
to he s u c c e s s f u l  in i n t e r p r e t i n g  a n d  p r e d i c t i n g  n e w  
p h e n o m e n a ,  it s i g h t  s e e s  t h a t  the c o n n e c t i o n  b e t w e e n  
q u a n t u s  s e c h a n i c s  and  c l a s s i c a l  l e c h a n i c i  can  b e  
fo r g o t t e n ,  a nd  o ne  s h o u l d  p u r s u e  a p u r e  q u a n t u s  v i e w  of 
the wor ld.  It is a fact t h a t  sany t i n e s  o n l y  th e 
q u a n t u s  t h e o r y  c a n  s a t i s f a c t o r i l y  e x p l a i n  a p h e n o m e n o n ;  
it is a l s o  a fact that s a n y  tises a p a r a l l e l  c l a s s i c a l  
t h e o r y  e x i s t s  b e s i d e  the q u a n t u s  one. In s u c h  c a a e s  
our u n d e r s t a n d i n g  is a l w a y s  d e e p e n e d  by c o s p a r i n g  the 
two  th e or ies .
Q u a n t u s  e q u a t i o n e ( i .e , the S c h r o e d i n g e r  e q u a t i o n )  
are  o b t a i n e d  f r o i  c l a s s i c a l  s e c h a n i c s  by w e l l - d e f i n e d  
p r e s c r i p t i o n e  ( " w r i t e  the H a s i l t o n i a n  in C a r t e s i a n  
c o o r d i n a t e s  and  s u b s t i t u t e  T - i  ^^ H o w e v e r ,  it is 
not a l w a y s  so c l e a r  how  t h e  So 1y t i o n e  of th e 
S c h r o e d i n g e r  e q u a t i o n  are  r e l a t e d  to t h e  s o l u t i o n s  of 
c l a s s i c a l  e q u a t i o n s  of m o t i o n .  N e v e r t h e l e s s  the
9
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c o r r e * p o p d « D c e  p r i n c i p l e  t e l l s  us that t he  c l a s s i c a l
p r o p e r t i e s  s h o u l d  be r e f l e c t e d ,  u n d e r  p r o p e r  c o n d i t i o n s ,
in the  q u a n t u s  p r o p e r t i e s .
M o d e r n  s t u d i e s  of c l a s s i c a l  s y s t e s s  h a v e  c h a n g e d  ou r
ti-t 7
p i c t u r e  o f  c l a s s i c a l  l o t i o n .  He n o w  k n o w  that e i a p l e
c l a s s i c a l  s y a t e a a  r a n  e x h i b i t  r e g u l a r ,  o r d e r l y  m o t i o n
( l i k e  that o f  a t w o - d i m e n s i o n a l  h a r m o n i c  o s c i l l a t o r )
a nd  i r r e g u l a r ,  c h a o t i c  i o t i o n ( l i k e  that of a m o l e c u l e
in a gas). If H e  b e l i e v e  t h e  c o r r e s p o n d e n c e  p r i n c i p l e ,
it w o u l d  m e a n  that q u a n t u m  m o t i o n s  c o r r e s p o n d i n g  to
t h e s e  two d i f f e r e n t  t y p e s  o f  c l a s s i c a l  m o t i o n s  must be  
IS
v e r y  d i f f e r e n t .
E x a c t l y  h o w  t h e y  d i f f e r  is s t i l l  an a c t i v e  
r e s e a r c h  a re a.  In th is f i r s t  c h a p t e r  I s h a l l  try  to 
s u m m a r i z e  t h e  m a j o r  p o i n t  w e  h a v e  l e a r n e d  a n d  at the 
s a m e  t i m e  p o i n t  out t he  p r o b l e m s  w e  s t i l l  h a v e  on the 
a ub j e c t ,
A. O r d e r l y  a n d  C h a o t i c  M o t i o n s  in C l a s s i c a l  M e c h a n i c s
M o t i o n  in c l a s s i c a l  m e c h a n i c s  m e a n s  the e v o l u t i o n  
o f  t r a j e c t o r i e s  in c o n f i g u r a t i o n  s p a c e  or in p h a s e  
s p a c e .
C l a s s i c a l  m o t i o n  of a H a m i l t o n i a n  s y s t e m  is 
g o v e r n e d  b y  H a m i l t o n ' s  e q u H t i o n i f  in the  d i s c u s s i o n  
b e l o w  w e  r e s t r i c t  o u r s e l v e s  to s y s t e m s  w i t h  t i m e
t f
i n d e p e n d e n t  H a m i l t o n i a n s ) .  T h e r e  are  n u m e r o u s
H a m i l t o n i a n a ,  b u t  b a s i c a l l y  t w o  k i n d s  o f  m o t i o n  e x i s t -
On o n e  b e n d  la r e g u l a r  no tio n. T h i s  is t h e  t y p e  
t ha t  is m o s t  f a m i l s r  to us. Al mo s t  a ll  o f t he  e x s a p l e a  
a n d  e x e r c i s e s  in t r a d i t i o n a l  c l a s s i c a l  s e c h a o i c a  
t e x t b o o k s  r e p r e s e n t  r e g u l a r  m ot ion . T y p i c a l  s y s t e m s  
w h i c h  r e p r e s e n t  this t y p e  o f m o t i o n  a r e  t h e  p e n d u l u m ,  
h a r m o n i c  o s c i l l a t o r  and the p l a n e t s .  W i t h  a p e n d u l u m ,  
t he  m o t i o n  is r e p e a t e d  a f t e r  a p e r i o d .  A h a r m o n i c  
m o t i o n  is p e r f e c t l y  d e s c r i b e d  by a s i n e  f u n c t i o n .  The  
o r b i t  of a p l a n e t  is a e l l i p s e .  T h e s e  n o t i o n s  a r e  
s t a b l e  u n d e r  s m a l l  c h a n g e s  in the H a m i l t o n i a n  o r  in the 
i n i t i a l  c o n d i t i o n s ,  and t h e y  are m o d e l s  of 
p r e d i c t a b i l i t y  in c l a s s i c a l  m e c h a n i c s .
O n  t he  o t h e r  hand is i r r e g u l a r  m o t i o n .  T h i s  t y p e  
o f  m o t i o n  is e x h i b i t e d  b y  a m o l e c u l e  in a gas.
A l t h o u g h  t h e  m o t i o n  is s t i l l  g o v e r n e d  by H a m i l t o n ’s 
e q u a t i o n s ,  t h e  c o m p l e t e  o r b i t  of s u c h  a m o l e c u l e  is not 
c a l c u l a b l e  in p r i n c i p l e .  T h e  r e a s o n  is th a t  if the 
i n i t i a l  p o s i t i o n  or m o m e n t u m  are k n o w n  to w i t h i n  a 
s m a l l  e r r o r ,  t h e n  this e r r o r  grows e x p o n e n t i a l l y  w i t h  
t he  n u m b e r  o f  c o l l i s i o n s .  T h i s  m o t i o n  is t h e r e f o r e  
u n s t a b l e ,  and it i l l u s t r a t e s  long t e r m  u n p r e d i c t a b i l i t y  
in m e c h a n i c s .
T h e r e  a r e  al so  m o t i o n s  w i t h  p r o p e r t i e s  t h a t  a r e  
i n t e r m e d i a t e  b e t w e e n  t h e  e x t r e m e  e x a m p l e s  g i v e n  a bo v e .  
We  s h a l l  f i n d  m o r e  in t h e  f o l l o w i n g  p a ge s .
1. i n t e g r a b l e  S y s t e m s
1 2
I n t e g r a b l e  • y a t e x i  a r e  the i l R p l e i t  a a o n g  r e g u l a r  
l y a t e k i  and  t h e i r  o r b i t s  all h a v e  a s i n p l e  s t r u c t u r e  in
J 1' *  tp h a s e  apace.
For an N diae tia io na l i n t e g r a b l e  s y s t e n  t h e r e  e x i s t  
N i n d e p e n d e n t  c o n s t a n t s  of not ion, C i f ( , p )  { ± i * z f \ j  .
T h u s  the p h a s e  s p a c e  a o t i o n  of t h e l y a t e i  h i l l  b e  on an 
N - d i l e n t i o n e  1 s u r f a c e  ^  F u r t h e r ,  it c a n  b e  p r o v e d  ^
by  c o n s t r u c t i n g  p r o p e r  v e c t o r  f i e l d s  o u t  of t h e s e  N 
c o n s t a n t s  of a o t i o n  the s u r f a c e  t a k e s  on
a s p e c i a l  f o r a  an N - t o r u i ,
For a p a r t i c l e  a o v i n g  in a o n e - d i s e n a i o n a  1 
p o t e n t i a l  we l l,  e n e r g y  c o n s e r v a t i o n  is e n o u g h  to s a k e  
th e s y s t e a  i n t e g r a b l e .  A n y  N - d i m e n s i o n a 1 s e p a r a b l e  
s y e t e a  c a n  be r e d u c e d  to N o n e - d i a e n s i o n a l  a y s t e a s ,  so  
all s u c h  s y s t e a s  are i n t e g r a b l e .  B u t  t h e r e  a l s o  e x i s t  
i n t e g r a b l e  a y s t e a s  w h i c h  a r e not s e p a r o b l e f 0 ^
For i n t e g r a b l e  a y s t e a s ,  it is p o s s i b l e  to 
t r a n s f o r a  to a c t i o n  a n g l e  v a r i a b l e s ,  in w h i c h  the 
n o t i o n  is d e s c r i b e d  in a v e r y  a m p l e  way.
T h e  a c t i o n s  a re  d e f i n e d  as i n t e g r a l s  a r o u n d
> / ?  
c e r t a i n  d i s t i n c t  p a t h s  v  in p h a s e  apace:
" - 1 ’
T he a c t i o n  v a r i a b l e s  a r e  f u n c t i o n s  o f  the c o n s t a n t s  of
f '  ~
th e n o t i o n  { - ( { % , ¥ )  t a n d  t h e r e f o r e  t h e y  are c o n s t a n t  
t h e n s e l v e a .  T h e  a c t i o n s  can be r e g a r d e d  as c a n o n i c a l  
s o n e n t a ,  a nd  t h e  H a n i l t o n i a n  can be w r i t t e n  as a 
f u n c t i o n  of the a c t i o n s  only. T h e r e f o r e  the  tiae-
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d e p e n d e n c e  of a c t i o n s  an d a n g l e s  ar e  s i m p l y
< % — U ) i { i } C  - f -  $  < 1' 2)
w h e r e  ( i ) - t ( l )  e n d  a r e  c o n s t a n t s ,  d e p e n d i n g  on the
i n i t i a l  c o n d i t i o n  but  not u p o n  tile.
A t w o - d i s e n i i o n a 1 t o r u s  c o r r e s p o n d i n g  to 
eqs. ( 1 -2 )  c a n  b e  d r a w n  as in Fig. 1.1. T h e  v a r i a b l e s  
Q j  a n d  m o v e  on the i s a l l e r  a nd  l a g e r  c i r c l e
i n d e p e n d e n t l y .  The  t r a j e c t o r y  t h e n  w i n d s
a r o u n d  t h e  t o r u s .
A c a n o n i c a l  t r a n s f o r m a t i o n  b e t w e e n  / and ( 1 . 8 )
e x i s t s ,
{  I .  P )  - = •  ( i , e )
a n d  t h e  o l d  v a r i a b l e s  ^ )  c a n  b e  w r i t t e n  in the a c t i o n  
a n d  a n g l e  v a r i a b l e s  as a F o u r i e r  s e r i e s .
,  ^
*7?
It f o l l o w s  th at  the t i a e - d e p e n d e n c e  of q(t) a n d  p(t; 
c a n  b e  w r i t t e n  in t h e  f o r a
% t t )  -  2'
d - 4 )
tn
T h e s e  a r e  c a l l e d  r u I t i p 1y - p e r i o d i c  f u n c t i o n ;  the 
F o u r i e r  s e r i e s  c o n t a i n  N f u n d u e n t a l  f r e q u e n c i e s ,  and 
all h a r m o n i c s  a n d  c o m b i n a t i o n s  o f  t h e s e  f r e q u e n c i e s .
on
w i mis
Fig, 1.1 A two d i m e n s i o n a l  torus. Q f a n d Q x  m o v e  
the s m a l l e r  a nd  larg er  c i r c l e  i n d e p e n d e n t l y ,  ^ t h e n  
a r o u n d  the torus.
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In g e n e r a l  the N f r e q u e n c i e s  ( j j ^  e r e  not 
c o i a e D t u r s b l e ,  and the o r bi t  f i ll * in the t o ru s  d e n s e l y  
if t i ae  is long en ou g h . But w h e n  N i n t e g e r s ( n o t  ell of
th ee zero) e x i s t  such that
AJ_
2  X M V i  l  -
i - H  ( i - 5 )
/?
the m o t i o n  is p e r io d i c.  For ell r e g u l a r  s y s t e m s  t h ere  
are s uc h p e r i o d i c  t r a j e c t o r i e s , ( T h e r e  are a l s o  lose 
s y s t e m s  w i t h  hi g h  s y m m e t r y  in w h i c h  all o r b i t s  have 
c o m m e n s u r a b l e  f r e q u e n c i e s  s a t i s f y i n g  (1-5). F a m i l a r  
e x a m p l e s  of a u c h  s y s t e m s  e r e the N - d i m e n s i o n * 1 
u n c o u p l e d  h a r m o n i c  o s c i l l a t o r  w i t h  c o m m e n s u r a b l e  
f r e q u e n c i e s ,  e n d the C o u l o m b  p o t e n t i a l .  For these 
s y s t e m s  all th e t r a j e c t o r i e s  are c l o s e d  r e g a r d l e s s  of 
the in it i a l c o n d i t i o n s  and the v a l u e s  of ac t io n s . We 
call t h es e  e x c e p t i o n a l  s y s t e m s  o v e r  i n t e g r a b l e . )
2 ,  I r r e g u l a r  S y s t e m s
In a g e n e r a l  H a m i l t o n i a n  s y s t e m  t h e r e  are no o t h e r  
g l o b a l  c o n s t a n t s  of m o t i o n  but the energy. The  
t r a j e c t o r i e s  can in p r i n c i p l e  e x p l o r e  the 2 N - 1 
d i m e n s i o n a l  e n e r g y  s u r f a c e  in p h a s e  space.
One i m p o r t a n t  c l a s s  of i r r e g u l a r  s y s t e m s  is the 
set of  so c a l l e d  e r g o d i c  s y s t e m s .  In s uc h  a s y s t e m  an y 
p h a s e  s p a c e  f u n c t i o n  a v e r a g e d  a l o n g  a l m o s t  a n y  
t r a j e c t o r y  is e q ua l  to the e n s e m b l e  a v e r a g e  of the
16
f u n c t i o n  in p h a s e  ( p s c « { " a l i o a t  any" t r a j e c t o r y  l e n n i 
a ll  b ut  a t e r o - i c a m r e  n e t  of tra j e c to r ie s  ) . Such
e r g o d i c i t y  ia c l o i e l y  c o n n e c t e d  with the f u n d n e n t a l
2 t
p r i n c i p l e  of s t a t i s t i c a l  me c h ani cs .
B e c a u s e  a n y  o n e  d i m e n s i o n a l  a y a t e i  ia always 
i n t e g r a b 1e (as w a t  p o i n t e d  out earli er ), ir regular 
s y s t e m s  m u s t  h a v e  at l e a s t two d e g r e e *  of freedom.
I n  f a c t ,  e v e n  very aimple t w o - d i feenai o n  a 1 ayateia
l i
c an  be i r r e g u l a r .  It h b i  p r o v e d  by Sinai that the 
m o t i o n  of a p a r t i c l e  in a s q u a r e  w i t h  a circul ar  
r e f l e c t i n g  o b a t a c l e  ia e r g o d i c . A n o t h e r  e r g od i c s y s t e m  
is a p a r t i c l e  m o v i n g  in a "stadium", w h i ch  is f o rm e d 
f r o m  t w o s e m i c i r c l e s  c o n n e c t e d  by two st ra igh t lines. 
E r g o d i c i t y  in t h e s e  two s y s t e m s  fo llows from rapid 
d i v e r g e n c e  of n e i g h b o r i n g  t ra j e ct or i es .
E a c h  t r a j e c t o r y  in an er godic s y s t e m  comes 
a r b i t r a r i l y  c l o s e  to a l m o s t  e v ery  point on the e n e r gy  
s h e l l  if it a l l o w e d  to r un  for a s u f f i c i e n t  time.
2f
F i g . 1 -2{e) s h o w s  o n e  t r a j e c t o r y  in t h e "stadium". We no t e  
that at a n y  p o i n t  the t r a j e c t o r y  may pass th rough in 
a n y  d i r e c t i o n *  W e  a l s o  n o t e  such s y s t e m  p o s se s s  closed 
o rb  i ts ( i s o l a t  ed or in g r o u p s ) .  The c o n s e q u e n c e s  of 
t h e s e  o b s e r v a t i o n s  will b e  e x p l a i n e d  later.
T y p i c a l  H a m i l t o n i a n  s y s t e m s  have m o t i o n  that are
i n t e r m e d i a t e  b e t w e e n  e r g o d i c  m o ti o n  and re gu lar  motion*
2 5
An i n t e r e s t i n g  e x a m p l e  is the H e n o p - H e i 1es system, At 
low e n e r g i e s ,  m o s t  of th e t r a j e c t o r i e s  are m u t i l p l y -  
p e r i o d i c ,  l i k e  t h e t r a j e c t o r i e s  o f  i n t e g r a b l e  systems.
F i g .  l . Z  O n e  " c h a o t i c "  t r a j e c t o r y  ( a > a n d  
a  g r o u p  o f  p e r i o d i c  o r b i t *  l b )  i n  a " s t a d i u m "
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At h i g h e r  e n e r g i e s  e a c h  t r a j e c t o r y  o c c u p i e s  a l a r g e  
p o r t i o n  of the e n e r g y  s h e ll .
T h e  d i f f e r e n t  d e g r e e s  of i r r e g u l a r i t y  s h o w n  by 
H a m i l t o n i a n  s y s t e m s  c o m p l i c a t e  the s t u d y ,  b ut  t h e y  ere 
a l s o  r e s p o n s i b l e  for t h e r i c h  b e h a v i o u r s  in the 
H a m i l t o n i a n  w o r l d .
3. P a e u d o - I n t e g r a b l e  S y s t e m s
A p s e u d o  i n t e g r a b l e  s y s t e m  s t i l l  p o s s e s s  N 
c o n s t a n t s  of m o t i o n .  But u n l i k e  an i n t e g r a b l e  s y s t e m ,
c o n s t r u c t i o n  of a n a l y t i c  v e c t o r  f i e l d s  is not p o s s i b l e . ^  
C o n s e q u e n t l y  the  t r a j e c t o r i e s  in p h a s e  s p a c e  d o  not 
n e c e s s a r i l y  o c c u p y  an M - t o r u s .  In fact t h e i r  
s t r u c t u r e s  are u s u a l l y  m o r e  e x o t i c ,
2f>
Rii'hfns and  B e r r y  h a v e  s t u d i e d  s o m e  p s e u d o -  
i n t e g r a b l e  s y s t e m s .  O n e  e x a m p l e  o f  this t y p e  of s y s t e m  
is o b t a i n e d  by r e p l a c i n g  t h e  c i r c u l a r  o b s t a c l e  in 
S i n a i ’s b i l l i a r d  b y  a s q u a r e .  Ob v i o us  1 y and B r *
c o n s e r v e d  s e p a r a t e l y  then. T h e t r a j e c t o r y  in p h a s e  s p a c e  
wa s  f o u n d  to o c c u p y  a f i v e  h a n d l e d  s p h e r e .
4 ,  Q u a s i  - I n t e g r a b l e  S y s t e m s
O u a a i - i n t e g r a b l e  s y s t e m s  are  n e i t h e r  i n t e g r a b l e  
n or  e r g o d i c .  T h e y  h a v e  a n i n t e g r a b l e  H a m i l t o n i a n  p l u s  a 
s m a ll  g e n e r i c  p e r t u r b a t i o n ,
1 9
H(lJ)= Hut.p) -+ £H,(t,p)
{ 1-6)
For  fr -0 i* i n t e g r a b l e .  * o the t r a j e c t o r i e s
o c c u p y  t or i  in p h a s e  apace. If t  4  O  what ia t h e
s t r u c t u r e  o f  the t r a j e c t o r i e s ?  T h e  a n s w e r  ia g i v e n  by
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t h e  K A M  t h e o r e i . '  W i t h  p e r t u r b a t i o n ,  most t o n  s u r v i v e ,  
b u t  t h e y  a r e  d i s t o r t e d .  H o w e v e r ,  t h e r e  is a l w a y s  a f i n i t e  
m e a s u r e  of tori that a re  d e s t r o y e d .  F u r t h e r m o r e ,  Th e 
n u m b e r  o f d e s t r o y e d  to ri g r o w s  w i t h  £:
O v e r a l l  t h e s t r u c t u r e  c a n  be v e r y  c o m p l i c a t e d  
b e c a u s e  the s u r v i v i n g  a nd  d e s t r o y e d  tori i n t e r t w i n e  
e a c h  o t h e r .
5, M a p p i  n gs
t b
A m a p p i n g  is a p r o c e d u r e  a c c o r d i n g  to w h i c h  the 
v a l u e s  o f  t h e  v a r i a b l e s  at fn + l) lh s t e p  c an  be o b t a i n e d  
f r o m  t h o s e  at t h e n lh step, For e x a m p l e  a 2-D m a p p i n g  
c a n  b e r e p r e s e n t e d  by two f u n c t i o n s ,
=  '».< ( i V  p„j n '71
A m a p p i n g  ca o b e  c o n s i d e r e d  a s an a b s t r a c t  
d y n a m i c a l  s y s t e m ,  t a k i n g  d i s c r e t e  t i m e  s t e p  i n s t e a d  of 
c o n t i n u o u s  one. B ut  in m a n y  i n s t a n c e s  m a p p i n g s  a r e  
d e r i v e d  f r o m  d y n a m i c a l  s y s te m s.
C o n s i d e r  a 2 D  H a m i l t o n i a n  s y s t e m
2 0
( 1 -8 )
B e c a u s e  e n e r g y  ia c o n s e r v e d ,  th e  v a l u e  of f o u r t h  
v a r i a b l e  is d e t e r m i n e d  fr om the v a l u t a  of any t h r e e  
v a r i a b l e s .  Now  let us s e l e c t  a p l a n e  in p h a se  a p ac e ,  
for e x a m p l e ,  x - 0 .  A t r a j e c t o r y  will i n t e r s e c t  t hi s  
p l a n e  in s e q u e n c e  as s h ow n  in Fig. 1-3. This s e q u e n c e  
i m p l i e s  a m a p p i n g :
T h i s  m e t h o d  of o b t a i n i n g  the m a p p i n g  a b o v e  is c a l l e d  the 
s u r f a c e  Df s e c t i o n  me t ho d .
As a s e c o n d  e x a m p l e  let us c o n s i d e r  a one 
d i m e n s i o n a l  H a m i l t o n i a n  w i t h  p e r i o d i c  t i m e  d e p e n d e n c e ,
S u p p o s e  we a r e  g i v e n  , P  ^ i n i t i a l l y ,  t h e n  f r o m  
H a m i l t o n ’ s e q u a t i o n s  we c a n  c o m p u t e  t h e  v a l u e s  o f  q ,  p
T h i s  is a n o t h e r  m a p p i n g !
From t h e w a y  the m a p p i n g s  are d e d u c e d  we c o n c l u d e  
that the p r o p e r t i e s  of the o r i g i n a l  d y n a m i c a l  s y s t e m  
and t h o s e of the r e s u l t i n g  m a p p i n g  a r e  c l o s e l y  
c o n n e c t e d .  For e x a m p l e ,  if the m a p p i n g  of all
(1-9)
( 1 1 0 )
a t  T ,  2 T ,
( 1 11 )
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F i g .  1 . 3  T h e  " s u r f a c e  o f  s e c t i o n " ,  A t r a j e c t o r y  
i n t e r s e c t s  w i t h  t h e  x = 0 p l a n e  a n d  a M a p p i n g  i s  p r o d u c e d .
2 2
trajsctoriflt fro* the lurface of taction sethod for* 
ssooth curve*, then the original tyttei ie either 
integrable or quaei~integrab1e .
B. W a v e  F u n c t i o n !
So far w e  ha v e  e e e n  r e g u l a r  e nd  i r r e g u l a r  
c l a a i i c n l  tot i o n i . W e  k n o w  that q u a n t u s  p r o p e r t i e s  of 
a ays t e a  are c l o s e l y  a e a o c i a t e d  w i t h  c l a s s i c a l  
p r o p e r t i e a  of the  e y a t e a .  S o  the q u e a t i o p  ia again; 
b o w  wil l the d i f f e r e n t  t y p e s  of c l a s s i c a l  n o t i o n  be 
M a n i f e s t e d  in q u a n t a !  a e c h a n i c s ?
In q u a n t u s  s e c h a n i c a  t h e s o a t  i s p o r t a n t  q u a n t i t i e a  
o f  a a y s t e a  a r e  the e n e r g y  a p e c t r u s ,  a n d  t he  w a v e  
f u n c t i o n  of e n e r g y  e i g e n s t a t e .  We  s h a l l  s e e  that t h e y  
a r e  p r o f o u n d l y  d i f f e r e n t  w h e n  the u n d e r l y i n g  c l a s s i c a l  
s ot  ions er e d i f f e r e n t .
1. S e a i c 1 a s s i c a 1 W a v e f u n c t i o n *  and F a s i l y  of 
T r a j e c t o r i e s
The r e l a t i o n s h i p  b e t w e e n  w a v e s  a n d  t r a j e c t o r i e s
1 1
w a s  r e a l i z e d  b y  H a s i l t o n ;  l i g h t  t r a v e l s  a l o n g  c l a s s i c a l  
t r a j e c t o r i e s  w h e n  the w a v e  l e n g t h  is s s a l l  c o s p a r e d  to 
t he  s c a l e  of o b j e c t s  in t h e s p a c e .  L a t e r ,  w h e n  it w a s  
r e a l i z e d  that all p a r t i c l e s  h a v e  w a v e  p r o p e r t i e s  
d e s c r i b e d  by  S c h r o e d i n g e r ’s e q u a t i o n ,  s u c h  effor t 
w a s  d e v o t e d  to the s t u d y  o f  th e  c o n n e c t i o n  b e t w e e n
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w a v e *  and t r a j e c t o r i e s .
G i v e n  a f o u l l y  of trn j e c t o r i e a  , f o r a i n g  a s u r f a c e  
in p h a s e  spa ce , l o c a l l y  a M a r t  c a n  b e  a s s o c i a t e d  wi t h  
the s u r f a c e  S ” b y  a t a m  o f  two f u n c t i o n s  S(q) a nd  A( q) ,
If A (q ) and  S(q) a r e  now c h o s e n  in a p a r t i c u l a r  way,
t hen  y - ( f c )  will s a t i s f y  the S c h r o e d i n g e r  e q u a t i o n  to
, 2 i
first or de r in P l a n c k ' s  c o n s t a n t  t i
A(q) r e p r e s e n t s  the p r o b a b i l i t y  a m p l i t u d e ,  a n d s o  
its s q u a r e  is r e q u i r e d  to b e  p r o p o r t i o n a l  to t h e  
d e n s i t y  of p a r t i c l e s  at p o s i t i o n  q. S(q) r e p r e s e n t s  
the p h a s e  of the w a v e  and is r e q u i r e d  to be th e 
i n c r e a s e  of a c t i o n  of p a r t i c l e s  a l o n g  t h e  t r a j e c t o r i e s .  
F u r t h e r  d e t a i l e d  fo rau la s a r e  g i v e n  e l s e w h e r e .
2, E i g e n f u n c t i o n s  in a R e g u l a r  S y s t e a
W h e n  the s ot  ion of e s y s t e a  is r e g u l a r ,  t h e n  t h e r e  
is a s y s t e m a t i c  w a y  to c o n s t r u c t  e i g e n f u n c t i o n s  f r o s  
t r a j e c t o r i e s , ^
As p o i n t e d  out in the d i s c u s s i o n  o f  i n t e g r a b l e  
e y e l e s s ,  the p h a s e  s p ac e  s u r f a c e  is an N - t o r u s ,  If
th is p h a s e  s p a c e  s u r f a c e  is p r o j e c t e d  on to t he  q
J
c o o r d i n a t e ,  we w i l l  get t h e  s o a e n t u s  p  as a a u l t i v a l u e d  
f u n c t i o n  of ^ ,
f 1 - 12 )




f i  --
(1- 1 3 )
a n d  at e v e r y  i n s t a n t ,  t he  t r a j e c t o r y  wi ll  l i e  on o n e  of 
t h e s e  b r a n c h e s .
O ut  of t h e s e  f u n c t i o n s  an e i g e n f u n c t i o n  c a n
be c o n s t r u c t e d  in t h e f o l l o w i n g  way:
A s s o c i a t e  to e a c h  b r a n c h  a w a v e  f u n c t i o n  of the
f o r e
=  t r f / L  _  f p r ) j
( 1-14)
w h e r e
i t?j -= J f  <tf
and  T ~ is t h e  s o  c a l l e d  M a s l o v  i n d e K  on e a c h  b r a n c h ,  
a n d  is a d e n s i t y  f u n c t i o n  w h i c h  c an  b e  c o i p u t e d
f r o i  t he  t r a j e c t o r i e s .
To s a k e  t h e  s u b  o f  the a b o v e  b r a n c h -w a v e f u n c t i o n a  
Y'V'jJinto an e i g e n f u n c t i o n ,  o n e r e q u i r e s  th at the  
b r a n c h  f u n c t i o n s  b e  j o i n e d  t o g e t h e r .  The r e s u l t  is
that t h e  a c t i o n  c h a n g e  a r o u n d  c l o s e d  p a t h
h a v e  to be  q u a n t i z e d ;
^  =- ( f } j i  t  ^ - )  J . J f t  f ^  ^  j  ^
{ 1 - 15 >
w h e r e  * * B c o n s t a n t  for e a c h  path.
T h e r e f o r e  e a c h  e i g e n f u n c t i o n  is r e l a t e d  to o n e  
q u a n t i z e d  t o r u s ,  w h i c h  is a o s e t i s e s  c a l l e d  an 
e i j e n t r a j e c t o r y . ^
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E ac h  M B v e f u n c t l o D  o c c u p i e s  p r i m a r i l y  the  r e f i o D  of 
c o n f l g u r a t i o n  a p a c e  o c c u p i e d  b y  ita e i g e n t r a j e c t o r y ; 
t y p i c a l l y  t h e  e i g e n f u n c t i o n  b a a  an o r d e r l y  o s c i l l a t o r y  
s t r u c t u r e ,  a n d  it is l a r g e s t  n e a r  the  b o u n d a r y  of t h e  
e i g e n t r a j e c t o r y .
3. E i g e n f u n c t i o n s  in an I r r e g u l a r  S y a t a a
U n l i k e  t h e  r e g u l a r  case, l i t t l e  is k n o w n  a b o u t  the 
p r e c i s e  c o n n e c t i o n  b e t w e e n  t h e e i g e n f u n c t i o n  a nd  its  
u n d e r l y i n g  i r r e g u l a r  c l a s s i c a l  B o t i o n .
H o w e v e r  f r o s  the  c o r r e s p o n d e n c e  p r i n c i p l e  we c a n  
p o i n t  out l o s e  facts. In the r e g u l a r  c a s e  t h e m o t i o n  
is c o n f i n e d  t o  tori. In c o o r d i n a t e  s p a c e  t h e r e  a r e  
o n l y  a l i m i t e d  n u m b e r  of d i r e c t i o n s  at e a c h  p o i n t  a l o n g  
w h i c h  the w a v e  p r o p a g a t e s .  T h e  r e s u l t i n g  w a v e  h a s  
a i a p l e  p a t t e r n s .  O n  t h e  o t h e r  h a n d , if t h e  a o t i o n  is 
ir r e g u l a r ,  t r a j e c t o r y  and w a v e  c o u l d  in p r i n c i p l e  b e  
p r o p a g a t i n g  in a ny  d i r e c t i o n .  T h e  r e s u l t i n g  w a v e  
f o r a e d  by s u c h  a s u p e r p o s i t i o n  s u i t  b e  v e r y  
c o m p l i c a t e d .
A few o b s e r v a t i o n s  h a v e  b e e n  m a d e  on th e 
e i g e n f u n c t i o n s  a s s o c i a t e d  w i t h  i r r e g u l a r  c l a s s i c a l  
m o t i o n .  f i r s t  s i n c e  c l a s s i c a l  a o t i o n  e x p l o r e s  t h e  
w h o l e  e n e r g y  s u r f a c e ,  c o n t r a r y  to t h e r e g u l a r  c a se,  
the  i r r e g u l a r  w a v e  f u n c t i o n  s h o u l d  o c c c u p y  t h e  e n t i r e  
e n e r g e t i c a l l y  a l l o w e d  r e g io n , a n d  t h e w a v e  f u n c t i o n  is
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« x p « c t « d  to be * « a l l  at t h e  b o u n d a r y .  B e r r y  h a i  c e l l e d  
tb 1 ■ b o u n d a r y  an
A n o t h e r  c u r i o u s  o b s e r v a t i o n  is that p e r i o d i c  
o r b i t s  of the a y a t e g  g a y  h a v e  s o i e  i n t e r e s t i n g  e f f e c t s  
o n  t he  e i g e n f u n c t i o n s . " ^  It w a s  n o t e d  that in s o m e  o f  
t h e  e i g e n f u n c t i o n s ,  th e  i n t e n s i t y  of t h e  w a v e  a l o n g  a 
p e r i o d i c  o r b i t  is v e r y  high. But w e  do n ot  k n o w  
p e r i o d i c  o r b i t s  e x i s t  at all  e n e r g i e s ,  b ut  a p p a r e n t l y  
not all ei g e n f u n c t i o n s  are  a f f e c t e d  by s u c h  o r b i t s ,  
all e i g e n f u n c t i o n  a r e  a f f e c t e d  b y  s u c h  o r b i t s .
f i n a l l y  a l t h o u g h  the e x a c t  e i g e n f u n c t i o n  n i g h t  be
ext  r e a d y  c o m p l i c a t e d ,  an " a v e r a g e d "  w a v e  f u n c t i o n
( g i  Ji
c o u l d  be s i m p l e r . '  T h i s  a v e r a g e  c a n  b e  an a v e r a g e  of  
t h e  e x a c t  w a v e  f u n c t i o n  in a s m a l l  a r e a  or it c a n  be an 
a v e r a g e  in e n e r g y .  B o t h  e l i m i n a t e  t h e  f i n e  s c a l e  
st r u c t u r e .
In t h i s  t h e s i s  * o i e  c o n n e c t i o n s  b e t w e e n  a v e r a g e  
q u a n t i t i e s  an d c l o s e d  o r b i t s  w i l l  b e  d e v e l o p e d .  It 
w i l l  b e  s h o w n  if an e n e r g y  s p e c t r u m  is e x a m i n e d  at low 
r e s o l u t i o n ,  a v e r a g i n g  o v e r  l e v e l s  in a g i v e n  r a n g e  of 
e n e r g y ,  t h i s  a v e r a g e d  s p e c t r u m  w i l l  s h o w  o s c i l l a t i o n s  
w h i c h  a r e  c o r r e l a t e d  w i t h  c l a s s i c a l  c l o s e d  o r b i t s .
C . S p e c  t ra
H a v i n g  d i s c u s s e d  t h e c o n s e q u e n c e s  of  d i f f e r e n t  
t y p e s  of m o t i o n  o n  the w a v e  f u n c t i o n ,  it is t i m e  n o w  to 
d i s c u s s  t h e  s p e c t r a  o f  d i f f e r e n t  t y p e s  of m o t i o n .
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In quctbt.ua a e c h e n i c i  w h e n  w e  c o m p u t e  t h e e n e r c y  
l e v e l * ,  t h e  w a v e  f u n c t i o n  ia u s u a l l y  e x p a n d e d  in a 
s u i t a b l e  ba si s,  and f r o i  S c b r y e d i n g e r ’s e q u a t i o n  a a«t of 
a l g e b r a i c  e q u a t i o n s  n  o b t a i n e d .  T he  e n e r g y  l e v e l s  a r e  
t hen  d e t e r m i n e d  by z e r o s  of a d e t e r m i n a n t .
T h i s  formal p r o c e d u r e  t r e a t s  all s y a t e i s  t he  a e m e  
w ay.  H o w e v e r  it d oes  not h e l p  ua in u n d e r s t a n d i n g  th e 
s t r u c t u r e  o f  the s p e c t r u m .  A n d  In s o m e  c a s e s  e n e r g y  
l e v e l s  b e c o m e  so d e n s e  that t h i s  p r o c e d u r e  m a y  be 
e x t r e m e l y  d i f f i c u l t  o r  ev en i m p o s s i b l e  to a p p l y .
A s p e c t r u m ,  if r e s o l v e d  in its f i n e s t  s c a l e ,  g i v e s  
the l o c a t i o n  of e a c h  i n d i v i d u a l  e i g e n v a l u e .  C a l c u l a t i n g  
('bch i n d i v i d u a l  e i g e n v a l u e  c a n  be an a m b i t i o u s  a n d  
c o s t l y  p r o g r a m s  w h i c h  may not a l w a y s  be n e e d e d .  T h e n  
the  s t r u c t u r e  o f  s p e c t r u m  in l a r g e  s c a l e  m i g h t  b e  m o r e  
i n t e r e s t i n g .  T h e  l a r g e  s c a l e  s t r u c t u r e  i n c l u d e s  t h e  
a v e r a g e d  e n e r g y  s p e c t r u m ,  s t a t i s t i c s  o f e n e r g y  l e v e l s  
an d c l u s t e r i n g  of e n e r g y  lev el s.  T h e s e  w i l l  be 
d i s c u s s e d  in the f o l l o w i n g  s e c t o r s .
1. I n d i v i d u a l  E n e r g y  L e v e ls
S e m i c 1 ass 1 c a 1 q u a n t i z a t i o n  o f  e n e r g y  l e v e l s  b e g a n  
w i t h  S o m m e r f i e 1 d - W i 1 a o n ’s ru le . L a t e r  m a n y  p e o p l e  h a v e  
m a d e  c o n t r i b u t i o n s  to t he  s u b j e c t
As w e  e x p l a i n e d  e a r l i e r ,  s e m  i c 1 as s i c. a 1 q u a n t i z a t i o n  
is e a s i l y  r e a l i z e d  f o r  a r e g u l a r  s y s t e m ,  for s u c h  a
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■ yst e i;  t h e r «  A r e  N i n d e p e n d e n t  a c t i o n  v a r i a b l e *  
an d the e n e r g y  c a n  b e  e x p r e s s e d  aa a f u n c t i o n  o f  t h e s e  
a c t i o n  v a r i a b l e s .  F o r  the a l l o w e d  e n e r g y  l e v e l s ,  the  
a c t i o n  is q u a n t i z e d  a c c o r d i n g  to oq. (1- lb ) .
To u s e  t h i s  q u a n t i z a t i o n  f o r m u l a  t h e  a c t i o n s  at 
d i f f e r e n t  e n e r g i e s  h a v e  to b e  d e t e r m i n e d -  P r a c t i c a l
a c t h o d s  for  t hi s, i n c l u d i n g  the u s e  of s u r f a c e  of
1 M  37^
s e c t i o n ,  a l g e b r a i c  t r a n s f o r a a t t o n  sod o t h e r s  h i v e  b e e n
d e v e 1 o p e d  ?
W h e n  the m o t i o n  is i r r e g u l a r  t h e r e  is n o  g e n e r a l  
■ e a i c l a a t i c B l  q u a n t i z a t i o n  f o r a u l a  to g i v e  t h e  e n e r g y  
levelfiffor e x a a p l e  t h e r e  a r e  no a c t i o n  v a r i a b l e s  in t h e  
i r r e g u l a r  c a s e ] .  S u c h  a f o r m u l a  m a y  n ot  e x i s t  at all.
H o w e v e r  P e r c i v a 1 ^ has  p r e d i c t e d  s o m e  g e n e r a l  
p r o p e r t i e s  of i r r e g u l a r  s p e c t r a .  lie a r g u e d  th at , 
uni ike t h e  r e g u l a r  c a s e  t h e r e  is n o  u n a m b i g u o u s  
a s s i g n m e n t  of a set o f  q u a n t u m  n u m b e r s  to a q u a n t u m  
s t a t e ;  a s t a t e  u n d e r  w e a k  p e r t u r b a t i o n  is c o u p l e d  to a 
l a r g e  n u m b e r  of a t a t e a  h a v i n g  s i m i l a r  e n e r g y ;  the  
s t a t e s  in the  i r r e g u l a r  s p e c t r u m  a r e  m o r e  s e n s i t i v e  to 
e x t e r n a l  p e r t u r b a t i o n  than t h o s e  in the r e g u l a r  
a p e c t r urn.
2 .  S m a l l - S c a l e  S t r u c t u r e  o f  S p e c t r u m
C an  w e  s a y  a n y t h i n g  a b o u t  t h e  r e l a t i o n s h i p  b e t w e e n  
n e i g h b o r i n g  e n e r g y  l e v e l s ?  Yes, a s  we s h a l l  see, 
r e g u l a r  a n d  i r r e g u l a r  s p e c t r a  b e h a v e  v e r y  d i f f e r e n t l y
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. } 8In t h i s  r e g a r d .
For  a r e g u l a r  i p e c t r u i  e n e r g y  level a a r e  g i v e n  by 
the t o r u s  q u a n t i z a t i o n  c o n d i t i o n .  S u p p o s e  the 
H a m i l t o n i a n  d e p e n d *  u p o n  N a c t i o n *  a n d  a l s o  u p o n  one 
p a r a m e t e r ,  A : j - f ~  /-/( , t h e n  t h e q u a n t i z e d  e n e r g y
l e v e l s  c a n  be r e g a r d e d  as th e  i n t e r s e c t i o n  of an ( N l )  
d i m e n s i o n a l  s u r f a c e  E - - } - { ( + ) w i t h  t h e  l a t t i c e  po in t
~J i  £  J ^  On c h a n g i n g  A a n d  h o l d i n g  B fix e d , t h e
s u r f a c e  w i l l  e v o l v e  in a s m o o t h  w a y  and t h e r e  w i l l  be 
v a l u e  of A* at w h i c h  the  s u r f a c e  i n t e r s e c t s  w i t h  two 
d i f f e r e n t  ? l  T h a t  is, at A*, t h e  e n e r g i e s  are
d e g e n e r a t e .  T h e r e f o r e  if t h e  e n e r g y  s p e c t r u m  is p l o t t e d
a g a i n s t  t h e  p a r a m e t e r  A, t y p i c a l l y  t h e r e  w i l l  be a a n y  
c r o s s i n g s  of l e v e l s .
O n  t h e  o t h e r  h a n d  for a g e n e r a l  o n e  p a r a m e t e r  
H a m i l t o n i a n ,  a v o i d e d  c r o s s i n g s  a re  t y p i c a l .  T h e
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a r g u m e n t  g o e s  as f o l l o w * :
A
S u p p o s e  w e  h a v e  * H a m i l t o n i a n  H* h a v i n g  two
o r t h o g o n a l  a t a t e a  j u ^ >  a n d  j  y }  w i t h  the s a m e  e n e r g y  E* ,
or
, u u l o - o
( 1 - 1 6 )
N o w  c o n s i d e r  /y —  + A h j  , w h e r e  A f - j  la a s m a l l
p e r t u r b a t i d o . T h e  w a v e f u n c t i o n  of t he  n e w  H a m i l t o n i a n
c a n  a t i l l  be a p p r o x i m a t e d  b y  a  c o m b i n a t i o n  u f| l ^ en d | £/ ^ ,
/  " O  -  i i i  >  + ( 1 1 7 )
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W h e n  I he S c h r o e d i n | « r ' a  e q u a t i o n
H  =  €  t 4 }  ( 1-1B)
is p r o j e c t e d  o n  to s( « L e s  and | tt> , we  o b t a i n  a
s e c u l a r  e q u a t i o n  and t h e  e i g e n v a l u e s
E -  F * -+ AfjiiU f  A ±  _± 2
w h e r e
r  —  c. a i & H / v }
( 1- 1 9 )
For a g e n e r a l  p e r t u r b a t i o n ,  t h e  q u a n t i t y  u n d e r  the
■ q u a r e  r oot  w i l l  not b e  z e r o ,  b e c a u s e  t y p i c a l l y  / \  a n d
l~~ w ill  n ot  v a n i s h  s i t u  11 an i o u t 1 y . T h e r e f o r e  t h e
p e r t u r b e d  e n e r g y  l e v e l s  a v o i d  c r o i B i n g . ( O n l y  if t h e
g e n e r a l  H a s t  1 t o n i a n  h a s  t w o  or t o r e  p a r a m e t e r s ,  t h e n
if
c r o s s i n g s  t y p i c a l l y  o c c u r . )
The  c r o s s i n g  a n d  a v o i d e d  c r o s s i n g  p r o f o u n d l y  
a f f e c t  t he  n e a r e s t  n e i g h b o r  s t a t i s t i c s .  L et  us d e f i n e  
t he  n e a r e s t  n e i g h b o r  l e v e l  d i s t r i b u t i o n  a s  p(d £^)  
w h e r e
the n u m b e r  o f  l e v e l s  h a v i n g  e n e r g y
r ( A E ) t J / l E  '  d i f f e r e n c e  in the r a n g e  (f\F - < -id E  } c / A f  )
to its n e i g h b o r  i  ^
( 1- 2 0 )
For r e g u l a r  s p e c t r a  a P o i s s o n  d i s t r i b u t i o n
( 1 - 2 1  )
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•fill be fooDd. In c o n t r a c t ,  i r r e g u l a r  a p « c t r u i  often 
p o l l e n  a Mi (n or d i s t r i b u t i o n ,
Pii£)--
x  (1-22)
T h e  r e a s o n s  c a n b e  p a r t i a l l y  u n d e r s t o o d  f r o a  the a b o v e  
a r g u i e n t a ,
3. L a r g e - S c a l e  S t r u c t u r e  of S p e c t r u i
L o c a t i n g  the i n d i v i d u a l  e n e r g y  l e v e l s  a n d  f i n d i n g  
th e  n e a r e s t  n e i g h b o r i n g  s t a t i s t i c s  a r e  t w o w a y s  of  
s t u d y i n g  a s p e c t r u a .  A t h i r d  w a y  ia to s t u d y  the l a r g e  
s c a l e  s t r u c t u r e -  By t h a t  I s e e n  t h e  s p e c t r u e  w h e n  
■ e n s u r e d  o r  v i e w e d  w i t h  a f i n i t e  r e s o l u t i o n ,  so that 
w i t h i n  the r e s o l u t i o n  w i d t h  t h e r e  s a y  b e  s a n y  
i n d i v i d u a l  e n e r g y  l e v e l s .  T h e  l a r g e  a c a l e  s t r u c t u r e  
is b e l i e v e d  to be c o n n e c t e d  to a o i e  s t a p l e  p r o p e r t i e s  
of a d y n a i i c a l  a y s t e s .
The  i d e a  is b e s t  i l l u s t r a t e d  w i t h  a s i m p l e  
e x f l i p l e ! ^ S u p p o » e  t h e  a p e c t r u s  is a (^ - f u n c t i o n  at e a c h  
i n t e g e r  n, F r o a  F o u r i e r  a n a l y s i s  the  f o l l o w i n g  
e x p a n s i o n  c a n  be e a e i l y  o b t a i n e d ,
ft? 60
2  h > ( £  ^  f  +  ^  Z w / n E
f l ~ - t>o r f * = f  (1- 23)
T h e  s h a r p  p e a k s  on t h e  ieft a r e  e x p r e s s e d  aa a s ub  o f  a 
c o n s t a n t  p l u s  o s c i l l a t o r y  t e r n ;  t h e  f r e q u e n c i e s  of 
t h e  o s c i l l a t o r y  t e r s a  i n c r e a s e  f r o a  2 . 7 1  to i n f i n i t y .
N ow  if w e  a r e  a b l e  to s e e  o n l y  t he  l o w  f r e q u e n c y
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t e n a ,  A f t e r  d r o p p i n g  o f f  the h i g h e r  f r e q ue n cy  terms, 
w e  g e t  en a p p r o x i m a t e  r e p r e a e n t e t i o n ,
M
$ i E ' n )  =  0 2  
A ' ^  (1 24)
If s o r e  t e r a a  a r e  k e pt ,  th is  r e p r e a e n t a t i o n  will b e c o m e  
■ o r e  a c c u r a t e .
D o e *  t h i s  e x a m p l e  have a n y  s i m i l a r i t y  w i t h  a real 
s p e c t r u m ?  S u p p o s e  w e  k n o w  the e n e r g y  levels Kj In A 
■ y i t e a ;  t h e n  t he  d e n s i t y  of a t a t e a  fu nc tio n d(B) c a n be 
w r i t t e n  aa
?  =-t
(1 25)
w h e r e  N(E) la t h e  n u m b e r  of a t a t e a  w i t h  e n e r g y  b e l o w  E.
If w e  c o m p a r e  d { E >  w i t h  the s i m p l e  e x a mp l e  above, w e
f i n d  that t h e y  a r e  r e a l l y  s i m i l a r ,  only that the
l o c a t i o n s  of t h e  ^ - f u n c t i o n  d i f fe r . T h e r e f o r e  it is
r e a s o n a b l e  to t h i n k  t h a t  a s i m i l a r  e x p a n s i o n  in
o s c i l l a t o r y  t e r m s  c an  b e  u s e d  to d e s c r i b e d  a spectrum.
A b e a u t i f u l  f o r m u l a  of th is  type for the d e n s i t y
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of a t a t e a  w a s  d e v e l o p e d  by Q u t z w i l l e r |  and by Balian and 
B l o c h  i s t a r t i n g  f r o m  a aem i c 1 as s i ca 1 approach. The 
r e s u l t  is t h a t  d(E) c a n  s t i l l be r e p r e s e n t e d  as an 
s m o o t h  a v e r a g e  t e r m  p l u s  o s c i l l a t o r y  terms,
A ( E ) =  4 ( e )  +  < ^ o s c ( E )
( 1 - 2 6 )
H o s t  i m p o r t a n t ,  the o s c i l l a t o r y  terms are c o n n e c t e d
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w i t h  p e r i o d i c  o r b i t *  of t h e  l y a t a a ,
T h e  r e s u l t  c o u l d  b e  e x p l a i n e d  b y  the G r e e n * *
f u n c t i o n .  It is n o t  d i f f i c u l t  to i h o H  t h a t ^
(1 - 27 )
w h e r e  ^  ia the o u t g o i n g  e n e r g y - d e p e n d e n t  G r e e n ' *  
f u n c t i o n ,  e a t n f y i n g
P h y i i c a l l y  t h e G r e e n ’* f u n c t i o n  r e p r e i e u t *  th e
w a v e  at t h e  p o i n t  q that ia p r o d u c e d  b y  a p o i n t  s o u r c e  
at q ’ . A s e i i c l A a s i c a l  a p p r o x i m a t i o n  for t h e  Q r e e o ' *  
f u n c t i o n  c a n  b e  m a d e  b a s e d  on t h e  a b o v e  o b s e r v a t i o n .  In 
t h i s  a p p r o x i m a t i o n ,  the G r e e n ’s f u n c t i o n  i* a i n *  of 
t e r m s  w h i c h  r e p r e s e n t  w a v e s  p r o p a g a t i n g  a l o n g  d i f f e r e n t  
p a t h s  fr om  ^  to ^  ^
T he  d i r e c t  p a t h  c o n t r i b u t e s  to t h e  s m o o t h  
b a c k g r o u n d  d ( E ) .  It h a s  b e e n  s h o w n  that
to t h e  p a r t i c l e .
T h e  c o n t r i b u t i o n *  f r o m  all  o t h e r  p a t h s  to t h e
o v e r  all s p a c e .  W h e n  t h e n  o n l y  o r b i t *  f r o m  to
r e l a t e d  to the p h a s e  s p a c e  v o l u m e  a c c e s s i b l e
G r e e n ' s  f u n c t i o n  c a n  be w r i t t e n  a* ^
T o f i n d  dp * c ( S ) , w e  m u s t  let ■ ant* i n t e g r a t e
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%  c o n t r i b u t e .  T h i s  i n c l u d e s  p e r i o d i c  o r b i t s  s n d  o t h e r  
o r b i t s  w h i c h  r e t u r n  to t he  i n it i a l p o s i t i o n  ^  w i t h  a 
d i f f e r e n t  m o m e n t u m .  O n e  c an  show, h o w e v e r ,  that o n l y  
p e r i o d i c  o r b i t *  c o n t r i b u t e  s i g n i f i c a n t l y .
9
The  a r g u m e n t  goes as f o llo ws:  u s u a l l y  w h e n  £,
c h a n g e s ,  S w i l l  c h a n g e  a nd  so G* o s c i l l a t e s  w i l d l y .
j
O n l y  w h e n  S is s t a t i o n a r y  u n d e r  s m a l l  c h a n g e  of ^ c a n  a 
s i g n i f i c a n t  c o n t r i b u t i o n  r e s u l t .  T h i s  r e q u i r e s
pt s' *, i f) = j ^ i i  i u ) + p g s > i J % ‘j  t )  J
1 ~  ^  1
1 1- 31 >
so t h e  i n i t i a l  a n d  f i n a l m o m e n t u m  h a v e  to b e  the s a me.
In a n o t h e r  w o r d s ,  the  o r b i t *  must b e  p e r i o d i c .
T h e  o s c i l l a t o r y  t e r m  d o v c l E )  t u r n s  out  to b e  a s u m  
o v e r  all p e r i o d i c  o r b i t s
~  Z  A j ( t )  S Z  (  l,y^ - )
J  ^  ( 1 - 3 2  )
w h e r e  th e  a m p l i t u d e  A j ( E )  d e p e n d s  on the  p r o p e r t i e s  of 
the p a r t i c u l a r  o r b i t (a t * b l e  or u n s t a b l e ,  i s o l a t e d  or 
n o n i s o l a t e d ) ;  Sj is the  a c t i o n  a r o u n d  t h e  o r b i t  a n d  ^
ia a s s o c i a t e d  w i t h  the n u m b e r  of f o ca l  p o i n t s  on t h e
Q
o r b i t .
T he  f o r m u l a  e x p r e s s i n g  the  d e n s i t y  o f  s t a t e s  as a 
s u m  o v e r  p e r i o d i c  o r b i t s  is u n i v e r s a l  in that it 
a p p l i e s  to b o t h  r e g u l a r  a n d  i r r e g u l a r  s y s t e m s . ( T h e  o n l y  
s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  the t w o c a s e s  a p p e a r s  in
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t h e  f o r m u l a *  f or  the a m p l i t u d e *  A j { E ) - )  B e r r y  a n d  
T a b o r  h a v e  a p p l i e d  t h i a  a p p r o a c h  to r e g u l a r  a y a t e a a .  
T h e y  s h o w e d  t h a t  the t o r u a  q u a n t i z a t i o n  c o n d i t i o n  c o u l d  
b e  t r a n a f o r a e d  into a s u m  ov er  p e r i o d i c  o r b i t * .  A* 
i n c r e a s i n g l y  a o r e  o s c i l l a t o r y  term* w e r e  i n c l u d e d  in 
t h e  t u i ,  §  f u n c t i o n *  at e ac h e n e r g y  level e m e r g e d .
It ia u n c l e a r  w h e t h e r  thi* f o r m u l a t i o n  ia a 
p r a c t i c a l  B e a n *  to o b t a i n  i n d i v i d u a l  e n e r g y  l e v e l * .
T h e  p r o b l e a  ia that t h e  n u a b e r  of p e r i o d i c  o r b i t *  w i t h  
l o n g  p e r i o d *  is v e r y  large. N e v e r t h e l e s s  if o n e  1* 
i n t e r e s t e d  in t he  " l o w  r e s o l u t i o n "  e n e r g y  s p e c t r u m ,  
o n l y  a f e w  o r b i t *  a a y  g i v e  the d e * i r e d  i n f o r m a t i o n .
W e  w i l l  u s e  t h i *  p e r i o d i c  orbit f o r m u l a t i o n  to 
s t u d y  t h e  s p e c t r u a  o f  a t o a s  in m a g n e t i c  f i e l d * .  We 
w i l l  s h o w  t h a t  in t h i *  c a s e  the f o r m u l a t i o n  m u t t  be 
m o d i f i e d  in t w o  w a y * .  Fi rs t,  b e c a u s e  of t h e C o u l o a b  
s i n g u l a r i t y  in ih;  p o t e n t i a l  the G r e e n ’s f u n c t i o n  can  
n o t  b e  a p p r o x i m a t e d  s e a i c 1 asa ica  L1 y e v e r y w h e r e ,  a n d  an 
a p p r o p r i a t e  q u a n t u m  a p p r o x i m a t i o n  *u s t  be u s e d  in the  
s i n g u l a r  r e g i o n .  S e c o n d ,  w e  are not i n t e r e s t e d  in the 
d e n s i t y  o f  i t a t e s ( w h i c h  is not what is m e a s u r e d  
e x p e r i s e n t  1 y ) b ut  t h e  a b s o r p t i o n  rate. S u c h  q u a n t i t i e s  
c a n  b e  c a l c u l a t e d  f r o a  t h e G r e e n ’* f u n c t i o n  w e i g h t e d  by 
t h e  i n i t i a l  q u a n t u a  s t a t e .  In such c a s e  th e  a r g u m e n t  
l e a d i n g  to  p e r i o d i c  o r b i t s  is acidified, a n d  w e  f i n d  
t h a t  c l o s e d  o r b i t s ,  n o t  ju st  p e r i o d i c  ones, w i l l  
g e n e r a l l y  b e  i m p o r t a n t .
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T h e a t  i i a u a t  a rt  f u ll y d i i c u a t a d  a n d  t r e a t e d  f r o a  
c h a p t e r  III to c h a p t e r  VII.
CHAPTER II
A T O M S  IN A M A G N E T I C  FI EL D
It has b e e q  r e c o g n i z e d  s i n c e  the b e g i n n i n g  of 
a t o n i c  p h y s i c s  that atoms i n t e r a c t i n g  w i t h  e x t e r n a l  
f i e l d s  c o u l d  h a v e  r a d i c a l l y  d i f f e r e n t  b e h a v i o u r  f ro a 
fr e e  ato is . The  f a a i l a r  Z e e m a n  and  S t a r k  e f f e c t s  are 
just t wo  e x a m p l e s  a s s o c i a t e d  w i t h  a t o n e  in m a g n e t i c  and 
e l e c t r i c  f i e l d s  r e s p e c t i v e l y .
U n d o u b t e d l y  the s t u d y  of a t o a i  i n t e r a c t i n g  w i t h  
e x t e r n a l  f i e l d s  has  been v e ry  i a p o r t a n t  t h r o u g h o u t  the 
d e v e l o p m e n t  of a t o s i r  physics. H o w e v er ,  it is o n l y  recent 
that we can e n g a g e  in this k i n d  of s t u d y  u n d e r  n o t e  
d e s i r e d  c o n d i t i o n s .  This is for one r e a s o n  d ue  to the 
a d v a n c e s  in t e c h n o l o g y .  Lase rs  m a k e  it p o s s i b l e  to 
p r e p a r e  an a t o m  in alao st  a ny  state; s u p e r c o n d u c t i n g  
m a t e r i a l s  c an  e a s i l y  g e n e r a t e  a h ig h  m a g n e t i c  field; 
h i g h e r  a n d h i g h e r  r e s o l u t i o n  s p e c t r o m e t e r s  are n o w  
av i 1o b l e  Z 3
R e c e n t l y  t h e re  has be e n  i n c r e a s i n g  in t e r es t  in the 
p r o p e r t i e s  of R y d e r b e r g  a t om s  I n t e r a c t i n g  w i t h  s t r o n g  
fie ld s . T hi s  a r i s e s  from the r e a l i z a t i o n  that a h i g h l y  
e x c i t e d  a t o m  has m a n y  p r o p e r t i e s  that an a to m  in lower 
s t a t e s  d o e s  not have. For e x a m p l e ,  a h i g h l y  e x c i t e d  
a t o m  h as  a long life time, e nd  e larg e size; its b i n d i n g  
e n e r g y  is small, su any e x t e r n a l  f i e l d  c o ul d  ha v e  a 
La rge eff ec t. T he  i n t e r a c t i o n  of the o u t e r  e l e c t r o n
3fl
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w i t h  t h e  c o r e  o f  the aloi, w h i c h  u e u a l l y  m a k e *  the 
d y n a m i c s  i o r t  c o a p l i c s t e d ,  c a n  o f t e n  b e  i g n o r e d  si nce 
the e l e c t r o n  t p e n d i  ao a t  of It* t iae far a w a y  f ro a the
core.
A t o m  in m a g n e t i c  f i e l d s  a r e p a r t i c u l a r  importa nt . 
In the e a r l y  d a y s  " s p a t i a l  q u a n t i z a t i o n "  w a s  
d e m o n s t r a t e d  b y  t he  S t e r n - Q e r 1a c h e x p e r i m e n t ;  n o w  atoms 
in m a g n e t i c  f i e l d s  p r o v i d e  us a n o t h e r  c h a n c e  to 
u n d e r s t a n d  s o m e t h i n g  new. In t h is  C h a p t e r  1 s h a l l  try 
to p r e s e n t  the r i c h  p h e n o m e n a  d i s p l a y e d  b y  a n  a t o m  in a 
m a g n e t i c  f i e l d  du e to the d i a m a g n e t i c  i n t e r a c t i o n  only. 
F i r s t  o ur  c u r r e n t  u n d e r s t a n d i n g  ia d e s c r i b e d ;  then new 
p r o b l e m s  a re  i d e n t i f i e d ,  w h i c h  a re  the s u b j e c t  of this 
t h e s is .
A. H a m i l t o n i a n  o f  the S y s t e m
Let us c o n s i d e r  an e l e c t r o n  m o v i n g  in a p o t e n t i a l
If the m a g n e t i c  f i e l d  is in the z d i r e c t i o n  a n d  the
f i e l d  V ( t ) and a u n i f o r m  m a g n e t i c  f i e l d  I 
H a m i l t o n i a n  for t h e  m o t i o n  of e l e c t r o n  is
( 2 - 1 }
C o u l o m b  g a u g e  ( [ 7 ^ — 0  ) is used, w e  c o u l d  c h o o s e
A -  j 8 x r (2 - 2 )
A f t e r  e x p a n d i n g  (2 1) and i n a e r t i n g  {2-2), w e  o b t a i n
In t he  a b o v e  d e r i v a t i o n  the e l e c t r o n  a p i n  ia ignore d.
To i n c l u d e  the e l e c t r o n  s p i n  a n d  th e  n u c l e a r  apin, we 
w o u l d  h ave  to a d d  a few a p i n - d e p e n d e n t  ter as.  H o w e v e r ,
s u c h  e f f e c t s  h a v e  been e x t e n s i v e l y  s t u d i e d ,  a n d  w e  
i g n o r e  t h e n  here. We s h al l  ba c o n c e r n e d  M a i n l y  w i t h  
t he  d i n s a g n e t i c  t e n  (the last t e n  in ( 2 - 3 ) )  w h i c h  ia 
p r o p o r t i o n a l  to the s q u a r e  of B- In o ur  f o l l o w i n g  
d i s c u s s i o n  we s h a ll  c o n s i d e r  an e l e c t r o n  of H y d r o g e n  In 
a u n i f o r a  M a g n e t i c  f i e l d  r e p r e s e n t e d  b y  the N a s i l t o n i s n ,
It ia c o n v e n i e n t  to u se  a t o n i c  units, in w h i c h  
c = 1 3 7 . 2 9  a n d  B (a .u . ) - 5 - 85 x 10 "  * B ( T e a l a ) .  T h e  d i s t a n c e  
ia then M e a s u r e d  in B o h r ■ ( 0 . 5 3 x 10 a c m ) an d  t he  e n e r g y  
ia in H a r t r e e s ( 2 7 > 0 7 e v ). W i t h  s u c h  c o n v e n t i o n  in 
uni ts ,  the H s u i l t o n i a n  in (2 4) is r e w r i t t e n  as
+  v<f) +  * T c  < 8 *
tV (r )+  JQ: U  -f S13L r  
I m z  / 7 V C  r H n v O
( 2 - 3 )
(2-4)
T he  first two t e ra s  a r e  ju st  the H y d r o g e n  fttoa w i t h o u t  
field; the t h i r d  tsrs ia the p a r a n a g n e t i c  ters; a n d the 
f o u r t h  and last t e n  ia c a l l e d  the d i a a a g n e t i c  t e n  or
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q u a d r a t i c  Z e e m a n  t o n .
Ife c o n s i d e r  a t a t e a  w i t h  t h e  m a e  m a g n e t i c  q u a n t u m  
n u i b e r  ( l i = m £  ), t h e n  the p a r a m a g n e t i c  t e r m  o n l y  a d d s  a 
c o n s t a n t  to the e n e r g y .  T h e r e f o r e  t h i s  t e r m  la not
A f t e r  a ll  t h e s e  s i m p l i f i c a t i o n s ,  w e  f i n a l l y  a r r i v e  
at t he  H a a l l t o n i a n  w e  w i l l  be u s i n g  t h r o u g h o u t  t hi s  
th esis,
O n  e x a m i n i n g  (2 6), o n e  f i n d s  t ha t  t h e  p a r i t y ,  the  
m a g n e t i c  q u a n t u m  n u m b e r ,  a s  w e l l  as t he  t o t a l  e n e r g y  o f  
the s y s t e m  a r e  c o n s e r v e d  q u a n t i t i e s .  H o w e v e r ,  t h i s 
s i m p l e  l o o k i n g  H a m i l t o n i a n  is n o t s e p a r a b l e  in a n y
a p p e a r a n c e ,  t h e r e  s e e m s  t o  b e  n o  g e n e r a l  s o l u t i o n  to 
q u a n t u m  or c l a s s i c a l  e q u a t i o n s .  It h a s  b e e n  a r g u e d  
that t h i s  is " t h e  p r i n c i p a l  r e m a i n i n g  p r o b l e m  in t h e
As we s h a l l  see, t h e  r i c h  b e h a v i o u r  d i s p l a y e d  b y  (2 6) 
is r e a l l y  a s t o n i s h i n g .
N o w  it is h e l p f u l  to g e t an i d e a  o n  the  s i z e  of 
the C o u l o m b  t e r m  a n d  the d i a m a g n e t i c  t e r m  in d i f f e r e n t  
s t a t e s  a n d  for v a r y i n g  f i e l d  s t r e n g t h s .
Le t  us c r u d e l y  e s t i m a t e  t h e s e  q u a n t i t i e s  on the 
b a s i s  of H y d r o g e n  at om 1n s t a t e  W e  h a v e
C o u l o m b  t e r a  - ^ f l /u j ~zr i  f~> Q. h , 3 ^  (2-7)
' n 1
i n t e r e s t i n g  a n d  c a n  be d r o p p e d .
U  7
k n o w n  c o o r d i n a t e  s y s t e m ,  S o  d e s p i t e  its s i m p l i c i t y  in




D i a a a f n e t  ic t e r u -  ^  ^  f  w  I  y  ^  ^  J * '  r  */,„ j  / I  J l f ^ ^
-  ~ ( l ) \  f r
( 2 - B )
t h e r e f o r e  t h e  r a t i o  of t h e  two t e r e s  u
D i a a a g n e t i c  t e n  ,
--------------------------^  1 ,  ( 2 - 9)
C o u l o a b  t e r *  S’ C
W h i c h  for h i g h l y  e x c i t e d  s t a t e s  (n large) a n d / o r  h i g h  
f i e l d  can be  l a r g e r  t h a n  1. for e x a a p l e  if B = 6 T e a la, 
w e  w o u l d  get
D i a m a g n e t i c  t e r *  ic
------------------- —  ^  1 0  h * >  (2-10)
C o u l o a b  t e r *
T h e r e f o r e  w h e n  n ^  30 t h e  d i a a a g n e t i c  t e r *  ia c o m p a r a b l e
w i t h  the C o u l o a b  t er *. W e  e x p e c t  s o m e t h i n g  i n t e r e a t i n g
to h a p p e n  u n d e r  a u c h  c o n d i t i o n * !
One c a n  c o m p u t e  c l a s s i c a l  t r a j e c t o r i e s  f ro m  the
H a B i l t o n i a n  (£-€) f o r  v a r i o u s  e n e r g y  a nd  f i e l d
s t r e n g t h .  Th e  r e s u l t  o f  this w i l l  tell us the
c l a s s i c a l  n o t i o n  of  t h e  a y t t e a .  S u c h  c a l c u l a t i o n s  h a v e  
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b e e n  done. It w a s  f o u n d  that b o t h  r e g u l a r  and  
i r r e g u l a r  m o t i o n s  e x i s t  in the s y s t e m  an d  t h e p a r a m e t e r  
r e g i o n  for e a c h  d i f f e r e n t  type of  sot ion h a*  b e e n  
ident ified.
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W e  a r e  h e r e  c o n c e r n e d  w i t h  the q u a n t u m  p r o p e r t i e s  
of t h i s  s y s te m . P a r t i c u l a r l y  w e  w e n t  to u n d e r s t a n d  
whet ia th e  n a t u r e  of t h e s p e c t r u a  u n d e r  d i f f e r e n t  
c o n d i t i o n s .  S p e c i f i c a l l y  in t h e  f o l l o w i n g  d i s c u s s i o n  w e 
s h a l l c o n f i n e  o u r s e l v e s  to sagrtetic f i e l d  s t r e n g t h s  of 
a b o u t a f ew  T e s l a  w h e r e  suit o f  the e x p e r i m e n t s  a r e  
done.
B, D i f f e r e n t  T y p e s  of S p e c t r u m
Let us e x a m i n e  the e x p e r i m e n t a l  s p e c t r u m .  F i g  2.1 
is a t y p i c a l  a b s o r p t i o n  s p e c t r u m ,  w h i c h  w a s  o b t a i n e d  b y  
m e a s u r i n g  the a b s o r p t i o n  rat e for t r a n s i t i o n s  f r o m  
g r o u n d  s t a t e  of B a  to h i g h l y  e x c i t e d  s t a t e *
Lo ok at the b o t t o m  panel first , w h e r e  the m a g n e t i c  
f i e l d  B ia z e r o .  The e n e r g y  l e v e l s  a r e  t h e  f a a i l a r  
B y d b e r f  s e r i e s -  T he  f o r m u l a  for t h e  e n e r g y  is 
s i m i l a r  to the H y d r o g e n  a t o m  e x c e p t  a q u a n t u m  d e f e c t  
c o r r e c t i o n  is n e e d e d  b e c a u s e  o f  the c o r e  i n t e r a c t i o n .
On t h e  r i g h t - h a n d  s i d e  t h e  e n e r g y  l e v e l s  a r e  w e ll  
s e p a r a t e d .  As w e  m o v e  to the left t h e  s p a c i n g  of  
n e i g h b o r i n g  l e v e l s  b e c o m e s  s m a l l e r  a n d  s m a l l e r .
E v e n t u a l l y  the s p a c i n g  is so s m a ll  t h a t  t h e  
s p e c t r o m e t e r  w i t h  a f i n i t e  r e s o l u t i o n  can not r e s o l v e  
the i n d i v i d u a l  l e v el s .  As a r e s u l t  a s m o o t h  e n e r g y  
s p e c t r u m  n e a r  t h e  i o n i z a t i o n  t h r e s h o l d  ia o b t a i n e d .
N ow  look at the s e c o n d  p a n e l  f r o m  t he  b o t t o m .  On 
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s h i f t e d  s l i g h t l y ;  l o r e  i m p o r t a n t l y  e a c h  i n d i v i d u a l  l i n e  
h at  be en  s p l i t  in to  a f a m i l y  o f  lines. T h i s  p a r t  of 
the s p e c t r u a  ia c a l l e d  low f i e l d  s p e c t r u m -  As w e  l o v e  
to the l e f t ,  n e i g h b o r i n g  g r o u p s  of lin es  s t a r t  to 
o v e r l a p ,  a n d  the a p e c t r u s  b e c o m e s  v e r y  c o m p l i c a t e d .
T h i s  c o m p l i c a t e d  r e g i o n  of th e s p e c t r u a  is c a l l e d  the  
i n t e r s e d i a t e  f i e l d  s p e c t r u m .  f u r t h e r  as w e  a p p r o a c h  
the i o n i z a t i o n  t h r e s h o l d ,  w e  s e e  a a t m p l e  o s c i l l a t i o n  
i m p o s e d  o n  the s m o o t h  b a c k g r o u n d .  T he  s p e c t r u m  in t h i s  
r e g i o n  in c a l l e d  the i o n i z a t i o n  t h r e s h o l d  s p e c t r u a .
The m b o v e - d e s c r i b e d  b e h a v i o u r  c o n t i n u e s  f o r  e v e r y  
h i g h e r  m a g n e t i c  fiel d, on ly  t h a t the  i n t e r m e d i a t e  f i e l d  
r e g i o n  b e c o m e s  w i d e r.
R e c e n t l y  t h e t h r e e  r e g i o n s  of the s p e c t r u m  u s i n g  
H y d r o g e n  a t o s  h a v e  b e e n  s t u d i e d  e x p e r i m e n t a l l y  w i t h  
h i g h  r e s o l u t i o n .  E x i s t i n g  t h e o r e t i c a l  i n t e r p r e t a t i o n s  
can a c c o u n t  for m o s t  of the f e a t u r e s  in t h e  l ow  f i e l d  
a nd  i n t e r m e d i a t e  f i e l d  r e g i o n s .  But  the s e e m i n g l y  
s i m p l e  s p e c t r u m  n e a r  the i o n i z a t i o n  t h r e s h o l d  h as  u n t i l  
n o w  b e e n  a m y s t e r y -
1, Low F i e l d  S p e c t r u m
The s p e c t r u m  in this r e g i o n  c an  b e  u n d e r s t o o d  
t h r o u g h  p e r t u r b a t i o n  theory.
W h e n  t h e  f i e l d  is low, o r  m o r e  p r e c i s e l y  w h e n  t h e  
d i a m a g n e t i c  te r m  is ss al l c o m p a r e d  w i t h  t h e  C o u l o a b
teri,
D i a m a g n e t i c  t e r *  p ,
--------------------------------------------- ^  ( 1 /  n i> < c  j ( 2 - 1 1 )
C o u l o a b  t e r *
the d i a m a g n e t i c  t e r *  can b e  c o n s i d e r e d  ea a 
p e r t u r b a t i o n  to t he  H y d r o g e n  atoa.
Let ua r e c a l l  that f o r  a H y d r o g e n  atoa, s t a t e s  
w i t h  g i v e n  p r i n c i p a l  n u a b e r  n b ut  w i t h  d i f f e r e n t  
o r b  i t si q u a n t ua n u a b e r  J? ( ^ 0 , 1 ,  ■ . . , n l ) a n d  m a g n e t i c
q u a n t u a  n u a b e r  a are  d e g e n e r a t e .  T h e  l o w e s t  o r d e r  
e f f e c t  o f  t h e p e r t u r b a t i o n  ia to r e i o v e  t hi s  
d e g e n e r a c y .  To o b t a i n  th e p e r t u r b e d  e n e r g y  l e v e l s  
a nd  e i g e n f u n c t i o n e , o n e n e e d s  to e v a l u a t e  t he  a a t r i x  
e l e m e n t s  of H j i ■ ■ ■ * r * tic b e t w e e n  the  d e g e n e r a t e  s t a t e s ,
=  £ *'/y f § ) *  r h / ^ j  i V O
Lii*= j~?t, ■, n-i i2 - 1 2 >
By d i a g o n a 1 i z i n g  th e ( n- f n , j  ) by {n a a t r i x ,  the
s h i f t e d  e n e r g y  l e v e l s  a n d  e i g e n f u n c t i o n s  can be 
o b t a i n e d  ^
M o r e  i n s i g h t  ca n  b e  g a i n e d  b y  u s i n g  c l a s s i c a l
7 to, M
p e r t u r b a t i o n  t h e o r y .  H e  k n o w  the e l e c t r o n  in a C o u l o a b  
f i e l d  a o v e s  on an e l l i p s e  w h i c h  is f i x e d  in s p a c e .  The 
s h a p e  of the e l l i p s e  d e p e n d s  on t h e  e n e r g y  a n d  a n g u l a r  
a o i e n t u a  of t h e e l e c t r o n .  N o w  if t h e  s m a l l  d i a a a g n e t i c  
t e r n  is t u r n e d  on t h e e l l i p s e  w i l l  a o v e  and c h a n g e  its
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■ h a p *  Id t i n s .  W e  e x p e c t  t h e  c h a n g e  of t he  e l l l p a e  to 
be n u c b  a l o w e r  t h a n  t h e  e l e c t r o n  n o t i o n  o n  the 
i n e t a n t a n e o u i  e l l i p s e .  B e c a u s e  of the  d i f f e r e n t  time 
s c a l e  o f  t h e  t wo  n o t i o n s ,  an a d i a b a t i c  a p p r o x  1 n e t  1 on 
can b e  u s e d  to s e p a r a t e  t h e s e  t wo  t y p e s  o f  n o t i o n* .
T h e  r e s u l t  o f  s u c h  s e p a r a t i o n  is that t h e  e f f e c t i v e  
e q u a t i o n  of n o t i o n  h a v e  o n l y  on e d e g r e e - o f - f r e e d o s .
T h e  n o t i o n  In th is  o n e  d i n e o s i o n a l  p r o b l e n  is a l i tt l e  
n o r e  c o m p l i c a t e d  t h a n  that for a p e n d u l u m .  T h e r e f o r e  
it is not d i f f i c u l t  to u n d e r s t a n d  th e  n o t i o n  o f  the 
■ y s t e n  a n d  to o b t a i n  the s h i f t e d  e n e r g y  l e v e l s  by  
s e n i c 1a e ■ ica 1 q u a n t i z a t i o n  m e t h o d .
T h e  r e s u l t s  o f  the a b o v e  a m p l e  d e s c r i p t i o n s  f ul ly 
a c c o u n t  for  t h e s p e c t r u a  o b s e r v e d  e x p e r i m e n t a l l y  in the  
low f i e l d  r e g i o n .
2 .  I n t e r m e d i a t e  f i e l d  S p e c t r u m
As w e  a o v e  to h i g h e r  n s t a t e s  f r o s  t h e  low f i e l d 
s p e c t r u n t  t h e  e n e r g y  d i f f e r e n c e  b e t w e e n  d i f f e r e n t  n 
n a n i f o l d s  b e c o m e s  s n a i l  as
A f  ^  TTT (2- 13)
/) 1
W h e n  t h i *  d i f f e r e n c e  is c o m p a r a b l e  to t he  e n e r g y  
s h i f t s  i n t r o d u c e d  b y  the  d i a a a g n e t i c  t e r n
t- (2-14)
t h e n  t h e  i n t e r a c t i o n s  b e t w e e n  d i f f e r e n t  n a n i f o l d s
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b e c o m e  i m p o r t a n t  (t he a a t r i x  e l e a e n t i  b e t w e e n  
d i f f e r e n t  o ’* ca n  not b e  i g n o r e d  a n y  t o r e ) .  We t h u s  
o b t a i n  the c o n d i t i o n  fo r  t h i s  i n t e r a e d i s t e  r e g i on ,
( ' /  n ’7  ^  I
(2-15)
C l a s s i c a l  t r a j e c t o r y  c a l c u l a t i o n s  h a v e  i b o w n  e 
t r a n s i t i o n  f roa  r e g u l a r  m o t i o n  to i r r e g u l a r  a c t i o n  
t a k i n g  p l a c e  in t h i s  i n t e r m e d i a t e  r e g i o n .  F o r  c x n a p l e ,  
at f i e l d  s t r e n g t h  B - 6  T e s l a ,  t r a j e c t o r i e s  a t  E = - 1 0 0 c m l 
a nd  b e l o w  a r e  r e g u l a r ,  b u t  t r a j e c t o r i e s  a b o v e  E - - 2 0 c m _1 
c o m p l e t e l y  c h a o t i c .  T r a j e c t o r i e s  w i t h  e n e r g i e s  b e t w e e n  
E = - 1 0 0 c a l and  E = - 2 0 c m  1 a r e  p a r t i a l l y  r e g u l a r  a n d  
p a r t i a l l y  c h a o t i c .
T h e  r e g u l a r  a n d  i r r e g u l a r  m o t i o n s  d i s p l a y e d  by 
s u c h  a s y s t e m  a r e  o n e  of  the m a j o r  r e a s o n s  that the 
h y d r o g e n  a t o m  in a m a g n e t i c  f i e l d  ia a f a s c i n a t i n g  
s y s t e m  to s t u d y .  U n l i k e  m o a t  o f  t h e  c h a o t i c  s y s t e m s  
s t u d i e d  so far, t h i s  s y s t e m  is e x p e r i m e n t a l l y  
o b s e r v a b l e !
The q u a n t u m  s p e c t r u m  in the i n t e r m e d i a t e  r e g i o n  
has n o t b e e n  e x p l a i n e d  w i t h  a s i m p l e  t h e o r y .  H o w e v e r ,  
w i t h  m u c h  e f f o r t  o n e  c a n  e x p a n d  the  w a v e  f u n c t i o n s  of 
the b o u n d  s t a t e s  in a c a r e f u l l y  c h o s e n  b a s i s ,  then 
d i a g o n a l i z a t i o n  of  a h u g e  m a t r i x  w i l l  g i v e  t he  s p e c t r u m .  
T his  has b e e n  d o n e .  T h e  c o m p u t e d  s p e c t r u m  is in full 
a g r e e m e n t  w i t h  e x p e r i m e n t  up to  2 0 c m  1 . ^
are
3. Spectrum Near the Ionization Threshold
So far we h a v e  d i s c u s s e d  the  d i s c r e t e  s p e c t r u a  of 
t he  s y s t e m .  N e a r  a n d  a b o v e  the  i o n i z a t i o n  t h r e s h o l d ,  
t he  e n e r g y  l e v e l s  b e c o m e  c o n t i n u o u s  or  q u a s i -  
c o n t i n u o u s .  A f i n i t e  r e s o l u t i o n  m e a s u r e m e n t  of the 
s p e c t r u a  in this r e g i o n  c a n  not  f u l l y  r e s o l v e  
i n d i v i d u a l  e n e r g y  l e v e l s .
T h e  o s c i l l a t i o n  in th e s p e c t r u a  s h o w n  In Pig. 2-1
Lf -
w a s  fi rs t f o u n d  e x p e r i m e n t a l l y  in 1969. F u r t h e r m o r e  it 
w a s  f o u n d  that the e n e r g y  s p a c i n g (p e a k  to p e a k )  in the 
s p e c t r u a  is a b o u t  1.5 t i m e s  that o f  t he  e n e r g y  l e v e l  
s p a c i n g  ( c y c l o t r o n  f r e q u e n c y )  for an e l e c t r o n  m o v i n g  in 
the s a m e  m a g n e t i c  f i e l d  only.
T h i s  s p a c i n g  w a s  s o o n  c o r r e l a t e d  w i t h  th e m o t i o n  of 
the  e l e c t r o n  p e r p e n d i c u l a r  to t h e  m a g n e t i c  field. 
C u r i o u s l y ,  the e n e r g y  s p a c i n g  is c o n n e c t e d  w i t h  the 
p e r i o d  o f  an e l e c t r o n  o r b i t  w h i c h  g o e s  f r o m  t h e n u c l e u s  
a n d  r e t u r n s  to the n u c l e u s  on t h e  z - 0  p l a n e ,
J - W  £
T  (2 16)
V a r i o u s  a r g u m e n t s  w e r e  g i v e n  to e x p l a i n  w h y  th i s  
r e l a t i o n s h i p  hold s. H o w e v e r ,  a q u a n t i t a t i v e  
d e s c r i p t i o n  of the o s c i l l a t i o n  h a s  n e v e r  b e e n  o b t a i n e d ,  
a m o r e  c o m p l e t e  t h e o r y  ia n e e d e d .
N ot  l o n g  ago  h i g h e r  r e s o l u t i o n  e x p e r i m e n t s  on the 
H y d r o g e n  a t o m  w e r e  c o n d u c t e d  in t h i s  n e a r  t h r e s h o l d  
r e g i o n 7  T h e  s i m p l e  o s c i l l a t i o n  d i s a p p e a r e d  a n d  t h e
5 0
o b s e r v e d  s p e c t r u m  b e c o m e *  e x t r e m e l y  o s c i l l a t o r y  (It is 
S h o w n  in Fig. 7 .4  ( f ) - - p a g e  176)' W h e n  a F o u r i e r  
t r a n s f o r m  w as  p e r f o r m e d  on the s p e c t r u m ,  c o n v e r t i n g  
f r o m  e n e r g y  to t i m e  as the i n d e p e n d e n t  v a r i a b l e ,  
d i s t i n c t  p e e k s  a p p e a r e d  at d i s t i n c t  times. M a n y  of 
t h e s e  t i m e s  w e r e  f o u n d  to c o r r e s p o n d  to the p e r i o d s  of 
p e r i o d i c  c l a s s i c a l  t r a j e c t o r i e s , ^
T h e  p r e s e n t  t h e o r y  is d e v e l o p e d  in v i e w  of both 
th e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  s i t u a t i o n .  The 
p u r p o s e  is to u n d e r s t a n d  the o s c i l l a t o r y  s p e c t r u m  near 
t h e  i o n i z a t i o n  t h r e s h o l d  a nd  to m a k e  q u a n t i t a t i v e  
c a l c u l a t i o n s  of the s p e c t r u m .  It is a l s o  h o p e d  thnt 
t h i s  s t u d y  w i l l  l e a d  to b e t t e r  u n d e r s t a n d i n g  of 
i r r e g u l a r  s p e c t r a  in g e n e r a l .
H e r e  let m e  d e s c r i b e  t he  p h y s i c a l  p i c t u r e  
u n d e r l y i n g  t h e  t h e o r y  o f  t h e s p e c t r u m . ^
W h e n  a l a s e r  is a p p l i e d  to an at om  in the initial 
l o c a l i z e d  s t a t e ,  th e a t o m  m a y  a b s o r b  a p h o to n . When it 
d o e s  so, th e e l e c t r o n  g o e s  to a n e a r - z e r o  e n e r g y  
C o u l o m b  o u t g o i n g  wa ve . T h i s  w a v e  p r o p a g a t e s  aw ay  from 
t he  n u c l e u s  to l a r g e  d i s t a n c e s .  At large d i s t a n c e s  
( r > 5 0 a o ) ,  t he  o u t g o i n g  w a v e - f r o n t *  p r o p a g a t e  a c c o r d i n g  
to s e * i c 1 a s s i c a 1 m e c h a n i c s ,  a n d  the  wave t r a v e l s  along 
c l a s s i c a l  t r a j e c t o r i e s .  E v e n t u a l l y  the t r a j e c t o r i e s  
a n d  t he  w a v e  f r o n t s  a r e  t u r n e d  b a c k  by t he  m a g n e t i c  
fie ld;  s o m e  o f  t h e  o r b i t s  r e t u r n  to the n u c l e u s ,  and 
t he  a s s o c i a t e d  w a v e s  ( n o w  i n c o m i n g )  i n t e r f e r e  w i t h  the 
o u t g o i n g  w a v e  to p r o d u c e  the o b s e r v e d  o s c i l l a t i o n s .
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S i n c e  the t r a j e c t o r i e s  a re  c h a o t i c  in th is  r a n g e  
of e n e rg y , the  c l o s e d  o r b i t s  that b e g i n  a nd  e n d  at the 
n u c l e u s  a re  i s o l a t e d .  For e a c h  c l o s e d  orbi t,  i, w h e n  
th e  e n e r g y  c h a n g e s ,  th e  p h a s e  d i f f e r e n c e  b e t w e e n  the 
o u t g o i n g  and i n c a s i n g  w a v e s  c h a n g e s  a c c o r d i n g  to
r l *  (2-17)
W i t h  this it is e a s y  to u n d e r s t a n d  the  e m p i r i c a l  
f o r s u l a  (2-16).
The a b o v e  p i c t u r e  c a n  be s a d e  c o s p l e t e  and 
q u a n t i t a t i v e .  It is d e v e l o p e d  in de ta i l  w i t h  r i g o r o u s  
sat hearttit a 1 f o r s u l s a  in the f o l l o w i n g  C h a p t e r s .  The  
r e s u l t s  of c a l c u l a t i o n s  w i t h  t h i s  n e w t h e o r y  are 
p r e s e n t e d  a n d c o m p a r e d  w i t h  e x p e r i m e n t a l  r e s u l t s  in 
C h a p t e r  VII,
CHAPTER III
B A S I C  F O R M U L A S  FOR S P E C T R A
I n  t h i s  c h a p t e r ,  1 s h a l l  d e f i n e  t h e  t h e o r e t i c a l  
q u a n t i t i e s  c o r r e s p o n d i n g  t o  t h e  m e a s u r e d  a b s o r p t i o n  
s p e c t r u m  o f  a n  a t o m .  T h e s e  q u a n t i t i e s  a r e  o s c i l l a t o r  
s t r e n g t h  a n d  t r a n s i t i o n  r a t e .  T h e i r  c a l c u l a t i o n  i s  t h e  
g o a l  o f  t h i n  s t u d y .  T h e  r e s u l t s  o f  t h i s  c a l c u l a t i o n  
w i l l  b e  c o m p a r e d  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n s  i n  
l a t e r  c h a p t e r s .
I n  s e c t i o n  A,  t h e  r e l e v a n t  q u a n t i t i e s  w i l l  b e  
d e f i n e d ,  a n d  t h e n  i n  s e c t i o n  B,  t h e s e  q u a n t i t i e s  w i l l  
h e  r e l a t e d  t o  m a t r i x  e l e m e n t s  o f  p r o p n g a t o r s  a n d  
G r e e n ' s  f u n c t i o n s .  T h e  p h y s i c a l  m e a n i n g  o f  t h e  
r e s u l t i n g  f o r m u l a s  w i l l  a l s o  b e  d i s c u s s e d .
A.  P h o t o n  A b s o r p t i o n  a n d  O s c i l l a t o r  S t r e n g t h  D e n s i t y
S u p p o s e  we  a r e  g i v e n  a  c o l l e c t i o n  o f  a t o m s  i n  an  
i n i t i a l  q u a n t u m  s t a t e  -^j/  ^ , a n d  we  a p p l y  a r a d i a t i o n
f i e l d  t o  t h e s e  a t o m s ;  a t  w h a t  r a t e  w i l l  t h e  a t o m s  m a k e  
t r a n s i t i o n s  t o  o t h e r  q u a n t u m  s t a t e s ?  T h e  r a t e  o f  
a b s o r p t i o n  o f  p h o t o n s ,  o r  t h e  r a t e  o f  p r o d u c t i o n  o f  
a t o m s  i n  e x c i t e d  s t a t e s  i s  p r o p o r t i o n a l  t o  t h e  
i n t e n s i t y  o f  t h e  r a d i a t i o n  f i e l d  an<i  l o  t h e
n u m b e r  o f  a t o m s  i n  t h e  i n i t i a l  s t a t e ,  f\f{ '■
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—  B f i  (3 n
H e r e  i s  t h e  e n e r g y  f l u x  d e n s  i  t y ( e n e r g y  p e r
u n i t  a r e a  p e r  u n i t  t i i e )  i n  t h e  f r e q u e n c y  r a n g e  du}  ( I t
i s  a s s u m e d  t h a t  t h e  r a n g e  o f  e n e r g i e s  i n  t h e  p h o t o n
b e a n  i s  l a r g e  c o i p a r e d  t o  t h e  n a t u r a l  l i n e w i d t h  f o r  t h e
fS
t r a n s i t i o n .  ) ■ I n  n a n y  t e x t b o o k s  on q u a n t u a  M e c h a n i c s ,  
i t  i a  s h o w n  t h a t  i s  g i v e n  b y
D i s  c a l l e d  t h e  d i p o l e  o p e r a t o r ,  a n d  i s  t h e
— i
p r o j e c t i o n  o f  t h e  e l e c t r o n i c  c o o r d i n a t e  ~ f r in the 
p o l a r i z a t i o n  d i r e c t i o n  of t he  field; y^  and ^  are the  
i n i t i a l  and  f i n a l  q u a n t u a  e l a t e s  of atom; £  is the 
c h a r g e  of  e l e c t r o n ;  C. i* the  s p e e d  of light; is the
P l a n c k ' a  c o n s t a n t  o v e r  i n  <
T h e  f o r m u l a s  a b o v e  a r e  d e r i v e d  by  u s i n g  
a classical description of tha *l*ctroaagnatic fiold and 
a d i p o l e  a p p r o x i m a t i o n  t o  t h e  t r a n s i t i o n  m a t r i x  
e l e a e n t .  T h e  c l a s s i c a l  t r e a t m e n t  o f  t h e  f i e l d  i s  a g o o d  
a p p r o x i m a t i o n  w h e n  t h e  p h o t o n  d e n s i t y  i s  l a r g e .  T h e  
d i p o l e  a p p r o x i m a t i o n  i s  a c c u r a t e  i f  t h e  s i z e  o f  t h e  
i n i t i a l  o r  f i n a l  a t o m i c  w a v e  f u n c t i o n  i s  a u c h  s m a l l e r  
t h a n  t h e  w a v e  L e n g t h  o f  t h e  e l e c t r o m a g n e t i c  f i e l d .  B o t h  
o f  t h e s e  c o n d i t i o n s  a r e  s a t i s f i e d  i n  t h e  p r e s e n t  c a s e .  
W h i l e  t h e  q u a n t i t i e s  d e f i n e d  a b o v e  a r e  c l o s e l y
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r e l a t e d  to e x p e r i i e n t  al m e a s u r e m e n t ,  t h e o r e t i c a l  
c t 1c u 1 a t i o n J a o i t  o f t e n  focus upon the o s c i l l a t o r  
s t r e n g t h .  T h e  r e a s o n s  are m a n i f o ld : the o s c i l l a t o r
s t r e n g t h  is d i i e n s i o n l e e i ; it t y p i c a l l y  has va l u e s  
c l o se  to unity; it is the a n a l o g u e  of a c l a s s i c a l  
q u a n t i t y ;  a nd  f i n a l l y  the o s c i l l a t o r  s t r e n g t h  o b e y s  a 
w e l l - k n o w n  sub rule. The o s c i l l a t o r  s t r e n g t h  is d e f i n e d  
as
are t h e  e n e r g i e s  of the initial and final st a te s .  T h u s  
the t r a n s i t i o n  rate and the o s c i l l a t o r  s t r e n g t h  are 
p r o p o r t i o n a l  to e a c h  other.
T h e  o s c i l l a t o r  s t r e n g t h  is a p p r o p r i a t e  for 
t r a n s i t i o n s  from o n e d i s c r e t e  q u a n t u m  s t a t e  to a n o t h e r .  
H o w e v e r  w h e n  the final q u a n t u m  s t a t e  lies in the 
c o n t i n u u m ,  the t r a n s i t i o n  do es not go to a p a r t i c u l a r  
final s t a t e ,  but to a g r ou p  of final s t a t e s  in the 
c o n t i n u u m  w i t h  e n e r g y  c l oa e  to E f .  . S i m i l a r l y ,  w h e n  
t r a n s i t i o n s  o c cu r  to b o u n d  s t a t e s  c l os e  to the 
i o n i z a t i o n  t h r e s h o l d ,  the d e n s i t y  of s t a t e s  is v e r y  
high, a nd  the e n e r g y  s p a c i n g  b e t w e e n  the s t a t e s  is less 
than the  u n c e r t a i n t y  in the p h o t o n  energy. Again, 
t h e r e f o r e ,  t r a n s i t i o n s  o c cu r  to a g r o up  of final 
s t a te s .  It is t h e r e f o r e  a p p r o p r i a t e  to d e f i n e  the 
o s c i l l a t o r  s t r e n g t h  d e n a i t y f t h e  o s c i l l a t o r  s t r e n g t h  per 
unit e n e r g y )  7 )  HH
W h e  re is t h e  m as s of the e le ctr on ;
3 * * 0 -  ,3 -4)
In e q . ( 3 - 4 ) ,  8 the d e n s i t y  of f i n a l  ■ t a t ei ( N m b e r
□ f d i s t i n c t  q u a n t  up s t a t e s  p e r  unit e n e r g y )  .
F o r  d i s c r e t e ,  w e l l - r e s o l v e d  t r a n s i t i o n s ,  t h e
d e n s i t y  of f i n a l s t a t e s  is , a n d  the
i n t e g r a l  of the o a c i 1 1a t o r - s t r e n g t h - d e n a i L y  o v e r  a 
n a r r o w  r a n g e  of e n e r g y  is e q u a l  to t h e  o s c i l l a t o r  
s t r e n g t h :
For  a t o s s  in t h e  a b s e n c e  of f i e l d s ,  n e a r  the i o n i z a t i o n
the o s c i l l a t o r  s t r e n g t h  d e n s i t y ,  h a s  a f i n i t e  lisit.
F or  all t h e s e  r e a s o n s ,  t h e r e f o r e ,  the o s c i l l a t o r  
s t r e n g t h  d e n s i t y  is the p r o p e r  q u a n t i t y  to p u r s u e .  T hi s  
d e f i n i t i o n  o f  o s c i l l a t o r  s t r e n g t h  d e n s i t y  in (3-4) is 
the b e g i n n i n g  of o ur  sto ry.  In the n e x t  s e c t i o n ,  
a l t e r n a t i v e  f o r m u l a s  for t he  o s c i l l a t o r  s t r e n g t h  
d e n s i t y  w i l l  b e  d e r i v e d ,  a n d  c o n n e c t i o n s  a m o n g  t h e m  
w i l l  be e x p l o r e d .  L a t e r  we w i l l  f i n d  t h a t  t h e s e  
a l t e r n a t i v e  f o r m u l a s  lead to n a t u r a l  a p p r o x i m a t i o n s  
w h i c h  p r o v i d e  a m e a n s  of c o m p u t i n g  H f ( £ e )
/ f * - e
t h r e s h o l d ,  t h e  o s c i l l a t o r  s t r e n g t h  g o e s  to z e r o  as
on the o t h e r  h a n d,  the d e n s i t y  of s t a t e s  g o e s  to 
i n f i n i t y  as 77.^ The  p r o d u c t  of t h e s e  two, t h a t  is,
B. Fo r aa l  E x p r e n i o m  of the O s c i l l a t o r  S t r e n g t h  
P e n a l t y  and t h e i r  R e l a t i o n s h i p
The d e f i n i t i o n  of o s c i l l a t o r  s t r e n g t h  d e n s i t y  in 
gi ven by ( 3- 4} in last Bert i o n . F r o *  the d e f i n i t i o n ,  it
are k n o w n ,  it is the n p o s s i b l e  to c o s p u t e  the 
o s c i l l a t o r  s t r e n g t h  d e n s i t y ^  . F o r  a m p l e r  a y s  teas 
th a n  the p r e s e n t  one, this p r o c e d u r e  can be c a r r i e d  
out: for e x n a p l e ,  the w a v e - f u n c t i o n  a c o u l d  b e  c o m p u t e d  
by e x p a n s i o n  in a bas i s , or b y  a t e n c 1 a s s i c a 1 
H p p r o x i n a t  ion, In the p r e s e n t  c a s e ,  n e i t h e r  of these 
■ e t h o d s  c a n  be us ed , h ea r the i o n i z a t i o n  t h r e s h o l d ,  the 
d e n s i t y  o f  s t a t e s  goe s to i n f i n i t y ,  so no f i n i t e  b a s i s  
can ful l y r e p r e s e n t  the s t a t e s .  E v e n  if e x p a n s i o n  in a 
b a s i s  c o u l d  be u s e d ,  it w o u l d  p r o v i d e  l i t t l e  
i n s i g h t ( a n d  it w o u l d n ' t  be s u c h  fu n) . In a d d i t i o n ,  
s i n c e  the c l a s s i c a l  n o t i o n  is i r r e g u l a r ,  w e do not k n o w  
a ny  f o r t u l a  for th e c l a s s i c a l  l i m i t  o f the w n v e -  
f u n c t i o n s ^ J . ,  an d  w e  do  not e v e n  k n o w  w h e t h e r  a 
c l a s s i c a l  li mit  e x i s t s  at all. T h e r e f o r e  in the present 
c as e  we a r e  f o r c e d  to s eek  a l t e r n a t i v e  f o r m u l a s  and 
■ e t h o d s  f o r  c a l c u l a t i n g  the o s c i l l a t o r  s t r e n g t h  
d e n s i t y .  T h i s  s e a r c h  wi ll le a d  t o  n e w  ideas and  
u n d e r s t a n d i n g  of the q u a n t u a  b e h a v i o r  of c l a s s i c a l l y  
i r r e g u l a r  s y s t e m s .
In t h i s  s e c t i o n ,  I s ha ll w r i t e  t h e  o s c i l l a t o r  
s t r e n g t h  d e n s i t y  in two forfes. O n e  is in ter m a of the
is cl ea r if the in it ial  a n d  f i n a l  w a v e - f u n c t i o n s  and
57
t i i e - d e p e n d e n t  p r o p a g a t o r  ^  and t h e  o t h e r  is in t e r n  
of the G r e e n ' s  futirt i o n ^ ’^ i
1. D e f i n i t i o n  of T i m e - D e p e n d e n t  P r o p a g a t o r  ^
S u p p o s e  a q u a n t u m  m e c h a n i c a l  H a m i l t o n i a n  
ia given; t he n the time d e p e n d e n t  p r o p a g a t o r  ^  “  t j  % ' j t ! )  
is d e f i n e d  aa the s o l u t i o n  to the S c h r o e d i n g e r  e q u a t i o n
i t  i t  &  r y  m x x t H o
( 3 -6 a)
w i t h  the i n i t i al  c o n d i t i o n
S ( t - t ' ) <3-6b)
It is c l ea r  that b e c a u s e  e q . (3-6a) is a f i r s t
o rd er  d i f f e r e n t i a l  e q u a t i o n  i n " £ \  w i t h  the i n i t i a l  
c o n d i t i o n  in (3 6 b ) , the p r o p a g a t o r  
u n i q u e l y  d e f in e d.
All s o l u t i o n s  to the time d e p e n d e n t  S c h r o e d i n g e r  
e q u a t i o n  c a n  be f o u n d  from the p r o p a g a t o r .  If t ! h -
the  w a v e  f u n c t i o n  at time(£* , then t h e  w a v e  f u n c t i o n  at 
a n y  t ime ' £ r> is
{ 3 ■ 7 )
This is e a s i l y  c h e c k e d  from (3-6).
A p a r t i c u l a r  r e s u l t  of e q . (3-7) ia the g r o u p
p r o p e r t y  of the p r o p a g a t o r ,  T a k i n g  in (3 7 ) as
58
a p p e a r  as p a r a a t t e n  on b o t h  
a i d e s  o f  e q , {3-7) ) , th en  w e  get
Kcrx", t . t ) - f o  KitA'j W) K(V<i te ) <3 ‘8 >
Kq. { 1 - 8 }  a i p p 1y s t a t e s  t he  fact thHt a w a v e  
p r o p a g a t i n g  f r o i  to -£;iJ is e q u i v a l e n t  to t h e  w a v e  
p r o p a g a t i n g  f r o a  £  to a n y  i n t e r n e d  i a t e t i n e  ~ t j a n d  t he n  
f roi ' t , *  t o 11 '
If all th e  e i g e n f u n c t i o n s  of th e  H a s i l t o n i a n  Hop 
a r e  k n o w n ,  t h e  p r o p a g a t o r  ^  c a n  be e x p a n d e d  as
f t ( X )  P A ) e " u / t U ^ j £
( 3 - 9 )
E a c h  t e r n  ia {3-9) s a t i s f i e s  t he  S c h r o e d i n g e r  e q . (3-
fis), T h e  c o m p l e t e n e s s  r e l a t i o n  o f  t h e  e i g e n f u n c t i o n  
g i v e s  t h e  r i g h t  i n i t i a l  c o n d i t i o n  for t t h e  eq, (3-
Bb ) .
2 .  D e f i n i t i o n  of T i m e  I n d e p e n d e n t  O u t g o i n g  G r e e n ' s  
f u n c t  ion
If t h e  H a m i l t o n i a n  f-/«p d o e s  not d e p e n d  on t i ne,  
t h e n  d e f i n e  t he  o u t g o i n g  G r e e n ’s f u n c t i o n
G-+( r , ? ' , £ ) = 7 *  r *  v '  °>  exF t * T r ]
1o
( 3 1 0 )
W h e r e  E = E + £ i and fc - + * 0
T h e  e q u a t i o n  s a t i s f i e d  by  i s  j u s t  t h e  t i m e -
i n d e p e n d e n t  S c h r o e d i n g e r  e q u a t i o n  w i t h  a p o i n t  s o u r c e
I E  -AipH’yfi' V ) ]  GrXfj %’j a)
-  7f  jodt [ a itfe j %") 1 k.(%‘Aj 8, o)«p/-L| i ]
= 7 *  I s *  ^ r [ ~ - - ]  K d ' A A l o )
^ / - ^ j  K - e x r f i " )  & / c ]
~  ~  Is * I ^  ^
=  ~ f ~ c k  & / K O f / 7 ? t ] ]
- -  K ( r , t ; & 0 ) e * P l l g ] l ° °
=  K ( r ,0j%'y0)
=
0- 11)
T h e  e i g e n f u n c t i o n  e x p a n s i o n  of t h e  G r e e n ’s 
f u n c t i o n  is w e l l  known,
E q ,  { 3  1 2 }  c a n  be v e r i f i e d  by  c c a b i n i n g  e q . ( 3 - 9 }
6 0
a nd *q< (3 -10), o r  by u s i n g  t h e  d i f f e r e n t i a l  e q u a t i o n
for i n  (3-11).
3, T h e  O s c i l l a t o r  S t r e n g t h  D e n s i t y  in T e n *  of t h e  
P r o p a g a t  or K
T he  o s c i l l a t o r  s t r e n g t h  d e n s i t y  is r e l a t e d  to 
■at r ix e l e m e n t s  o f  t h e p r o p a g a t o r  b y  the f o r a u l a
iX E f ) =  2 In ‘  < ' k i> t < n > 'k > e i * %
t 3 - 1 3 >
To p r o v e  this,  we r e c a l l  t h e  d e f i n i t i o n  of t he  
o s c i l l a t o r  s t r e n g t h  d e n s i t y  in (3 4) and c o m p a r e  it 
w i t h  ( 3 - 1 3 ) .  Then all J n e e d  t o  p r o v e  is t h e  f o l l o w i n g  
relat ion,
(3- 14 )
To p r o v e  ( 3 - 14 ) ,  w e  a s s u m e  the H a m i l t o n i a n  is t i m e 
i n d e p e n d e n t ,  so t he  e i g e n f u n c t i o n  e x p a n s i o n  of the 
p r o p a g a t o r  can be used. F u r t h e r  the £  -
f u n c t i o n  r e l a t i o n  is v a l id ,
2 ^ 0 ^  n $ <- £ f ~ E )  ( 3 - 1 5 )
N o w  s t ar t  f r o m  t he  right h a n d  s i d e  of eq. ( 3 1 4 1 ,  
use the e i g e n f u n c t i o p n  e x p a n s i o n  of , a n d  i n t e g r a t e
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o v e r  ^  f i r s t ,  anti then o v e r  * :
T tt£ / “ »
=. J L j £ < ^ | ^
=<Vjj/1 y> c?'j yf( v) Pee) Sc%-e)Je /•»*>
-  <^ -p/ Vsv ffe)
=  < V i X >  i ^ y  % n > p y  P ( £ f )
^ j c ^ i d / ^ I 2  f < e 0
Q - E  . D
( 3 1 6 )
£ q . (3- 13 ) i n v o l v e s  i n t e g r a t i o n  o v e r  t i m e  from
m i n u s  i n f i n i t y  to p l u s  i n f i n i t y .  A s i m p l e r  f o r m  c an  be  
o b t a i n e d  b y  u s i n g  th e t i i e - r e v e r s a l  s y m m e t r y  of the 
p r o p a g a t o r  ^  .
I w i l l  fi r st  p r o v e  t h e  t m e - r e v e r s a l  r e l a t i o n  on
K(X‘, -t. •e'Jo )= K * (  o)-j -  . 13- 17)
* We u s e  a s l i g h t l y  u n c o n v e n t i o n a l  hut v e r y  c l e a r  
n o t a t  ion:
A/ote ^ 50
t-cr,tj tjo)li>i-i> cutil ■=c%$i
^ O i D i r j j  w t f - t j  v , o ) \ v t t W ) >
■fi'CmVj K i' i ' t j  &0) VWfw t )
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T hi n  can be  a c c o m p l i s h e d  b y  e x a m i n i n g  the 
e i gen f u n c t i o n  e x p a n s i o n  <3-9),
%',o)
'hit") + *(t) PtEje"1 i£t^ J s
= f ^  '/f (i)  +*(%) Re) e ~ ^ ^ J e  J *
=  /<*(%!, tj p,oj
Q . E * D
F ro m  thia s y m m e t r y ,  D f ( 5 f )  c a n  be  w r i t t e n  as  an 
i n t e g r a t i o n  o v e r  p o s i t i v e  t i m e  o n l y :
[° K‘Jo)i7>'b(v))>eiCftAcJt
^ — OO
—  \ ° < ' k ( ? “) 'r> l)c {  g i - C ;  %‘J o ) l P ' h ( i ‘) > & i *f t / k d h z . )
=jT< 'k(V) ^  i ip  ,bct,)> e iEfC/hcic
<~ h(t')P I K it1, r, Tj o) l~£>'k(%‘Peitf ^  j *
( 3  - I B )
W i t h  the h e l p  o f  (3- 18 1,
D f ( E f ) ^  2 ? f c ( E f - f i )  _ J _  j  ( * - 4 .  { “ - *  7
^  J2. w k  ■ 'o  J o  -*
J o
(3 19)
To see the m e a n i n g  of eq. (3- 19), r o m i d e r  t h e
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a c t i o n  o f  t h e  p r o p a g a t o r  on  t h e  f u n c t i o n
y - a t j =  j d i >  m , t J %-J o ) D ' h { v )  (3.20)
So ^(%/L) i a  a s o l u t i o n  t o  t h e  t  i  m e - d e p e n d s  n t  
S c h r o e d i n g e r  e q u a t i o n  w i t h  t h e  i n i t i a l  c o n d i t i o n
(3-21)
T h e s e  f o r m u l a e  ( 3  1 9 ) - ( 3  Z l )  s u g g e s t  a  p r o c e d u r e  f o r  
c o a p u t  i n g  t h e  o s c i l l a t o r  s t r e n g t h  d e n s i t y :  f o r  t h e
g i v e n  i n i t i a l  w a v e  f u n c t i o n  a n d  p o l a r i z a t i o n  o f  l i g h t ,  
s o l v e  t h e  t  i  Die -  d e  p e n d e n  t  S c h r o e d i n g e r  e q u a t i o n  f o r  t h e  
w a v e  f u n c t i o n  w i t h  i n i t i a l  c o n d i t i o n  1)^/%) : t h e n
c o a p u t e  t h e  " c o r r *  1 a  t  i o n  f u n c t i o n "  ^  £>f ' f / f X  ))> * 
f i n a l l y  d o  t h e  h a l f  F o u r i e r  t  r a n t s  f  o r a a  t i  o n  o f  t h i s  
" c o r r e l a t i o n  f u n c t i o n " .  T h e  r e s u l t  w i l l  be t h e  d e s i r e d  
o s c i l l a t o r  s t r e n g t h  d e n s i t y .
I t  i s  d e a r  f r o m  t h i s  p r o c e d u r e  t h a t  t h e  i n i t i a l  
w a v e  p a c k e t  P Y l p r o p a g a t e s  a n d  e v o l v e s  i n  s p a c e .  T h o s e  
p a r t s  o f  t h e  w a v s  ^  w h i c h  c o m e  b a c k  a n d  o v e r l a p  w i t h ^ ) ^  
a t  a  l a t e r  t i m e  w i l l  c o n t r i b u t e  t o  t h e  o s c i l l a t o r  
s t r e n g t h  d e n s i t y .
As  m e n t i o n e d  a b o v e ,  i s  a  h a l f  F o u r i e r
t r a n s f o r m  o f  t h e  c o r r e l a t i o n  f u n c t i o n ,  a n d  i n  p r i n c i p l e  
t h e  i n t e g r a t i o n  s h o u l d  i n v o l v e  a n  i n f i n i t e  r a n g e  o f  £  ■
I f  t h e  i n t e g r a t i o n  i s  c u t  o f f  a t  s o m e  f i n i t e  u p p e r  
l i m i t ,  , t h e  e f f e c t  i s  t h a t  a n  a v e r a g e d  o r  s m o o t h e d  
o s c i l l a t o r  s t r e n g t h  d e n s i t y  i s  c o m p u t e d .  I n  A p p e n d i x  A
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it ia s h o w n  t h a t  the  r e s u l t i n g  a v e r a g e d  o s c i l l a t o r  
s t r e n g t h  d e n *  i t y T y f ( £ j . ) i s e q u a l  to the e x act  o s c i l l a t o r  
s t r e n g t h  d e n s i t y  a v e r a g e d  w i t h  a w e i g h t i n g  f u n c ti o n  
o v e r  a r a n g e  of e n e r g i e s  o f w i d t h  '
T h e  M e a s u r e d  s p e c t r u i  i n v o l v e *  j u s t  such an 
a v e r a g e :  the w i d t h  in e n e r g y  of t he  p h o t o n  b e a a  is
l a r g e  c o m p a r e d  to t he  s p a c i n g  b e t w e e n  the states. It 
f o l l o w s  that w e  c a n  a c c o u n t  for t h e  o b s e r v a t i o n s  u s ing  
a c o r r e l a t i o n  f u n c t i o n  d e f i n e d  o n l y  o v e r  f i n i t e  tines.
If t h e  ex p e r i s e n t a  1 r e s o l u t i o n  ia , then the
r e q u i r e d  u p p e r  t iae liait ~ f~ for c o m p u t i n g  the 
c o r r e l a t i o n  f u n c t i o n  is a p p r o x i m a t e l y
H o w e v e r ,  f o l l o w i n g  t h e e v o l u t i o n  of a time- 
d e p e n d e n t  w a v e  p a c k e t  is not easy, a n d  in g e n er a l  it is 
i n p o s s i b l e  to d o  t h i s  in a s a t i s f a c t o r y  way* W a v e  pac k et s  
s p r e a d  and  b e c o m e  v e r y  c o m p l i c a t e d  in a short time.
In the n e x t  s e c t i o n ,  a time - i n d e p e n d e n t  
f o r m u l a t i o n  b a s e d  on t h e G r e e n 1* f u n c t i o n  is derived.
It w i l l  be s e e n  that m u c h  of the p h y s i c a l  m e a n i n g  of 
t he  t i m e  - de pe nde  n t. f o r m u l a s  is r e t a i n e d .  But the time 
i n d e p e n d e n t  f o r m u l a t i o n  ia c l e a r e r ,  m o r e  c o m p le t e , m or e  
in a c c o r d  w i t h  the e x p e r i m e n t a l  s i t u a t i o n ,  a n d  much 
e a s i e r  to use.
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4. The O s c i l l a t o r  S t r e n g t h  D e n s i t y  in T e r m s  of the  
Green's F u n c t i o n
At t h i s  p o i n t ,  it t a k e s  n o  e f f o r t  to fi nd  the  
d e a i r e d  G r e e n ' a  f u n c t i o n  f o r i u l a .  In fact, c o i b i n i n g  
e q . (3 10) a nd  eq, (3 19) g i v e n  us t h e result:
-  z t w * -£i)
(3-23)
T o  u n d e r s t a n d  eq. (3 23), o n e  n e e d s  to u n d e r s t a n d
th e  m e a n i n g  of G r e e n ’s f u n c t i o n  £ f )  in
f/2
c o n f i g u r a t i o n  s p a c e .  It can b e  s h o w n  that
r e p r e s e n t s  t h e  p r o b a b i l i t y  a m p l i t u d e  of 
f i n d i n g  t h e  p a r t i c l e  at ^  f or  a p a r t i c l e  l a u n c h e d  at 
in a l l  d i r e c t i o n s  w i t h  e n e r g y  E f
T h i s  i n t e r p e r t a t i o n  b e c o m e s  m u c h  m o r e  c l e a r  if the 
se mi c l a s s i c a l  a p p r o x i m a t i o n  f o r  Q ^ ~  is u s ed.  In t h i s  
a p p r o x i m a t i o n ,  e a c h  c l a s s i c a l  t r a j e c t o r y  o f  e n e r g y  
c o n n e c t i n g  ^  to ^  c o n t r i b u t e s  a t e r m
8 ( Z * $ )  e x p l i - S i V t V ) / *  ]  (3_M )
to t h e  G r e e n ’s f u n c i  i o n ( ^  is th e  c l a s s i c a l  a c t i o n  for 
t he  t r a j e c t o r y  a n d  Q  ia an a m p l i t u d e  th at  wi ll  b e  
d e f i n e d  l a t e r ) .
N ow  ia a w a v e  f u n c t i o n  l o c a l i z e d  a r o u n d  the
n u c l e u s ,  i o  let u s  i m a g i n e  t h e  e x t r e m e  c a s e  in w h i c h - E 1^  is 
v e r y  l o c a l i z e d  a n d  c o n  be  r e g a r e d  as a ^  —  f u n c t i o n ,
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t h e n  f r o a  ( 3 - 2 3 )  w e  h a v e
D f l t f ) Q t X o ,  0 j £ f )
< 3- 25 )
T h e  O B c i  U a t o r  s t r e n g t h  d e n s i t y  in t h i s  e x t r e i £  
c a s e  w o u l d  h e  t he  p r o b a b i l i t y  a m p l i t u d e  that t h e  
e l e c t r o n  is e m i t t e d  f r o m  the n u c l e u s ,  t r a v e l s  a l o n g  a 
c l a s s i c a l  t r a j e c t o r y ,  a nd  s u b s e q u e n t l y  r e t u r n s  to t h e  
n u c l e u s .
M o r e  g e n e r a l l y ,  w e  m a y  r e g a r d  a® s " s o u r c e "
of w a v e s .  T h e  G r e e n ' s  f u n c t i o n  p r o p a g a t e s  t h o s e
w a v e s  f o r w a r d  at f i x e d  e n e r g y ;  in t he  s e s i c 1 a s s i c a 1 
a p p r o x i m a t i o n ,  the w a v e s  p r o p a g a t e  a l o n g  c l a s s i c a l  
t r a j e c t o r i e s .  S o m e  of t h o s e  t r a j e c t o r i e s  s u b s e q u e n t l y  
r e t u r n ,  w i t h  t h e i r  a s s o c i a t e d  w a v e s ,  to the v i c i n i t y  of 
the n u c l e u s ,  a n d  t h e y  o v e r l a p  w i t h  the s o u r c e .  Eq. <3- 
23) t e l l s  us that t h e o s c i l l a t o r  s t r e n g t h  d e n s i t y  
is p r o p o r t i o n a l  to the o v e r l a p  of the s o u r c e  w i t h  t h e s e  
p r o p a g a t e d  w a v e s .  In p a r t i c u l a r  the  o b s e r v e d  
o s c i l l a t i o n s  in t h e s p e c t r u m  r e s u l t  f r o m  i n t e r f e r e n c e  
of o u t g o i n g  w a v e s  of the s o u r c e  w i t h  r e t u r n i n g  w a v e s  
p r o p a g a t e d  b y  Q - *  .
M o r e  d e t a i l e d  f o r m u l a s  a n d  e x p l a n a t i o n  w i l l  b e  
g i v e n  later.
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C, S u i a a r y
1. T h e  o b s e r v e d  a b s o r p t i o n  s p e c t r u m f  r a t e  of a b s o r p t i o n  
of p h o t o n s ,  or r a t e  of p r o d u c t i o n  o f  the e x c i t e d  a t o a a  
or i o n s )  is p r o p o r t i o n a l  to the o s c i l l a t o r  s t r e n g t h  
d e n s i t y  de f i n ed in eq, (3-4),
„ . 4 >
2 .  T h e  o s c i l l a t o r  s t r e n g t h  d e n s i t y  is r e l a t e d  to the  
i n i t i a l  s t a t e  of the  s y s t e a  , to the p r o j e c t i o n  of
t he  d i p o l e  o p e r a t o r  o n t o  the d i r e c t i o n  of p o l a r i z a t i o n  
of l i g h t .  I? , a n d  to the G r e e n ’s f u n c t i o n  (^ ■ 't o f  the  
s y a t e a ,  t h r o u g h  eq. (3 23)
~ E i-  ( , * ! ! > % ' >
( 3 - 2 3 )
T h e  w o r k  in t h e  ne x t  two c h a p t e r s  wi ll be o r i e n t e d  
t o w a r d  c a l c u l a t i o n  of the a a t r i x  e l e i e n t  in eq. ( 3 - 2 3 ).  
F i r s t  it is n e c e s s a r y  to stu d y  the H y d r o g e n  a t o m  in the 
a b s e n c e  o f  M a g n e t i c  fields; se con d, we n e e d  to l e a r n  
s o m e  s e a i c 1 a s b i ca  1 Mechanics to c o n s t r u c t  . T h e s e
w i l l  be  t h e  t o p i c s  of  c h a p t e r s  IV a n d  V,
C H A P T E R  I V
H Y D R O G E N  ATOM W I T H O U T  F I E L D S
I n  c h a p t e r  I N ,  I h a v e  r e l a t  e d  t h e  e x p e r i m e n t a l l y  
m e a s u r e d  s p e c t r u n  t o  t h e  u s r l  1 1 a t o r  s t r e n g t h  d e n s i t y ,  a n d  
f u r t h e r  1 h a v e  e x p r e s s e d  t h e  o s c i l l a t o r  s t r e n g t h  
d e n s i t y  i n  t e r m s  o f  t h e  t i m e - i n d e p e n d e n t  G r e e n ’ s 
f u n d  i o n .  My t a s k  i n  t h i s  c h a p t e r  a n d  t h e  n e x t  o n e  i s  
t o  c o n s t r u c t  t h e  G r e e n ' s  f u n c t i o n  f o r  t h e  p a r t i c u l a r  
s y s t e i .
To m a k e  f u r t h e r  p r o g r e s s ,  a p p r o p r i a t e  a p p r o x i m a t i o n s  
h a v e  t o  b e  c o n s i d e r e d .  As I h a v e  s a i d  i n  s e c t i o n  Q . A .  , 
t h e  c e n t r a l  i d e a  i s  t h e  d i v i s i o n  o f  s p a c e  i n t o  t w o  
r e g i o n s :  c l o s e  t o  t h e  n u c l e u s  t h e  m a g n e t i c  f i e l d  c a n  b e
n e g l e c t e d ,  a n d  t h e  w a v e - f u n  f t  i o n s  a r e  t h o s e  a s s o c i a t e d  
w i t h  8 p u r e  C o u l o n b  f i e l d ;  f a r  f r o m  t h e  n u c l e u s ,  t h e
w a v e l e n g t h  i s  s h o r t  c o m p a r e d  t o  t h e  r a n g e  o v e r '  w h i c h
t h e  p o t e n t i a l  e n e r g y  c h a n g e s ,  a n d  a  * e m i c 1 a s a i c a  1
a p p r o x i m a t i o n  t o  t h e  w a v e  f u n c t i o n s  c a n  h e  u s r d .
I n  t h i s  c h a p t e r ,  I w i l l  d i s c u s s  t h e  f i r s t  o f  
t h e s e  t w o  a p p r o x i n B t i o n i .  Th e  j u s t  i f  u  ut  i o n  o f  t h e
a p p r o x i m a t i o n  i s  d i s c u s s e d  f i r s t ;  t h e n  p a r t i a l  w a v e  
a n a l y s i s  a n d  s c a t t e r i n g  i n  a C o u l o m b  f i e l d  f o l l o w ;  a n d  
f i n a l l y ,  a s u m m a r y  i s  g i v e n .
6B
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A.  J u s t i f i c a t i o n  f o r  t h e  N e g l e c t  o f  M a g n e t i c  F i e l d  
C l o s e  t o  N u c l e u s
I n  g e n e r a l  t h e  e f f e c t s  o f  m a g n e t i c  f i e l d  a n d  t h o s e  
o f  t h e  C o u l o n b  f i e l d  a r e  c o m p a r a b l e ,  a n d  i n  t h e  
H a n i [ I o n i a n
n e i t h e r  t e r n  c a n  be  n e g l e c t e d .  B u t  i f  t h e  c o n t r i b u t i o n  
o f  e a c h  t e r n  i s  e x a m i n e d  m o r e  c a r e f u l l y ,  we  f i n d  t h a t  
t h e  C o u l o m b  f i e l d  d o m i n a t e s  t h e  m a g n e t i c  f i e l d  c l o s e  t o  
t h e  n u c l e u s .  F o r  e x a m p l e ,  i f  t h e  m a g n e t i c  f i e l d  i s  6  
T e s l a ,  a n d  i f  t h e  e l e c t r o n  s t a y s  w i t h i n  1 0 0  B o h r a  o f  
t h e  n u c l e u s ,  t h e n  t h e  r a t i o  o f  m a g n e t i c  t e r m  t o  t h e  
C o u l o m b  t e r m  w o u l d  be
( 4- 1 )




( w h i c h  i a  much s m a l l e r  t h a n  1 , ) I b e r s f o r e  we t h i n k  t h e  
n e g l e c t  o f  t h e  d i a m a g n e t i c  t e r m  c l o a e  t o  t h e  n u c l e u s  i s
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we l l  ju* t i f i e d - (Of c o u r s e ,  the ult m t e  j u s t i f i c a t i o n  
r e i t a  u p o n  th e l u p p a r n o n  b e t w e e n  e x p e r i a e n t a  1 
m e a s u r e m e n t s  trnd t h e o r e t i c a l  p r e d i c t i o n s .  We w i l l  m a k e  
t h e s e  c o m p a r i s o n s  in the Last two c h a p t e r s . ) .
In the rest of this c h a p te r ,  t h e  d i s c u s s i o n s  will 
c o n s i d e r  t h e  H y d r o g e n  at oa in the a b s e n c e  of fie ld s.  In 
p a r t i c u l a r  we  n eed  f o r m u l a s  for t he  w a v e - f u n c t i o n  of a 
n e a r - z e r o  e n e r g y  e l e c t r o n  as it e s c a p e s  and l a t e r  
r e t u r n s  to the  n u c le u s.
B. I n i t i a l  W a v e  F u n c t i o n  a n d  C o u l o m b  G r e e n ' e  F u n c t i o n  
N e a r  the I o n i z a t i o n  T h r e s h o l d
In t hi s sect ion H, s o l u t i o n s  of  the H y d r o g e n  atom, 
b o t h  b o u n d  a n d  n e a r  the i o n i z a t i o n  t h r e s h o l d ,  ar e 
found. F r o m  th en  th e  i n i t i a l  q u a n t u m  w av e  f u n c t i o n  
an d the G r e e n ' s  f u n c t i o n  in a C o u l o m b  field at the 
i o n i z a t i o n  t h r e s h o l d  ar e  c o n s t r u c t e d .
1. B o u n d  S t a t e  S o l u t i o n s :  Initial Q u a n t u m  W a v e  F u n c t i o n
T h e  full H a m i  11 on 1 an in ; 4 ■ 1 ) , after d r o p p i n g  the 
d i a m a g n e t i c  term, is the H a m i l t o n i a n  of a H y d r o g e n  
atom, d e n o t e d  /“/c ■
( 4  3 >
The t o l u t i o m  to the eigenvalue equation
He. f ^
( 4 - 4 1
a r e  d i s c u s s e d  i n  d e t a i l  i n  s t a n d a r d  Q u a n t u m  M e c h a n i c s  
l e x t b o i i k s  ^  T h e  e i g e n f u n c t i o n s  c a n  b e  w r i t t e n  a s  a
p r o d u c t  o f  a r a d i a l  w a v e  f u n c t i o n  a n d  a s p h e r i c a l  
h a m u n i c  f u n c t i o n
=  Y im / b ? )  <«-S)
T h e  d e f i n i t i o n s  a n d  p h a s e  c o n v e n t i o n s  we  u s e  f o r  t h e s e  
f u n c t i o n s  a r e  * he o n e s  g i v e n  b y  B e t h e  a n d  S a l p e t e r ^
For c o n v e n i e n c e ,  s o m e  of thes are l i s t e d  e x p l i c i t l y  in 
A p p e n d i x  fl .
As d i s c u s s e d  i n  c h a p t e r  1 1 1 ,  t h e  H y d r o g e n  a t o s  i s  
e x c i t e d  w i t h  a  l a s e r  b e a a  froa i n i t i a l  s t a t e  t o
s t a t e s  n e a r  t h e  i o n i z a t i o n  t h r e s h o l d .  Wh a t  a r e  t h e s e  
s t a l e s  7 T h e y  a r e  p r e c i s e l y  t h e s e  b o u n d  q u a n t u m  
s t a l e  ( 4 - 5 )  ( i n  a t o m i c  b e a m ,  e s s e n t i a l l y  a l l  o f
t h e  H y d r o g e n  a t o m s  a r e  i n  t h e  g r o u n d  s t a t e  ^ J DC, ■ T h e
a t o m s  a r e  e x c i t e d  w i t h  o n e  l a s e r  f r o m  t h e  g r o u n d  s t a t e  
t o  a l o w  e x c i t e d  s t a t e ,  s u c h  e s  2  p - j  , t h e n  w i t h  a 
s e c o n d  l a s e r ,  t h e y  a r e  e x c i t e d  t o  s t a t e s  n e a r  t h e
i o n i z a t i o n  t h r e s h o l d .  I t  i s  t h e  l o w  e x c i t e d  s t a t e  t h a t  
we c a l l  t h e  ,h j n i t i  a 1 " s l a t e  ) .r i-*
O n e  p o i n t  t o  m e n t i o n  h e r e  i s  a r e s t r i c t i o n  on  
t h e s e  i n i t i a l  s t a t e s .  We k n o w  t h a t  f o r  q u a n t  urn s l a t e
ft & & ) '  t *| e  a v e r a | »  r a d i u s  o f  t h e  e l e c t r o n  i s  y \ } -  , T o
h a v e  c o n s i s t e n c y  w i t h  t h e  n e g l e c t  o f  t h e  M a g n e t i c  f i e l d  
c l o s e  t o  n u c l e u s ,   ^£ c a n  n o t  b e  t o o  l a r g e  ( n < 1 0 )  .
S i n c e  we a r e  r e a l l y  i n t e r e s t e d  i n  t h o s e  f i r s t  f e w  
q u a n t u m  s t a t e s  a s  t h e  i n i t i a l  s t a t e  , t h e
r e s t r i c t i o n  i s  n o t  a p r o b l e m .
2 ■  S o l u t i o n  N e a r I o n i z a t i o n  T h r e s h o l d
I n  g e n e r a l  t h e  r a d i a l  w a v e  f u n c t i o n s  i n e q .
( 4  5 )  c a n  b e  w r i t t e n  i n  t e r m s  o f  c o n f l u e n t  h y p e r g e o m e t r i  
f u n c t i o n s .  H o w e v e r ,  t h e  s o l u t i o n  n e a r  t h e  i o n i z a t i o n  
t h r e s h o l d  i a  mu c h  s i m p l e r .
We s h a l l  s h o w  t h a t  t h e  z e r o - e n e r g y  r a d i a l  w a v e  
f u n c t i o n s  a r e  g i v e n  b y  t h e  s i m p l e  f o r m u l a ,
P r o o f  o f  t h i s  i s  g i v e n  b e l o w ;  t h o s e  wh o  a c c e p t ,  t h e  
r e s u l t  c a n  s k i p  t o  s e c t i o n  I V , B , 3
( 4 - 6 a )
(4 - 6 b )
The r a d i a l  wa v e  f u n c t i o n
7 K ir  r2J r  “  " J ~ -  -f- < *  -7 >
7 3
W h e n  E ia act to  ze ro , and the  d e r i v a t i v e s  are 
w r i t t e n  out in eq. (4-7), we  o b t a i n
f 4-R )
To  f i n d  s o l u t i o n s  f o r  e q .  ( 4  8 ) ,  we  a u k e  a c h a n g e  
o f  v a r i a b l e s :  l e t
R f M -  M * L
3 L  (4 - 9 a )
and
X ^ J s r ( 4 - 9 b  )
T h e  f o l l o w i n g  r e l a t i o n e  on d e r i v a t i v e s  a r e  n o t  
d i f f i c u l t  t o  f i n d  f r o m  (4 9 ) :
dR.°(r )  _  */■ x J B i l X )
( 4 -  I Oa
J 1X £ W _ _  / ( ,  X 4 d % ( X )  3^8,10 3 v l o  ( , l )
~ 3 r *  x > l  X T x T - - &  m l
f 4 - 1 Ob J
C o m b i n i n g  e q s ,  ( 4 - 8 )  a n d  ( 4 - 1 0 ) ,  we h a v e  t h e  
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  f u n c t i o n  3j00•
x 2 - + X ^ T '  +
( 4  1 1 a )
7 4
w i t h
( 4 - 1  l b )
Eq. (4- 1 1 a )  is t h e  s t a n d a r d  e q u a t i o n  of B e i i e l  
f u n c t i o n B ^  T h e  s o l u t i o n s  for B g £ l )  a  re t h e  r e g u l a r
B e s s e l  f u n c t i o n a n d  the i r r e g u l a r  f u n c t i o n  s u c h
a s  H j j L f c )  ( c a l l e d  th e  H a n k e l  f u n c t i o n ) .  T r a n s f o r m i n g
h a c k  to v a r i a b l e  ^  , the s o l u t i o n s  to (4 8) a r e  (4-6),
3. E s t i m a t e  of A c c u r a c y  for E  ^ ? Q
Kq. (4 6) are e x a c t  at E _0 We w i l l  u s e  t h e s e  
f o r m u l a s  as a p p r o x i m a t i o n s  a l s o  for o t h e r  E n e a r  zero .
As we s h a l l  s h o w  b e l o w ,  for e n e r g y  not too d i f f e r e n t  f ro m  
zero, the e r r o r  m a d e  b y  r e p l a c i n g  the e x a c t  w a v e  
f u n c t i o n  at e n e r g y  E w i t h  t h e  w a v e  f u n c t i o n  at ze ro- 
e n e r g y  is q u i t e  small.
O u r  f o r m u l a s  w i l l  i n v o l v e  a d i p o l e  m a t r i x  e l e m e n t  
b e t w e e n  the  r e g u l a r  B e s s e l  f u n c t i o n  a n d  t h e  initiftl
r a d i a l  f u n c t i o n .  T h e r e f o r e  w e  ar e c o n c e r n e d  a b o u t  t h e  
d i f f e r e n c e  b e t w e e n  t he  exact r e g u l a r  w a v e  f u n c t i o n  
and  the z e r o - e n e r g y  r e g u l a r  w a v e  f u n c t i o n  )£j(Wfor
f r o m  th e a s y m p t o t i c  f o r m u l a  for the B e s s e l
f u n c t i o n
( 4  12)
7 5
o b t a i n  th e  a s y m p t o t i c  f o r m u l a  for • 
^ 5  ( J g r ' —  { U i i ^ l T
( 4  H a l
Wh e n  + 0 *  * he  p h a s e  o f  « / < w  w o u l d  d i f f e r  f r o m  t h a t  o f
/££(>) ■ by
( 4 -  1 3 b  )
I f  m  i s  t a k e n  a s  5  Q u , t h e n  e x p a n d i n g  t h e  i n t e g r a n d  
i n  p o w e r s  o f  e n e r g y  ft,  t h e  p h a s e  d i f f e r e n c e  i s  
e s t i m a t e d  a s
w o u l d  b e  s m a l l e r  t h a n  2.4x19 1 ■ T h i s  n u m b e r  g i v e s  u s  
a n  a b s o l u t e  e r r o r  e s t i m a t e  f o r  t h e  d i p o l e  m a t r i x  
e l e m e n t .  T h e s e  m a t r i x  e l e m e n t s  h a v e  m a g n i t u d e s  b e t w e e n  
1 a n d  2 9 ( a t o m i c  u n i t s ) ,  a n d  t h e r e f o r e  t h e  r e l a t i v e  
e r r o r  i n  t h e  m a t r i x  e l e m e n t s  s h o u l d  b e  n o  m o r e  t h a n  a  
f e w  t e n t h s  o f  a p e r c e n t -
£-3? E
i-1 1 3 0
For \ t l ^  / V V C w  / f o r  e x a m p l e ,  t h e  p h a s e  d i f f e r e n c e
T6
4. C o u l o m b  G r e e n ’s F u n c t i o n  N e a r  t h e  I o n i z a t i o n
T h r e s h o I d
The G r e e n ’s f u n c t i o n  in a C o u l o i b  f i e l d  at the 
i o n i z a t i o n  t h r e s h o l d  $ M r ' )  i. i m p o r t a n t  in c o n s t r u c t i n g  
t h e  g e n e r a l  G r e e n ’s f u n c t i o n  for th e a t o i  in s t r o n g  
m a g n e t i c  f i e l d  as we s h a l l  s e e  in c h a p t e r  VI. In this 
s e c t  ion, G i f t  r ' J  will be  f o u n d  e x p l i c i t l y .
H e c a l l  t h e  d i f f e r e n t i a l  e q u a t i o n  ( 3 - 1 1 )  t h a t  a 
G r e e n ' s  f u n c t i o n  s a t i s f i e s .  If t he  H a m i l t o n i a n  is
c h o s e n  as Hr in ! 4 ■ 3 > a n d  th e  e n e r g y  E is set to zero,
- -hwe  h a v e  t h e  e q u a t i o n  for
~Hc ■ Qc( r - f ) (4 14 )
A g a i n  b e c a u s e  of t h e  r o t a t i o n a l  s y m m e t r y  in H. , 
t he  G r e e n ’s f unc t i on F  c  an ^ e d e c o m p o s e d  i n t o
a n g u l a r  f u n c t i o n s  and r a d i a l  f u n c t i o n s ,
(4 15a)
In t his  s a s m a  tion, gi I r , r ’ } is a f u n c t i o n  o f  t h e  r a d i a l  
v a r i a b l e s  r a n d r 1 , but not of t h e  a n g u l a r  v a r i a b l e s ;  
it d e p e n d s  u p o n  the a n g u l a r  m o m e n t u m  1, but no t  on m ,
I  a h a l l  s h o w  t h a t  g ] ( r , r  ’ ) is g i v e n  by
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$ j(T / T i ) =  -2 7 T L
J ^ T tT
( 4  1 5 b )
T o  p r o v e  this, w r i t e  t he  - f u n c t i o n  in p o l a r
c o o r d i n a t e  r, & . 9>.
S ( ¥ - t J - - ~ j  Str - r ' )  6(USB-U>ie<) S ( f - f )
( 4- 1 6 )
and  u s e  the o r t h o g o n a l i t y  r e l a t i o n  for  the s p h e r i c a l  
h s r i o n i c B ^  ,
k t r y
(4-17)
We c a n o b t a i n  an e q u a t i o n  for gj f r , r 1 ) f r o *  ( 4 - 1 4) . O n  
the left aide,
- H c
f )  Yfaf&.'f)
^  ^  ~  ^  +  r ] & ^
(4-18)
and on t h e  right si de ,
6  ( t o j e - w )
■yr'fL Y&(Kf) r ^ T )
(4-19)
S i n c e  e a c h  19 i n d e p e n d e n t  o f  e v e r y  o t h e r ,  t h e
c o e f f i c i e n t s  o f  1 n f ^ ^   ^ a n d  ( 4  1 9 )  a u s t  b e  a l l
e q u a l .  H e n c e  we h a v e  e q u a t i o n  f o r  gf ( r , r ' } ,
( - — + - ^ - - ^ . ' 7 4 / ^  < \ -  M r - r 1)Lzdr1 rJr 177 J Jjt(t-,T') — --
{ 4 20 )
T h i s  i s  t h e  r a d i a l  S c h r o e d i n g e r  e q u a t i o n  w i t h  a p o i n t  
s o u r c e  n t  r ’ . Mow l e t  Be  s h o w  t h a t  t h e  s o l u t i o n s  t o  
( 4  2 0 )  c a n  b e  f o u n d  f r o m  t h e  s o l u t i o n s  o f  t h e  r a d i a l  
S c h r o e d i n g e r  e q u a t i o n  ( 4  0 ) ,
] f  i s  r e q u i r e d  t o  b e  a n  o u t g o i n g  G r e e n ' s
f u n c t i o n ,  t h e n  g i ( r , r ’ ) m u s t  b e  a n  o u t g o i n g  f u n c t i o n -  
f u r t h e r  gj  ( r , r '  ) i s  r e q u i r e d  t o  b e  f i n i t e  e v e r y w h e r e ,
Jt  i s  n o t  d i f f i c u l t  t o  s e e  t h a t
I 4 2 1)
( 4 - 2 2 a  > 
( 4 -  2 2b )
i s  a  p o s s i b l e  s o l u t i o n .  I n  ( 4 2 1 ) ,
Th, ■- }>1,Q l^T *)
= h i * *  ( r ' )
a n d  A i s  a c o n s t a n t .
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W h e n  y  +  T ' \  t h e n  t h e ri gh t h a n d  s i d e  of eq.
(4~20) is zero, so t h e  e x p r e s s i o n  in (4-21) s a t i s f i e s  
(4 20) s i n c e  a n d  H % U %  a r e  s o l u t i o n s  of (4 B).
Also r e g u l a r  at smal 1 d i s t a n c e s  a n d
has o u t g o i n g  b e h a v i o r  at l a r g e  d i s t a n c e s .  Now the  
c o n s t a n t  A h a s  to b e  d e t e r n i n e d .  T o  do t ha t, Eq.
(4 20) ) g i n t e g r a t e d  f r nl  r ’- 0  to r ' + Q .
T h e  r i g h t  h a n d  s i d e  i n t e g r a t i o n  y i e l d s
( T f  ( 4 - 23a)
M o r e  w o r k  is r e q u i r e d  to  i n t e g r a t e  t h e  left h a n d  
side. B e c a u s e  g i ( r , r 1 ) is c o n t i n u o u s ,  o n l y  the s e c o n d  
d e r i v a t i v e  s u r v i v e s .
—  ±  ct Ci / *  I r ' + C
0
( 4 23b }
L H i  ^  + t ] 9 i ( r , r ')
Fron {4 21), a f t e r  a m i n u t e  of  c a l c u l u s ,  w e  get
M  -  2 j J r —  » » )
{ 4  2 3 c j
w h e r e
m V x ) = ^
{ 4 - 23d)
To f i n d A, we  u se  t h e  a s y m p t o t i c  f o n ^  o f  ^ ^ f ^ M n d
■
( 4  - 2 4 a )
f4- 24 b )
a n d
f 4 24c )
j J ( x J ^ / n .
(4 -2 4 d )
C o m b  in m g  ( 4 - 2 3 )  a n d  (4 24) a n d  e q u a t i n g  left a n d  ri gh t 
s i d e s , w e  f i n d
h -  ~ - l { ? T r t
(4 25)
S o  w e  a r r i v e  at ( 4 - 1 5 b ) .
5. T he  O v e r l a p  Na di a 1 I n t e g r a l s
W h e n  t h e o s c i l l a t o r  s t r e n g t h  d e n s i t y  is c o m p u t e d  in 
th e ne xt  f e w c h a p t e r s ,  or to b e  m o r e  s p e c i f i c ,  w h e n  
c k P t f l v h }  is b e i n g  e v a l u a t e d ,  a s p e c i a l  t y p e  of 
o v e r l a p  i n t e g r a l  a r i s e s  f r e q u e n t l y .  I d i s c u s s  t he n  
here.
T he  i n t e g r a l s  n vo 1 ve , b e s i d e s  the
a n g u l a r  o v e r l a p  i n t e g r a l ,  th e  o v e r l a p  of t he  r a d i a l  
w a v e  f u n c t i o n  of the i n i t i a l  s t a t e  A^yfcjwith t he  zero- 
e n e r g y  r a d i a l  e n e r g y  w a v e  f u n c t i o n  S o let ne
de fin e
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r ±  j
J o / F
M  2fi)
Aii is w l m w n  in A p p e n d i x  C. can be  e x p r e s s e d  h a  an
a n a l y t i c  f u n c t i o n  o f  n a n d 1 D e t a i l s  are g i v e n  in
~r
A p p e n d i x  C- H e r e  in t a b l e  4 , 1 ,  the f i r s t  few -^/ry arc 
1 i s t e d .
J-
T a b l e  4 . 1 I n t e g r a l s
T  *














5 , 4 1 4 2  
9, 1 804 
1 I . I2B3 
9 . 9 5 3 5  
1 6 . 8 4 1 1  
1 7 , 9 6  3 3 
1 8 . 5 3 9 3  
14 .0144
'**1
1 . 3 5 3 5
1 . 2 3 6 5  
1 . 6 5 8 9
7 . 1 4 9 7  
4 . 0 5 5 5  
1 . 7 5 1 8
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C, S c a t t e r i n g  in a C o u l o m b  F i e l d
As  1 h a v e  s a i d  b e f o r e ,  o u r  p i c t u r e  o f  t h e  
i o n i z a t i o n  o f  a t o m s  i n  a  s t r o n g  m a g n e t i c  f i e l d  i s  t h a t
s o u r c e  w h i c h  g e n e r a t e s  o u t g o i n g  w a v e s  i n  t h e  C o u l o m b  
f i e l d ;  t h e s e  o u t g o i n g  w a v e s  t r a v e l  i n  s p a c e ,  a n d  s o m e  
o f  t h e m  a r e  t u r n e d  b a c k  b y  t h e  m a g n e t i c  f i e l d  a n d
v i c i n i t y  o f  t h e  n u c l e u s .  T h e  o v e r l a p  o r  i n t e r f e r e n c e  
o f  t h e s e  r e t u r n i n g  w a v e s  w i t h  t h e  i n i t i a l  s t a t e  
g i v e s  r i s e  t h e  o s c i l l a t i o n s  i n  t h e  o b s e r v e d  s p e c t r u m .  
T h e  p r o c e s s  i s  r e p r e s e n t e d  i n  F i g .  4 . 1 ,  w h e r e  t h e  
i n i t i a l  o u t g o i n g  w a v e s  a r e  c a l l e d  s t a g e  1,  t h e  
p r o p a g a t i o n  o f  t h e s e  w a v e s  i n  t h e  c o m b i n e d  f i e l d s  a r e  
c a l l e d  s t a g e  2 ,  a n d  t h e  s c a t t e r i n g  f r o m  t h e  C o u l o m b  
f i e l d  n e a r  t h e  n u c l e u s  a r e  c a l l e d  s t a g e  3 .
t h r e s h o l d  w a s  f o u n d ,  W i t h  t h i s  G r e e n ’ s f u n c t i o n ,  t h e
e a s i l y ! s t a g e  1 ) .  T h i s  w i l l  b e  e x p l a i n e d  i n  c h a p t e r  V I , 
w h e n  a l l  t h e  n e c e s s a r y  t o o l s  a r e  r e a d y .  T h e  
s ejn i  c 1 as $ l c a 1 p r o p a g a t i o n  o f  t h e s e  w a v e s  a t  large  
d i s t a n c e s  f r o m  the n u r 1e u s ( s t a g e  2 }  i s  t h e  s u b j e c t  o f  
t h e  n e x t  c h a p t e r .
H e r e  I w i l l  d i s c u s s  t h e  f i n a l  s t a g e  o f  t h e  
p h y s i c a l  p r o c e s s  w h a t  h a p p e n s  w h e n  t h e  w a v e s  c o m e
t h e  l a s e r  a c t s  o n  t h e  i n i t i a l p r o d u c i n g  a 
r e t u r n  t o  t h e  l o c a t i o n  o f  i n i t i a l  s t a t e in the
I n  s e c t i o n s  A a n d  B o f  t h i s  c h a p t e r ,  t h e  G r e e n ' s  
f u n c t i o n i n a C o u 1 omb f i e l d  n e a r  i o n i z a t i o n















































































































































































































b a c k  f r o m  l a r g e  d i s t a n c e s  t o  t h e  v i c i n i t y  o f  t h e  
n u c l e u s .  C l e a r l y  t h i s  p r o c e s s  i s  a s c a t t e r i n g  o f  w a v e s  
i n  a C o u l o m b  f i e l d .
Ou r  p r o c e s s  i s  a l i t t l e  a o r e  c omp 1 i c a t  ed t h a n  t h e  
f i g u r e  s u g g e s t s .  F i r s t ,  t h e  t r u e  w a v e s  a r e  t h r e e  
d i m e n s i o n a l  . H o w e v p r  b e m u s e  o f  t h e  c y l i n d r i c a l
s y m a e t r y  o f  t h e  p r o b l e m ,  t h e  m a g n e t i c  q u a n t u m  n u m b e r  m 
i s  c o n s e r v e d  w h e n  t h e  w a v e  i s  p r o p a g a t e d .  T h i s  B u s t  b e  
t a k e n  i n t o  a c c o u n t ,  S e c o n d ,  t h e  w a v e s  c a n  r e t u r n  f r o m  
a n y  d i r e c t i o n ,  a s  a g a i n s t  t h e  u s u a l  s i t u a t i o n  t h a t  t h e  
w a v e  c o n e s  i n  f r o n  t h e  n e g a t i v e  z a x i s .  T h i r d ,  
t h e  w a v e s  p o s s e s s  n e a r l y  z e r o  e n e r g y i  t h i s  i n  f a c t  
s i m p l i f i e s  t h e  f o r m a l i s m .
I n t h e  f o l l o w i n g  d i s c u s s i o n ,  1 s h a l l  b r i e f l y  
r e v i e w  t h e  a l r e a d y  s o l v e d  c a s e ,  i n  w h i c h  t h e  e l e c t r o n  
c o m e s  i n  a l o n g  t h e  n e g a t i v e  z a x i s .  F r o m  t h a t ,  t h e  
s o l u t i o n  f o r  t h e  e l e c t r o n  c o m i n g  f r o n  a n  a r b i t r a r y  
d i r e c t i o n  i s  o b t a i n e d .  T h e n  f i n a l l y ,  c y l i n d r i c a l  
w a v e s  w i t h  g i v e n  m a g n e t i c  q u a n t u m  n u m b e r  a r e  
c o n s t r u c t e d .  I n  h11  t h e  c a s e s ,  t h e  w a v e  f u n c t i o n  i s  
w r i t t e n  a s  a p a r t i a l  w a v e  e x p a n s i o n ,  a n d  i t s  a s y m p t o t i c  
f o r m  i s  e x p r e s s e d  c o m p a c t l y .  L a t e r  . . i n  i h s p l e r  V I ) ,  
t h e  a s y m p t o t i c  f o r a  w i l l  b e  j o i n e d  t o  t h e  s e a i c l a s s i c a l  
i n c o m i n g  w a v e s  a t  l a r g e  d i s t a n c e s ,  a n d  t h e  r e s u l t i n g  
p a r t i a l  w a v e  e x p a n s i o n  w i l l  b e  u s e d  t o  r a l r u l a t e  t h e  
o v e r l a p  w i t h  t h e  i n i t i a l  s t a t e .
as
1. I n c i d e n t  E l e c t r o n  f r o n  N e g a t i v e  * A x i ■ w i t h  Z e r o -
S c a t t e r i n g  o f  e l e c t r o n ®  f r u »  a C o u l o m b  f i e l d  i s  
w e l l  u n d e r s t o o d .  A l t h o u g h  t h e  l o n g  r a n g e  C o u l o m b  
i n t e r a c t i o n  n e e d s  s o m e  S p e c i a l  a t t e n t i o n ,  t h e  s o l u t i o n  
i s  s t i l l  a n a l y t i c .  Tn t h i s  s e c t i o n ,  t h e  g e n e r a l  
f o r m u l a  f o r  t h e  w a v e  f u n c t i o n  i s  s i m p l i f i e d  b y  
c o n s i d e r i n g  t h e  z e r o  e n e r g y  l i m i t .
I m a g i n e  a p r o t o n  s i t t i n g  a t  t h e  o r i g i n  o f  t h e  
c o o r d i n a t e  s y s t e m ,  a n d  a n  e l e c t r o n  a t  i n f i n i t e  d i s t a n c e  
a p p r o a c h i n g  a l o n g  t h e  n e g a t i v e  z a x i s  w i t h  v e l o c i t y  v .
T h e  c o m p l e t e  s o l u t i o n  o f  t h e  w a v e  e q u a t i o n  i n c l u d i n g  
t h e  i n c o m i n g  w a v e  a n d  t h e  s c a t t e r e d  w a v e  c a n  b e  w r i t t e n ^
E n e r g y
( 4  2 7 a  )
FLl+Hmj zhz, -2 Hr) $(<m)
I
( 4 27b )
i n  ( 4  27b ) ,
d , =  r ( l H r i f i ) .
( W
t i u
a n d  i s  o n e  o f  t h e  p a r a b o l i c  v a r i a b l e s .
t h e  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n
T h e  s o l u t i o n  i n  14  2 7 )  i s  p a r t i c u l a r l y  i n t e r e s t i n g
B7
to ui w h s n  the v e l o c i t y  v for c o l l i s i o n  e n e r g y  E) goes 
to zero.
To f i n d  t h e  s o l u t i o n  i n  t h i s  l i m i t ,  a n  e x p a n s i o n  
f o r m u l a  f o r  t h e  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n  i n  
t e r m s  o f  B p s i e l  f u n c t i o n s  i s  u s e f u l ^
T(t)
^  - o j)h' ■*" *Vi- i+.C3V< “ •*>)
wbtr*
c,-i. c,=-frA. a -  — + **<*+1>**- 
(»+1 )C.+, =* [(1 - 3A)«-**1^.
+  1(1 —  A (A—  l)(A+m—
<i rod)
f 4 - 2 8 1
U s i n g  t h i s  e x p a n s i o n  i n  ( 4 - 2 7 1 ,  i t  i s  
s t r a i g h t f o r w a r d  t o  p r o v e  t h a t  a s  v ^ 0  , t h e  w a v e  
f u n c t i o n  ^  t u r n s  t o
i  4 - 2 9 a i
>* v V
( 4 - 29b }
No t  s u r p r i s i n g l y ,  t h e  p a r t i a l  w a v e  e x p a n s i o n  
i n v o l v e s  t h e  r e g u l a r  z e r o - e n e r g y  r a d i a l  f u n c t i o n  
f o u n d  e a r l i e r  i n  t h i s  c h a p t e r .
2 .  Incident E l e c t r o n  C o s i n g  fr o* an A r b i t r a r y  D i r e c t i o n
T h e  o h o v o  d e s m b e e  t h e  c o m p l e t e  z e r o  e n e r g y  
C o u l o i b  w a v e  f u n c t i o n  f o r  t h e  e l e c t r o n  c o s i n g  f r o m  
i n f i n i t e  n e g a t i v e  z .  Now we n e e d  t h e  s o l u t i o n  f o r  t h e  
e l e r t r o n  c o s i n g  i n  f r o m  a n y  a r b i t r a r y  d i r e c t i o n .
As l o n g  a s  t h e  s o l u t i o n  f o r  e l e c t r o n  c o i n i n g  f r o n  
o n e  d i r e c t i o n  i s  k n o w n ,  t h e  s o l u t i o n  f o r  a n  e l e c t r o n  
c o n i n g  f r o n  a n y  o t h e r  d i r e c t i o n  i s  o b t a i n e d  b y  a  p r o p e r  
r o t  a t  i o n ,
l e t  b e  t h e  u n i t  v e c t o r  r e p r e s e n t i n g  t h e
d i r e c t i o n  o f  n o t i o n  o f  t h e  i n c o m i n g  e l e c t r o n  l o n g
b e f o r e  t h e  c o l l i s i o n .  T h e n  e q s . ( 4  2 9 1  s t i l l  d e s c r i b e
t h e  w a v e  f u n c t i o n  f o r  t h i s  s i t u a t i o n  i f  t t i e v a r i a b l e s  ^
"\  I
a n d  (9 a r e  r e  i n t e r p r e t e d ,  '% =  r-k  r b e c o s e s  a r o t a t e d
To w r i t e  4 3 0 }  e x p l i c i t l y  i n  t e r m s  o f  t h e  s p h e r i c a l
u s e d .  Le t  t w o  v e c t o r s  h a v e  d i r e c t i o n s  d e f i n e d  b y  p o l a r
p a r a b o l i c  c o o r d i n a t e ,  a n d  Q b e c o m e s  t h e  a n g l e  b e t w e e n  ^
— 1 1 ~V/
a n d  t h e  e l e c t r o n  p o s i t i o n  v e c t o r  r  , s o  y-T.
E f t s ,  ( 4  2 9 )  now b e c o m e
4 3 0 a  )
< 4 3 0 b  i
p o l a r  c o o r d i n a t e s  o f  *7^  t h e  f o l l o w i n g  r e l a t i o n ^  i s
b e  t h e  a n g l e  b e t w e e n
t h e  t w o  v e c t o r s ;  t h e n
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( T h i s  r e l a t i o n s h i p  i s i n d e p e n d e n t  o f  t h e  p h a s e  
r o n v r n t i o n s  t o r  V i /» 7  ' 9 . )
I f s i n g  ( 4  3 1 ) ,  i f  d e n o t e  t h e  s p h e r i c a l  p o l a r
a n g l e s  o f  ^  , a n d  f  d e n o t e  t h e  s p h e r i c a l
c o o r d i n a t e s  o f  7“ j t h e n  t h e  s o l u t i o n  i n  ( 4 - 3 0 )  c a n  b e  
w r i t t e n  as
f 4 3 2 b )
Z -  ^ J T y ^ ( 6 A )  T w t f r j
am J y
( 4  3 2 b  )
3 ,  C y l i n d r i c a l  C o u l o a b  Wa v e
B e c a u s e  o f  t h e  c y l i n d r i c a l  s y m m e t r y  i n  t h e  
s y s t e m ,  I. z ' m £  i s  c o n s e r v e d  a t  e v e r y  s t a g e  o f  t h e  
p r o c e s s ,  a n d  t h e  w a v e s  d e p e n d  u p o n  t h e  a z i m u t h a l  a n g l e  
a s t ;  1
N ow  let us i m a g i n e  what h a p p e n s  if the two
d i m e n s i o n a l  f a m i l y  o f  t r a j e c t o r i e s  i n  F i g -  4 . 1  i s  
r o t a t e d  a b o u t  t h e  z a x i s  t o  p r o d u c e  a t h r e e  d i m e n s i o n a l  
f a m i l y .  T h e n  a t  m o d e r a t e  d i s t a n c e s  f r o m  t h e  n u c l e u s  
i ' r ' v B O  ai>)  e l e c t r o n s  a p p r o a c h  t h e  n u c l e u s  f r o m  
d i r e c t i o n  s p e c i f i e d  b y  a f i x e d  p o l a r  a n g l e  , b u t  f r o m  
a l l  a z i m u t h a l  a n g l e s  7f ) ■ Wh a t  i s  t h e
9 0
w a v e - f u n c t i o n  c o r r e s p o n d i n g  t o  t h i s  s i t u a t i o n ?
We a l r e a d y  k n o w  t h e  w a v e  f u n c t i o n  f o r  a n  e l e c t r o n  
{rowing i n  f r o m  a d e f i n i t e  d i r e c t i o n  ( ) f i t  i s  t h e
B e s s e l  f u n c t i o n  g i v e n  i n  e q ,  ( 4  3 2 a ) ,  o r  t h e  p a r t i a l -  
w a v e  e x p a n s i o n  s4 3 2 b ) .  We a l s o  k n o w  t h a t  t h e  
s u p e r p o s i t i o n  p r i n c i p l e  a p p l i e s  t o  w a v e s .  S o  t h e  t o t a l  
w a v e  f o r  e l e c t r o n s  c o m i n g  i n  f r o m  a l l  d i r e c t i o n s  i s  1 h e  
s u p e r p o s i t i o n  o f  t h e  w a v e s  f o r  e l e c t r o n  c o m i n g  f r o i  
e a c h  p a r t i c u l a r  d i r e c t i o n .  T h e r e f o r e  t h i s  c y l i n d r i c a l  
w a v e  i a
d n 'J<k~2^ff huf>6%  Lt&Q -^ s iQ ^  14$ J
( 4 3 3 a  )
w h i c h  i s  a l s o  e q u a l  t o  ( f r o n  4 3 3 b )  
( 2 *
B e f o r e  l a u n c h i n g  i n t o  t h e  e v a l u a t i o n  o f  t h e  
c y l i n d r i c a l  w a v e  i n  ( 4  3 3 ) ,  I p o i n t  o u t  t h a t  t h e s e  
w a v e s  a r e  w a v e s  w i t h  z e r o  m a g n e t i c  q u a n t u m  n u m b e r ,  t h a t  
i s  ® 0 ( T h e y  a r e  o b v i o u s l y  i n d e p e n d e n t  o f
We w o u l d  l i k e  t o  h a v e  a c y l i n d r i c a l  w a v e  
a s s o c i a t e d  w i t h  a g i v e n  m a g n e t  i c  q u a n t u m  n u m b e r  m,  
R e m e m b e r i n g  t h a t  t h e  m a g n e t i c  q u a n t u m  n u m b e r  m 
r e p r e s e n t s  a r o t a t i o n a l  m o t i o n  a b o u t  t h e  z a x i s ,  w i t h  
c o r r e s p o n d i n g  w a v e  f u n c t i o n  , t h e n  a mi not
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M o d i f i c a t i o n  t o  ( 4 - 3 3 )  will g i v e  u s  the r i g h t  a n s w e r .  
He a e r e l y  h a v e  to a d d  t h e  w a v e  c o h e r e n t l y ,  w i t h  the 
f a c t o r  i to r e f l e c t  t h i s  r o t a t i o n  a b o u t  the z
I
a x i s .  L e t  us  c a l l  t h o s e  w a v e s  1 h e n
( 4 -34a)
w h i c h  is e q u a l  to
■ w 1 i f y -
=  3r f  Q) Y ^ - P )
(4 34b)
E q .  ( 4 - 3 4 b )  i s  e x a c t .  T h a t  • / T * -  a w a v e  w i t h  g i v e n  
m a g n e t i c  q u a n t u m  n u m b e r  ■ i s  c l e a r ,  s i n c e  o n l y  t h o s e  
s p h e r i c a l  h a r o f i n i c i  w i t h  t h e  g i v e n  m a p p e a r  i n  t h e  s u m .
To f i n d  a c o m p a c t  c l o s e d  f o r m  f r o m  ( 4 - 3 4 a }  i s  m o r e  
d i f f i c u l t .  H e  a h a l l  f i n d  t h e  a s y m p t o t i c  f o r m  f o r  t h e  
i n c o m i n g  p a r t  o n l y ,  u s i n g  t h e  s t a t i o n a r y  p h a s e  m e t h o d  
( s e e  A p p e n d  i x 0) a n d  u s e  t h e  a s y m p t o t i c  f o r m  f o r  I he  
B e s s e l  f u n c t i o n
( 4 - 3 5  }
a o  t h e  i n c o m i n g  p a r t  o f  K^ * i  i »
92
2 w
7„c e * ”*  -l P ~J0 ZT  2 V T
/
£2 V /"0^ £4&lcd& -s'^  ^ j j  JJ$_
*€ifli (rZjf^^c^ <*£(<fa 4)] + fj
( 4  - 36  >
T h e r  s a r e  t w u  s t a t i o n a r y  p o i n t s  f o r  t h i s  i n t e g r a l ,  
n a m e l y
ilb-d (^_^s=7jr (4-37)
F o r  t h e  i n c o m i n g  w a v e ,  o n l y  t h e  s e c o n d
r o u t r i b u t e s ( R e m e m b e r  t h a t  e t j k  l a  t h e  p o l a r  a n g l e  o f  
t h e  i n c o m i n g  v e l o c i t y ,  w h i c h  i s  o n  t h e  o p p o s i t e  s i d e  
f r o m  t h e  p o s i t i o n  o f  e l e c t r o n ,  s o  fa a n d  &£ v  W-B  )
U s i n g  t h e  s t a t i o n a r y  p h a s e  f o r m u l a ,  t h e  r e s u l t  i s
I I
z k  yr
' 4  3 8 )
F o r  f u t u r e  u s e ,  i t  i s  m o r e  c o n v e n i e n t  t o  w r i t e  
b o t h  ( 4 -  3 4 b )  a n d  ( 4  3 8 )  i n  t e r m s  o f  t h e  i n c o m i n g  
e l e c t r o n  p o s i t i o n  IT- & A  >
* * = £ £  w * - »  Y * ( * j0) ^ 0
( 4 38  )
■4 4 0)
F r o m  ( 4  f l 9 ) ,  u s i n g  t h e  a s y i p t o t  i c  f o r *  f  n r  bf$T) > " e
a l s o  h a v e
' £ & , ( »  >i, ( % f )
T h
( 4 - 4 1 )
E q s .  ( 4 - 4 0 )  a nd  ( 4 - 4 1  ) a r e  t w o  a s y m p t o t i c  e s p r e s B i o n s  
f o r  I h e  d e s i r e d  t y l  i n d r n  a l  C o u l o m b  z e r o - e n e r g y  w a v e  
w i t h  g i v e n  B a g u e t t e  q u a n t u m  n u n b e r  m . T h e  f i r s t  i s  a n  
a s y m p t o t i c  f o r m  o f  a coi n p a c t  e x p r e s s i o n ,  a n d  t h e  s e c o n d  
i s  t h e  c o r r e s p o n d i n g  p a r t i a l  w a v e  e x p r e s s i o n .  T h e s e  
t w o  f o r m u l a e  w i l l  e n a b l e  us  t o  f i n d  t h e  p a r t i a l  w a v e  
c o e f f i c i e n t s  c l o s e  t o  t h e  n u c l e u s  o n c e  t h e  i n c o m i n g  
w a v e  i s  k n o w n  f a r  f r o m  t h e  n u c l e u s .
D . S u m m a r y
o f  t h e m  a r e  l i s t e d  i n  A p p e n d i x  B,
2 . T h e  G r e e n ’ s f u n c t i o n  f o r  t h e  H y d r o g e n  a t o m  a t  t h e
I .  T h e  i n i t i a l  q u a n t u m  w a v e  f u n c t i o n s  y-^  a r e  t h e
e i g e n f u n c t i o n s  o f  t h e  H y d r o g e n  a t o m
i o n i z a t i o n  t h r e s h o l d I S  f o u n d  i n  e q .  ( 4  1 5 ) :
■ - 2 W Z
Jt< r>
(4-15b)
jjitf i s  t h e  B e s s e l  f u n c t i o n  a n d  * B  ^ ^ e H a n k e  1
funct ion.
3. O s c i l l a t o r  s t r e n g t h  c o m p u t e d  in a l a t e r  c h a p t e r  wi 1 
i n v o l v e  an o v e r l a p  i n t e g r a l  b e t w e e n  t he  i n i t i a l  s t a t e  
□nd the  z e r o  e n e r g y  C o u l o m b  radi al  w a v e  f u n c t i o n :
The o n e s  n e e d e d  a r e  l i s t e d  in T a b l e  4-1*
4- E x c i t a t i o n  by the  las e r p r o d u c e s  o u t g o i n g  w a v e s ,  
w h i c h  p r o p a g a t e  in the c o m b i n e d  C o u l o m b  a n d  m a g n e t i c  
fi elds, a n d  w h i c h  l a te r  r e t u r n  to t h e  v i c i n i t y  of 
the n u c l e u s -  T h e s e  r e t u r n i n g  w a v e s  c an  be d e s c r i b e d  
(in a g o o d  a p p r o x i m a t i o n )  aa a s u p e r p o s i t i o n  o f  z e r o  
e n e r g y  C o u l o m b  w a v e s  a p p r o c h i n g  f r o m  p o l a r  an g l ef y -  wi 
all a z i m u t h a l  a n g l e s .  T h e a s y m p t o t i c  t e r m  of th e 
i n c o m i n g  p a r t  of I h e s e  w a v e s  is g i v e n  in c o m p a c t  fo r m
i 2  y ? "  U-f )j
( 4 40 )
and in p a r t i a l  w a v e  e x p a n s i o n  by
9 5
(4 4 1)
In t h i s  c h a p t e r ,  we h a v e  g a t h e r e d  e v e r y t h i n g  we 
n e e d  to d e s c r i b e  t h e  u u t g o i n g  w a v e  f u n c t i o n  { s t a g e  1) 
a nd  r e t u r n i n g  w a v e  f u n c t i o n  { s t a g e  3) n e a r  the n u cle us.  
In the  next c h a p t e r ,  a d i f f e r e n t  s u b j e c t  is t a ken  up: 
t he  s e » l c l a s s i c a l  p r o p a g a t i o n  of w a v e s  in s t a g e  2 will 
b e  d i s c u s s e d .
chapter y
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A f t e r  1 he o u t g o i n g  w a v e a  a r e  p r u d u r e d  I) y t h e  l a s e r  
f r o m  t h e  ] n i t i a t s t a t e  t t h e s e  w a v e s  p r o p a g a t e
f n r w a r i t  i n  t h e  c o m b i n e d  C o u l o m b  a n d  m a g n e t  i r  f i e l d s .
T h e  o n l y  p r e s e n t l y  a v a i l a b l e  w a y  o f  p r o p a g a t i n g  t h e  
w a v e s  i s  t h e  s e s i  i | n s s i < a l  m e t h o d .  T h i s  s e m i  c l a s s i c a l  
m e t h o d  i s  a  g e n e r a l i z a t i o n  o f  t h e  f  a m 1 I  a r  WKB m e t h o d ,  
a n d  i t  i s  a g o o d  a p p r o x i m a t i o n  i n  t h e  p r e s e n t  c a s e .
T h e  m e t h o d  i s  e a s y  t o  u s e ,  a n d  i t  a l s o  p r o v i d e s  an  
i n t u i t i v e  p h y s i c a l  p i c t u r e .
T h i s  c h a p t e r  i s  e n t i r e l y  d e v o t e d  t o  t h e  d i s c u s s i o n  
o f  t h e  s p i r i  c l a s s i c a l  m e t h o d  o f  p r o p a g a t i o n  o f  w a v e s ,
I s h a l l  s h o w  how t o  u s e  t h e  f o r m u l a s  o f  t h e  
s e m i t  l a s s i e  a 1 m e t h o d  p r i m a r i l y ,  e x p l a i n  t h e i r  m e a n i n g s  
a n d  j u s t i f y  t h e i r  v a l i d i t y  on p h y s i c a l  g r o u n d s  ; A 
p r o o f  o f  o n e  i m p o r t a n t  r e s u l t  i s  g i v e n  i n  A p p e n d i x  E ,
T h e  p l a n s  f o r  t h i s  c h a p t e r  a r e  t h e  f o l l o w  i ng  
f i r s t  I d i s c u s s  t h e  r o l e  o f  s m i r l u s s  i r a l  m e c h a n i c s  l h  
g e n e r a l ;  t h e n  t h e  c o n d i t i o n s  f f' r  t h e  a e n i  i d u s s i  r a l  
f o r m u l a s  t o  b e  v a l i d  f o l l o w ;  a f t e r  t h e s e ,  I h e  g e n e r a l  
f o r m u l a s  a r e  i n t r o d u c e d  a n d  d i s c u s s e d ;  f i n a l l y  t h e s e  
g e n e r a l  f o r m u l a s  a r e  s i m p l i f i e d  u s i n g  t h e  c y l i n d r i c a l  
s y m m e t r y  o f  t h e  s y s t e m .
T h o s e  wh o  a r c  i n t e r e s t e d  i n  s e m c h i s s  i c B l  mc i  h a n n  s ,
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a n d  t h o s e  wh o  w a n t  m o r e  m a t h e m a t i c a l  r i f o r  a h o u l d
2.H 2^c o n s u l t  s o b s  e x i ^ e l  l e n t  r e f e r e n c e s
A.  S e m i  c l a s s i c a l  M e c h a n i c s
On e  t i n e  w h e n  I t a l k e d  a b o u t  a e m i r l a s s i t a l  
m e c h a n i c s *  I w a s  a s k e d  w h y  s h o u l d  t h e r e  b e  
s e a l  c l a s s i c a l  m e c h a n i c s  a t  a l l ?  T h e  p e r s o n  a s k e d  t h i s  
q u e s t i o n  b e c a u s e  h e  t h o u g h t  t h a t  q u a n t u m  m e c h a n i c s  i s  
t h e  o n l y  c o r r e c t  m e c h a n i c s  n e e d e d  t o  d e s c r i b e  t h e  
m i c r o w o r l d .  I t  i s  t r u e  t h a t  q u a n t u m  m e c h a n i c s  h a s  b e e n  
p r o v e n  t o  h e  t h e  r i g h t  a e c h a n i c s  t o  d e s c r i b e  a t o m s ,  
m o l e c u l e s ,  e v e n  t h e  m o t i o n  o f  t h e  e a r t h  a r o u n d  t h e  
s u n .  B u t  a s  we  k n o w ,  t h e  m o t i o n  o f  t h e  e a r t h  i s  much  
m o r e  s i m p l y  a n d  v e r y  a c c u r a t e l y  d e s c r i b e d  b y  c l a s s i c a l  
m e c h a n i  c s .
T h e  c o n n e c t i o n  b e t w e e n  q u a n t u m  m e c h a n i c s  a n d  
c l a s s i c a l  m e c h a n i c s  i s  s t a t e d  i n  B o h r ’ s c o r r e s p o n d e n c e  
p r i n c i p l e :  w h e n  t h e  q u a n t u m  n u m b e r s  o f  t h e  s y s t e m
b e c o m e  l a r g e ,  t h e  s y s t e m  b e c o m e s  m o r e  l i k e  a c l a s s i c a l  
s y s t e m  a s y s t e m  g o v e r n e d  b y  c l a s s i c a l  m e c h a n i c s .
So w h a t  i s  t h e  r o l e  o f  s e m c l a s s i t ' a l  m e c h a n i c s ^
I n  e s s e n c e ,  s e i i i i t  I s s s i c a l  m e c h a n i c s  s e r v e s  a s  a b r i d g e  
b e t w e e n  q u a n t u m  a n d  c l a s s i c a l  m e c h a n i c s .  I t  a t t e m p t s  
t o  g e t  q u a n t u m  q u a n t i t i e s ,  s u c h  a s  e n e r g y  l e v e l s  a n d  
w a v e  f u n c t i o n s ,  f r o m  t h e  c l a s s i c a l  q u a n t i t i e s .  O f  
c o u r s e  t h i s  c a n  o n l y  b e  an  a p p r o x i m a t i o n ,  b u t  t h i s  
a p p r o x i m a t i o n  i n  m a n y  c a s e s  n o t  o n l y  ( m a t  l y  s i m p l i f i e s
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t h e  c o m p u t a t i o n ,  b u t  a l s o  c a p t u r e s  t h e  e s s e n c e  o f  t h e  
p h y s i c a l  p r o b l e m .  I n  s o me  e s s e s  ( l i k e  t h e  o n e  we h a v e  
n o w )  t h e  s e s i r l a s s i c B l  m e t h o d  may  b e  t h e  o n l y  a v a i l a b l e  
w a y  t o  s o l v e  t h e  p r o b l e m ,  s i n c e  we do n o t  y e t  know how 
t o  u s e  a f u l l  q u a n t u m  f o r m a l i s m .
We r e g a r d  s e m i  c l a s s i c a l  m e c h a n i c s  as  a n  
a p p r o x i m a t i o n  t o  q u a n t u m  m e c h a n i c s  w h i c h  c o m b i n e s  
c l a s s i c a l  m e c h a n i c s  t o g e t h e r  w i t h  t h e  s u p e r p o s i t i o n  
p r i n c i p l e ;  i t  t h e r e f o r e  g i v e s  a n  a p p r o x i m a t e  
d e s c r i p t i o n  o f  d i s t i n c t i v e l y  q u a n t u m  p h e n o m e n a ,  s u c h  as  
i n t e r f e r e n c e ,  a n d  i n  i t s  m o s t  g e n e r a l  f o r m s ,  i t  can  
a l s o  b e  u s e d  t o  d e s c r i b e  t u n n e l i n g  a nd  d i f f r a c t i o n ,  I 
s h a l l  u s e  s e m i  c l a s s i c a l  m e c h a n i c s  t o  p r o p a g a t e  t h e  
o u t g o i n g  w a v e s  f o r w a r d  u n d e r  t h e  i n f l u e n c e  o f  C o u l o m b  
a n d  m a g n e t i c  f i e l d s .
B.  C o n d i t i o n s  f o r  S e m i  c l a s s i c a l  M e c h a n i c s
I n  o r d e r  t o  g e t  s e n s i b l e  r e s u l t s  f r o m  
s e m i c 1 a s a i c a 1 a p p r o x i m a t i o n s ,  t h e  s y s t e m  h a s  t o  s a t i s f y  
s o m e  c o n d i t i o n s .
U s u a l l y  t h e  s e m i  c l a s s i c a l  a p p r o x i m a t i o n  i s  d e r i v e d
T h e n ,  i n s e r t i n g  t h i s  p a r t i c u l a r  f o r m  o f  w a v e  f u n c t i o n
b y  a s s u m i n g  t h a t  t h e  w a v e  f u n c t i o n  ^  c a n  b e  w r i t t e n  as  
a p r o d u c t  o f  a m p l i t u d e  a n d  p h a s e .
< 5 -  1 i
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i n t o  t h e  S c h r o e d i n g e r  e q u a t i o n ,  a n d  d r o p p i n g  t e r i s  o f  
o r d e r  t  a n d  h i g h e r ,  o n e  o b t a i n s  s e p a r a t e  e q u a t i o n s  f o r  
/ )  a n d  N e t  e j j a r y  c o n d i t i o n  f o r  t h e  v a l i d i t y  o f
t h e  s e i  i r  1 a  a a 11:  a 1 a p p r o x i p a t i o n  i s  t h a t  t h e  t e r m s  
n e g l e c  t e d  o u s t  b e  s i a l  l e r  t h a n  t h e  t e r n s  k e p t .
T a k e  t h e  f  h u i  h r  o n e  d n e n e i o n a l  WKB a p p r o x i m a t i o n  
a s  a n  e x a m p l e .  G o i n g  t h r o u g h  t h e  a b o v e  p r o c e d u r e ,  o n e  
f i n d s  t h a t  t h e  WKB a p p r o x i m a t i o n  i s  g o o d  w h e n  t h e
7 jr .
f r a c t i o n a l  c h a n g e  i n  k ( '  i  a t h e  d e  B r o g l i e
w a v e  l e n g t h *  i n  t h e  d i s t a n c e  * a s ® a 1 1 c o a p a r e d  t o
I t
u n i t y :
I f  t h e  p o t e n t i a l  e n e r g y  o f  t h e  s y s t e m  i s  ( / l x )  , 
c o n d i t i o n  ( 5  2) c a n  b e  t r a n s f o r m e d  i n t o
/.jv(x) j ^  tyjTrri (e-v)3/1
' ‘ ( 5 . 3 j
T h i s  r e q u i r e s  t h a t  t h e  p o t e n t i a l  e n e r g y  b e  v e r y  f l a t ,  
o r  t h a t  t h e  s t a t e  u n d e r  c o n s i d e r a t i o n  i s  a h i g h l y  
e x c i t e d  s t a t e .  I n  e i t h e r  o f  t h e  t w o  c a s e s ,  t h e  w a v e  
f u n c t i o n  b e h a v e s  l i k e  a p l a n e  w a v e  l o c a l l y ,  s o  t h e  
a p p r o x i m a t i o n  t o  t h e  w a v e  f u n c t i o n  i n  1 5 - 1 )  m a k e s  
s e n s e .  D i s c u s s i o n  o f  m u l t i d i m e n s i o n a l  s e m i  c l a s s i c a l  
a p p r o x i m a t i o n s  a r e  m o r e  i n v o l v e d .  B u t  t h e  r e s u l t s  a r e  
s i m i l a r  t o  t h e  o n e  d i m e n s i o n  r e s u l t .
I n  o u r  p r o b l e m ,  t h e  e f f e c t i v e  p o t e n t  i a l  e n e r g y  i s
v ( r ) = - - p  +
1 0 0
(5 4 )
F o r  s i n p l i c i t y ,  we d i s c u s s  t h e  c o n d i t i o n  o n l y  f o r
n o t i o n .  S e t  z ■0 in (5 4 } t then
- j .  +  j t  p 2
{ 5 5 )
T h e  p o t e n t i a l  i n  <5 5 >  a n d  i o n i z a t i o n  e n e r g y  a r e  s h o w n  
i n  F i g .  5 - 1 -  S f m r  1 u s e  i c a 1 a p p r o x i m a t i o n  i  i  u s e d  i n  
r e g i o n  I a n d  r e g i o n  1 1 .  B u t  t h e  r e a s o n s  f o r  t h e  
v a l i d i t y  o f  s em 1 1: I a e a 11 a 1 a p p r o x i m a t i o n  i n  t h e  t w o  
r e g i o n s  a r e  d i f f e r e n t .
I n  r e g i o n  1,  t h e  C o u l o m b  t e r m  i s  s t i l l  g r e a t e r  
t h a n  t h e  m a g n e t i c  t e r m ,  s o  we h a v e
U a i n g  ( 5 - 7 )  i n  15 3 ) ,  we f i n d  t h a t  t h e  c o n d i t i o n  f o r  
t h e  v a l i d i t y  o f  t h e  s ear i r  1 a s  s i  c b  1 a p p r o x i m a t i o n
( 5 - f i a )
w h i c h  g i v e s  u s  a n  u p p e r !  i i n i t  o f  r e g i o n  1 ,
15 6b)
W h e n  t h e  m a g n e t i c '  t e r m  i s  n e g l e c t e d ,
dv(f)





F i g .  5.J S e a i c 1 a s s i c e 1 a p p r o x i m a t i o n  ia u e e d  
in r e g i o n  1 a n d  II w h i c h  o re  a w a y  f r o m  the n u t i e u t .
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W h a t  la h a p p e n i n g  h e r e  is the f o l l o w i n g :  as p
i n c r e a s e s ,  S  ~ V lf) tfe t ® s m a l l  a n d  the d *  B r o g l i e  w a v e  
l e n g t h  ge ts  la rg e.  T h i s  s e e m s  to s u g g e s t  t ha t t h e  
s e n i c l a s s i c a l  a p p r o x i m a t i o n  s h o u l d  fa il . H o w e v e r ,
J I ■'
c  s ' & p  d e c r e a s e s  e ve n m o r e  r a p i d l y  t h a n  e - V / f l  ; 
t h e r e f o r e  the f r a c t i o n a l  c h a n g e  of k in a w a v e  l e n g t h  
g e t s  s m a l l e r  a s  p  i n t r e a s e a .
In r e g i o n  II, c o n d i t i o n  t 5 3) is v i o l a t e d ,  s i n c e  
t h e  r e g i o n  is in the n e i g h b o r h o o d  o f  a t u r n i n g  p o i n t  
(E - V "A- ). N e v e r t h e l e s s  t he  g e n i r l a s s i c a l
a p p r o x i m a t i o n  c a n  s ti ll g i v e  g o o d  r e s u l t s ,  b e c a u s e  the 
a p p r o x i m a t i o n  c a n  he m a d e  in n o m e n t u m  s p a c e  i n s t e a d  of 
in c o n f i g u r a t i o n  space. By m e a n s  of a l o n g  a n a l y s i s  
f w h i c h  is not p r e s e n t e d  h e r e )  one c a n  s h o w  that a 
c o n d i t i o n  for v a l i d i t y  of t he  m o m e n t u m  s p a c e  
s e n i c l a s s i c a l  a p p r o x i m a t i o n  is
, . 7 *  i
1 I  ' <5 -9i
At t he  t u r n i n g  p o i n t ,  p  , so t he  c o n d i t i o n  is
c e r t a i n l y  s a t i s f i e d .  At ^  I 0 0 0  a;: , t he  left h a n d  a i d e  
t u r n s  out to be  \ J 3 0. T h e r e f o r e  the m o m e n t u m  s p a c e  
f o r m  of the s e m i c 1 a s s i c a 1 a p p r o x i n a t  ion is v a l i d  in 
r e g i o n  II.
S i n c e  t h e  c o n f i g u r a t i o n  s p a c e  f o r m  o f  t h e  
s e m i  c l a s s i c a l  a p p r o x i m a t i o n  l a  v a l i d  i n  r e g i o n  I ,  a n d  
t h e  m o m e n t u m  s p a c e  f o r m  o f  i t  i s  v a l i d  i n  r e g i o n  I I ,  we  
c o n c l u d e  t h a t  t h e  a p p r o x i m a t i o n  i s  v a l i d  e v e r y w h e r e
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e x c e p t  c l o s e  to the n u c l e u s  ( T h e r e  w e  use t h e  C o u l o m b  
a p p r o x i m a t i o n  d e s c r i b e d  in C h a p t e r  III.).
C. T h e M e t h o d  for P r o p a g a t i n g  S e s i c l a s a i c a l  W a v e s
E ven  t h i s  n a r r o w  t i t l e  d e m a n d s  m a n y  p a g e s  to 
a n s w e r  all t h e r e l e v a n t  q u e s t i o n s .  1 shall be c o n t e n t  
to e x p l a i n  t h e  n e c e s s a r y  s t e p s  in c a r r y i n g  o ut  the  
p r o c e d u r e .  A p a rt ia l  p r o o f  of the v a l i d i t y  o f  t h i s  
p r o c e d u r e  is g i v e n in A p p e n d i x  E. A n y  p e r s o n  w h o  is 
i n t e r e s t e d  in s o r e  c o m p l e t e  a n d  d e t a i l e d  p r o o f s  is 
u r g e d  to r e a d  R e f s . ^  .
1 . P r o c e d u r e
first we s t a t e  as b r i e f l y  as p o s s i b l e  t h e  
p r o c e d u r e  fo r p r o p a g a t i o n  of w a v e s ;  t h e n  w e  d i s c u s s  the 
m e a n i n g s  of the q u a n t i t i e s  that e n t e r  the f o r m u l a s .
S u p p o s e  a H a m i l t o n i a n  g i v e n  (q is the set
of c o o r d i n a t e s  x y z ) .  T h e n  in q u a n t u m  m e c h a n i c s  t h e  
w a v e  f u nc t i o n U / $ )  sa t i s f i es the Sc hr ne d i n g e r  e q u a t i o n ,
We s u p p o s e  that the w a v e  f u n c t i o n ^ j  is k n o w n  on e 
two d i m e n s i o n a l  i n i t i a l  s u r f a c e
< 5 - 10 )




r e p r e j e n t s  t h e  r o o r d i n f l t e s  p a r a m e t e r i z i n g  t h e  
i n i t i a l  s u r f a c e .  T h e n  i n  s e m i  c l a s s i c a )  a p p r o x i m a t i o n  
t h e  w a v e  r a n  b e  o b t a i n e d  i n  t h e  f o l l o w i n g  w a y ;
(a) C o m p u t e  c l a s s  1 0 a 1 t r a j e c t o r i e s  a c c o r d i n g  t o
^ f 5- 13 a )
' A
tire rf f5 - 1 3b )
w i t h  i n i t i a l  p o s i t i o n s  on t h e  s u r f a c e
&*=»>■= n o  (5. 13c)
T h e  i n i t i a l  m o m e n t u m  i s  t a k e n  s u c h  t h a t  t h e  c o m p o n e n t s  
t a n g e n t  t o  t h e  i n i t i a l  s u r f a c e  a r e  e q u a l  t o
PH=u)— f U )  -p i t  )  f W -  (5 - J 3d)
T h e  c o m p o n e n t  o f  ~p n o r m a l  t o  t h e  s u r f a c e  i s  d e t e r m i n e d  
by t h e  e n e r g y  c o n d i t i o n
1H t r , i ) - E  =  o
(6 - 13*)
I n t e g r a t i o n  o f  t h e  f a m i l y  o f  t r a j e c t o r i e s  f r o m  t h e  
i n i t i a l  s u r f a c e  d e t e r m i n e s  a f u n c t i o n  qit X ).
( b )  C o m p u t e  t h e  a m p l i t u d e  f a c t o r  M q l  
T h e  a m p l i t u d e  f a c t o r  A ( q )  i s
( 5 - 1 4 a )
a nd  J M  X  ) - jjtf ( { 5 M b )
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(c> C o n p u t e  t h e  ph ase i n c r e a s e  S ( q ) a l o n g  e a c h  t r a j e c t o r y
(<i )  C o m p u t e  t h e  M a s l o v  i n d e x  / < *  " I  o n g  e a c h  t r a j e c t o r y  
T h e  c o m p l e t e  d e f i n i t i o n  o f  t h e  M a s l o v  i n d e x  jj. l a  
g i v e n  i n  r e f a .  28  - l n p r e s e n t  c a s e ,  i t  a p p e a r s
t h a t  t h e  M a s l o v  i n d e x  i s  e q u a l  t o  t h e  n u m b e r  o f  
c a u s t i c s  t h r o u g h  w h i c h  t h e  t r a j e c t o r y  p a s s e s .
T h e n  t h e  w a v e  f u n c t i o n  a t  p o i n t  q i s  e q u a l  t o
w h e r e  q i a  t h e  p o i n t  a t  t i m e  t e v o l v e d  f r o m  q °  a t  t i m e  
t 0 ■ T h e  sum i s  o v e r  a l l  t r a j e c t o r i e s  w h i c h  a r r i v e  a t  t h e  
p o i n t  q f r o m  d i f f e r e n t  p o i n t s  on t h e  i n i t i a l  s u r f a c e .
T h i s  p r o c e d u r e  i s  n o t  h a r d  t o  i m p l e m e n t . Some  
e x p l a n a t i o n  h e l p s  t o  c l a r i f y  t h e  p r o c e d u r e ,
2, Uis c u b s lon
ia; The A m p l i t u d e  F a c t o r  M q )
A M q )  I S  a  S o l u t i o n  o f  a f i r s t  o r d e r  t r a n s p o r t  
e q u a t i o n .  I t  r e p r e s e n t s  a c l a s s i c a l  p r o b a b i l i t y  o f  
f i n d i n g  t h e  p a r t i c l e  n e a r  t h n  p o i n t  q.
I m a g i n e  a  s y s t e m  i n  w h i c h  p a r t i c l e s  a r e  d i s t r i b u t e d  
o v e r  t h e  i n i t i a l  s u r f a c e  q " q ° ( 1  w i t h  a d e n s i t y
( 5 - 1 5 )
i 5 1 6 )
1 0 6
T h o s e  p a r t i c l e s  w i l l  m o v e  a c c o r d i n g  t o  
c l a s s i c a l  ■ t c h a n i c a  a l o n g  t r a j e c t o r i e s  ( 5  1 3 ) .  I f
neighboring ( r a j p c t o r i e s  s e p a r a t e  a s  t h e y  a o v e ,  t h e  
d e n s i t y  o f  p a r t i c l e s  w i l l  d e c r e a s e  and v i c e  v e r s a ,
A ^ f q )  g i v e n  i n  e q . ( -  14 I m e a s u r e s  t h e  r e l a t i v e  d e n s i t y
o f  p a r t  i r l e i  a l o n g  t h e  t r a j e c t o r y  i f  t h e  i n i t i a l  d e n s i t y  
i s  u n i t y .  T h e  r  e f  o r  e i s  t h e  a b s o l u t e  d e n s i t y  o f
p a r t i c l e s ,  a c c o u n t i n g  f o r  t h e  i n i t i a l  d e n s i t y ,
( b )  C l a s s i c a l  A c t i o n  S ( q )
] t .  w o u l d  b e  a t e r r i b l e  a p p r o x i m a t i o n  t o  t h e  
q u a n t u m  w a v e  f u n c t i o n  i f  o n l y  t h e  c l a s s i c a l  p r o b a b i l i t y  
A ^ q )  w e r e  u s e d ,  s i n c e  t h e  i n t e r f e r e n c e s  o f  w a v e s  w o u l d  
n o t  b e  c o r r e c l y  d e s c r i b e d .  I n t e r f e r e n c e  i s  i m p o r t a n t  
w h e n  d i f f e r e n t  t r a j e c t o r i e s  l e a d  t o  t h e  s a m e  f i n a l  
p o i n t .  T h e  c o m b i n a t i o n  o f  t e r m s  i n  (>q,  ( 5  1 6 )  g i v e s
i n t e r f e r e n c e .
T h e  a c t i o n  K ( q } a l o n g  a  c l a s s i c a l  t r a j e c t o r y  is 
t h e  p h a s e  a c c u m u l a t e d  w h i l e  t h e  w a v e  i s  p r o p a g a t i n g  
f o r w a r d ,
( c l  C a u s t i c s
C a u s t i c s  f i r e  t h o s e  s i n g u l a r  p o i n t s  w h e r e  A i q l  g o e s  
t o  i n f i n i t y ,  b e c a u s e  J t  q > g o e s  t o  z e r o .  Some  c a u s t i c s  
a r e  e n v e l o p e s o r  b o u n d a r i e s  o f  t h e  f a m i l y  o f  
t r a j e c t o r i e s ,  a n d  o t h e r s  a r e  f o c a l  p o i n t s  o f  t h e  
f  am i 1 y -
Wh e n  g o i n g  t h r o u g h  e i t h e r  t y p e  o f  c a u s t i c ,  t h e  
w a v e  l o s e  a p h a s e  o f  T w o  m e t h o d s  c a n  b e  u s e d  t o
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f i n d  t h e  c i i n t i r .  T he  f i r s t  o n e  m o n i t o r s  t h e  s i g n  o f  
J ( t t o ( ) a l o n g  t h e  t r s j e c t o r i e s . E v e r y  t i n e  a  
t r a j e c t o r y  p a s s r «  t h r o u g h  a c a u s t i c  t h e  s i g n  o f  J 
c h a n g e s .  A n o t h e r  m e t h o d  e x a m i n e s  t h e  f a m i l y  o f  
t r a j e c t o r i e s .  At  t h e  c a u s t i c ,  n e i g h b o r i n g  t r a j e c t o r i e s  
c r o s s  o v e r  e a c h  o t h e r .  O n e  c a n  p r o v e  t h a t  t h e s e  t w o  
m e t h o d s  a r e  i n  f a c t  t h e  s a m e .
D,  S i m p l i f i e d  F o r m u l a s  u n d e r  C y l i n d r i c a l  S y m m e t r y
T h e  d i s c u s s i o n s  a nd  t h e  f o r m u l a s  g i v e n  a b o v e  f o r  
t h e  p r o p a g a t i o n  o f  w a v e s  f o r w a r d  i n  s e u i c 1 a s s i c a  1 
a p p r o x i m a t i o n  a r e  q u i t e  g e n e r a l .  T h e s e  f o r m u l a s  c a n  b e  
s i m p l i f i e d  f o r  a s y s t e m  p o s s e s s i n g  s y m m e t r y .
I n  t h i s  s e c t i o n ,  I s h a l l  w r i t e  d o w n  t h e  f o r m u l a s  
f o r  S a n d  J t h a t  a p p l y  u n d e r  c y l i n d r i c a l  s y m m e t r y .  I t  
i s  n a t u r a l  t o  d e s c r i b e  t h e  s y s t e m  i n  c y l i n d r i c a l  
c o o r d i n a t e !  f p  ^  ^  ) ,
T h e  ?_ c o m p o n e n t  o f  t h e  a n g u l a r  m o m e n t u m  Lz - mi \  i s  
c o n s e r v e d  i n  s u c h  a e a s e -  T h e  w a v e  f u n c t i o n  d e p e n d s  u p o n  
t h e  a n g u l a r  v a r i a b l e  as 1 , t l i v e n  t h e  m a g n e I i <
q u a n t u m  n u m b e r  n ,  t h e  c l a s s i c a l  m o t i o n  o f  <^ 6 i s  
c o m p l e t e l y  d e t e r m i n e d  hy  t h e  m o t i o n  i n  P  a n d  z .
I f  a t r a j e c t o r y  o f  g i v e n  e n e r g y  i s  l a u n c h e d  f r o m  a 
s p h e r e  w i t h  i n i t i a l  p o l a r  a n g l e  6 ,^ a n d  a z i m u t h a l  a n g l e  
t h e  t i m e  d e v e l o p m e n t  o f  p a n d  z d e p e n d s  u p o n  t h e  
i n i t i a l  p o l a r  a n g l e  (9o , b u t  n o t  u p o n  t h e  i n i t i a l  
a z i m u t h a l  a n g l e  , a nd  )  c a r  be  c a l c u l a t e d  f r o m  fft) b y
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i n t e g m t  i o n
P- Pf*,eJ
I 5 ■ ] 7 a 1
■V =  j jfr^t +4.o 'S '7b'
( 5  1 7 r  }
T h e  r e l a t i o n s h i p  b e t w e e n  C a r t e s i a n  c o o r d i n a t e  i x , y , z i 
a n d  f y l  i n d r i c a l  l u o r d u i a t e *  i p  , z ) is
X  “  ( 5 - 18a)
‘ T  ( 5 - 1 8 b )
d  'X ' J ~
(5 1 8 c }
T h e  m o m e n t a  i n  t h e  t w o  c o o r d i n a t e  s y s t e m s  a r e  r e l a t e d  
b y
P x ~  f y c , * } -  ± 3 - 5 s ^ 4 >
I 5 - 19 a )
P  - X  C c S (6
f  ( 5  I 9 h !
u -- n
We w a n t  t o  e v a l u a t e
M  U
i Mo Mo j 15 201
i n  c y l i n d r i c a l  c o o r d i n a t e s .  F i r s t  we  n e e d  t o  e x p r e s s  
a l l  t h e  d e r i v a t i v e s  i n  ( 5  2 0 )  i n  t e r m s  o f  c y l i n d r i c a l  
v a r i a b l e s ,  E q .  ( 5  1 9 }  is o n e  s e t  o f  s u c h  r e l a t i o n .
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O t h e r s  a r e  o b t a i n e d  f r o m  ( 5 - 1 7 )  a n d  ( 5 - 1 8 ) .  T h e y  a r e
- g - 3 ( 5 - 21a) 
f 5 2 1 b 1




? < * * i  <5- 22b)
~  O  ( 5  2 2 c )
C o m b i n i n g  ( 5  2 0  j ,  ' 5  1 9 1 ,  : 5 - 2 1 >  a n d  <5 2 2 ) ,  a f t e r
a b o u t  o n e  p a g e  o f  s t r a i g h t f o r w a r d  a l g e b r a ,  we f i n d
T —  p  j  ^  M  j
J  /  ( 5  2 3 )
' >ft» M l
So t h e  a m p l i t u d e  f a c t o r  A ( q ) i s  i n d e p e n d e n t  o f  ,
R y a s i m i l a r  c a l c u l a t i o n ,  J r a n  b e  e x p r e s s e d  i n  
s p h e r i c a l  c o o r d i n a t e s ,  w h i c h  a r e  m o r e  c o n v e n i e n t  f o r  
j o i n i n g  t h e  s e m i  c l a s s i c a l  w a v e  t o  t h e  C o u l o m b  w a v e  n e a r  
t h e  n u c l e u s .  T h e  r e s u l t  i s
I'gE M  j
I I (S‘ 245
Now l e t  u 9 d i s c u s s  t h e  p h a s e ,  f i r s t  t h e  a c t i o n  
S .  I n  C a r t e s i a n  c o o r d i n a t e s  ( x , y , z J ,
S ** f  t j d X  ~t f y c f y  £ f o r f f  (S 2 5 b '
1 1 0
U s i n g  { 5 -  1 6 )  a n d  ( 5 - 1 7 ) ,  t h i s  c a n  b e  w r i t t e n  as
5* ■=■ (  ff1 ~t ft} fry dtp
^  m t  14>tt) - <pft =c)]d f fydft J$th
j i 5 - 2 5 b )
T h e  i n i t i a l  w a v e  f u n c t i o n ^ / d e p e n d s  u p o n  tp0 as  
t~T^ o < ; t h e r e f o r e  t h e  c o n t r i b u t i o n  t o  t h e  f u l l  w a v e
f u n c t i o n  f r o m  t h e  m o t i o n  i s  f c A j [ a s  i s  R K p e t d e d )
t h e n  j u s t  h a v e  t o  c o m p u t e  a r e d u c e d  a c t i o n
t 5-2 5 c > 
o r ,  i n  ( ? ~ . £  : v a r i a b l e s
—  j t  P$ d &  : 5 2 5 d )
N e x t  l e i  us  c o n s i d e r  t h e  c a u s t i c s  f o r  
c y l i n d r i c a l l y  s y m m e t r i c  s y s t e m .  I n  o u r  c a l c u l a t i o n s ,  
we h a v e  s e e n  t w o  t y p e  o f  c a u s t i c s ,  s h o w n  s c h e m a t i c a l l y  
in Fig. 5 . 2 .
T h e  c a u s t i c  at l a r g e  p  r e p r e s e n t s  a v e r y  c o m m o n  
t y p e :  t h e  t r a j e c t o r i e s  c u r v e  b u c k  o v e r  e a c h  o t h e r ,
l e a v i n g  a b o u n d a r y  b e t w e e n  a c l a s s i c a l l y  a l l o w e d  a n d  a 
c l a s s i c a l l y  f o r b i d d e n  r e g i o n , ( T h e  f o r b i d d e n  r e g i o n  i s  
no t  e n e r g e t i c a l l y  i n a c c e s a i b l e ;  t h e  t r a j e c t o r i e s  m a y  
h a v e  e n o u g h  e n e r g y  t o  go  i n t o  t h i s  r e g i o n ,  b u t  m u c h  o f  
t h i s  e n e r g y  i s  a s s o c i a t e d  w i t h  z motion, bo t h e  
m o t i o n  i s  l i m i t e d . i  T h i s  i s  t h e  s i m p l e s t  t y p e  o f
to
c a u s t i c ,  a n d  i t  h a s  b e e n  e x t e n s i v e l y  s t u d i e d .  I t  i s
We
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Fig. 5 .2  A # c h e » a t i c  f a m i l y  of t r a j e c t o r i e s  
■ b o w i n g  the c a u a t i c  and focus.
U 2
k n o w n  a* a "f ol d " . tt ha s be en p r o v e d  that when a 
t r a j e c t o r y  p a s s e s  t h r o u g h  s u c h  a c au sti c, then the 
M a s l o v  i n d e x  i n c r e a s e s  by 1, and t h e  wave u n d e r g o e s  a
-TT f
phase I o n  of y-j
N e a r  ^  0 t h e r e  is a n o t h e r  t y p e  of s i n g u l a r
re gi o n . F or  m-0, t r a j e c t o r i e s  ran c o n v e r g e  onto the z 
a x i s  f r o B  all d i r e c t i o n s ,  f o r m n g  a kind of focus. In 
C a r t e s i a n  c o o r d i n a t e s ,  x { t J and y( t ) pass li n e ar l y  
t h r o u g h  zero; in c y l i n d r i c a l  c o o r d i n a t e s ,  ^  ( t 1 goes to 
z e r o  a nd  a n g e a  s i g n  d i s c o n t i n u o u s I y ■ It is
p o s s i b l e  to p r o v e  that thia type of focus al so  p r o du c es  
a p h a s e  l o s s  of ( A p p e n d i x  F).
If m  is not z e ro ,  the focus b e r o m e s  an o r d i n a r y  
" f o l d "  c a u s t i c ,  w i t h  the  f o r b i d d e n  region at snail ^  ,
T h e  s a m e  p h a s e  loss of T &  ia p r o d u c e d .
'2-
T h e r e f o r e ,  in the p r e s e n t  case, to c a l c u l a t e  the 
M a s l o v  i n d e x ,  we o n l y  h a v e  to count the n u m b e r  of 
c a u s t i c s  a n d  foci t h r o u g h  w h i c h  the t r a j e c t o r y  passes.
E . S u m m a r y
F or  a cyl indr i c o U y  s y m m e t r i c  system, s u p po s e the 
w a v e  f u n c t i o n  is g i v e n  on a s p h e r e  as i (0 Then
to p r o p a g a t e  this w a v e  o u t w a r d s ,  u s e  the f o l l o w i n g  
p r o c e d u r e ,
i 1 ) At e a c h  , a s s i g n  an ini tial m o m e n t u m
1 1 3
m t i
f r '  1 2 1 E - W - & ) ] 1*-
P &  —  o
< 5 - 2K )
(2) C o i p u t e  t rajert o r i e s  u s i n g H a m i l t o n ' s  e q u a t i o n s ,  
and on e a c h  t r a j e c t o r y  cinnput e a r e d u c e d  a c t i o n
(5 2 1 )
(3) C o m p u t e  J a c o b i a n
/ * Z -
^  ^  ^
I ,.r&o ^  I (5 2B)
and an a m p l i t u d e  f a c t or
/ - i r l 41 J  J  ' (5 29)
In c o m p u t i n g  the d e r i v a t i v e s  in eq , (5 28), r and
are r e g a r d e d  as f u n c t i o n s  of t a n d  £  . In eq. {5 £9) A 
is most e a s i l y  e x p r e s s e d  as a f u n c t i o n  of t a n d #D , hut 
it s h o u l d  be r e g a r d e d  as a f u n c t i o n  of r a n d  ^
(4) C a l c u l a t e  the M a s l o v  index by c o u n t i n g  the number 
of c a u s t i c s  and foci t h r o u g h  w h i c h  the t r a j e c t o r y  
pass e s .
(5 ) T h e n  the s e a i c 1 a s s i c a  1 w a v e  f u n c t i o n  ia g i v en  hy
1  U{8*) f t i -zd )  e *p [i ( - M l )  ]
(5 30 j
CHAPTER VI
T HE  F O R M U L A S  FOR A B S O R P T I O N  S P E C T R A
S i n c e  the  i n i t i a l  i n t r o d u c t i o n  of o u r  p h y s i c a l  
i d e a s  a b o u t  t h e i o n i z a t i o n  p r o c e s s e s  of a t o s i  in a 
s t r o n g  m a g n e t i c  f i e l d ,  a a n y  p a g e s  h a v e  b e e n  s p e n t  j us t  
to p r e p a r e  th e m a t h e m a t i c a l  t o o l s  so t h a t  w e  c a n  
d e s c r i b e  the  p r o c e s s e s  in a t o r e  p r e c i s e  way. By 
d e r i v i n g  f o r a u l a s  r e l a t e d  to t h e  p r o c e s s e s ,  w e  s h o u l d  
b e  a b l e  to s a k e  c o m p a r i s o n s  b e t w e e n  t h e o r e t i c a l  r e s u l t s  
a n d  e x p e r i m e n t a l  m e a s u r e m e n t s .  T h i s  c o n s t i t u t e s  the 
m a j o r  p a r t  of the t h e o r y .
W h e n  I d e r i v e  t h e  f o r m u l a  for t he  s p e c t r a  in a 
m o m e n t  I s h a l l  a s s u m e  that t h e  s u m m a r i e s  a r e  w e l l  
u n d e r s t o o d .  A l m o s t  e v e r y t h i n g  that is n e e d e d  f o r  t h i s  
c h a p t e r  is c o n t a i n e d  in the s u m m a r i e s  of C h a p t e r  III,
IV an d  V.
In t h e  f o l l o w i n g ,  I w i l l  fir s t  r e c a l l  o ur  p h y s i c a l  
p i c t u r e  o f  the  i o n i z a t i o n  p r o c e s s e s ,  a n d  t h e n  c o n s t r u c t  
t h e  G r e e n ' s  f u n c t i o n  f r o m  th e c l o s e d  o r b i t s  o f  the  
s y s t e m .  F r o m  t he  G r e e n ’s f u n c t i o n ,  I s h e l l  d e r i v e  t h e  
o s c i l l a t o r y  f o r m u l a  fo r  t h e  s p e c t r a  w h i c h  w e  h a v e  b e e n  
s e e k i n g -  G e n e r a l  d i s c u s s i o n s  of t h i s  f o r m u l a  a r e  g i v e n  
a f t e r w a r d s .  T h e  f o r m u l a  w i l l  be i l l u s t r a t e d  w i t h  
c o m p u t a t i o n s  in th e  n e x t  c h a p t e r .
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A. The Physical Picture of the Ionization Processes
Let u s r e c a l l  t h e  p h y s i c a l  p i c t u r e  o f the 
i o n i z a t i o n  p r o c e n e i  for a t o a s  in a s t r o n g  m a g n e t i c  
f i e l d ,  w h i c h  1 h a v e  g i v e n  e a r l i e r  end w h i c h  h a*  g u i d e d  
us t h r o u g h  all the m a t h e s a t i c a -
W h e n  a l a se r  is a p p l i e d  to an a to m  in a m a g n e t i c  
f i e l d ,  t h e  a t o a  a a y  a b s o r b  a pho ton . W h e n  the a t o a  
a b s o r b s  a p h o t o n ,  t h e  e l e c t r o n  g o e s  into a n e a r - z e r o  
e n e r g y  C o u l o m b  o u t g o i n g  w a v e f w e  a r e  c o n s i d e r i n g  
i o n i z a t i o n  n e a r  t h r e s h o l d  ). T h i s  w a v e  th en  
p r o p a g a t e s  a w a y  f r o m  the n u c l e u s  to l a r g e  d i s t a n c e s .
At l a r g e  d i a t a n c e s ( not too c l o s e  to t he  n u c l e u s )  t h e  
w a v e  p r o p a g a t e s  a c c o r d i n g  to s e a i c 1 a s s i c a 1 m e c h a n i c s ,  
a n d  t h e y  a r e  c o r r e l a t e d  w i t h  c l a s s i c a l  t r a j e c t o r i e s .
T h e  w a v e  f r o n t s  a re  p e r p e n d i c u l a r  to t h e  t r a j e c t o r i e s  
a n d  th e  w a v e s  p r o p a g a t e  a l o n g  t he  t r a j e c t o r i e s .
E v e n t u a l l y  the  t r a j e c t o r i e s  a n d the w a v e  f r o n t s  are 
t u r n e d  b a c k  by  the m a g n e t i c  field; s om e  of the o r b i t s  
r e t u r n  to t h e v i c i n i t y  of t h e n u c l e u s ,  a n d  the 
a s s o c i a t e d  w a v e a ( n o w  in c o m i n g )  i n t e r f e r e  w i t h  th e 
o u t g o i n g  w a v e s  to p r o d u c e  the o b s e r v e d  o s c i l l a t i o n s  In 
t h e  a b s o r p t i o n  s p e c t r u m .
B- T h e  G r e e n ’s F u n c t i o n  in the P r e s e n c e  o f  a M a g n e t i c  
F i e l d
Let us b e g i n  b y  r e c a l l i n g  f o r m u l a  (3 23), w h i c h
r e l a t e s  the o s c i l l a t o r  s t r e n g t h  d e n s i t y  th e
G r e e n ’ f u n c t i o n
I j r ( f r ) -- -
7r A 4
M e r e  the  G r e e n ’s f u n c t i o n  is m u l t i p l i e d  b y  the
i n i t i a l  s t a t e  Vj ti me s th e  d i p o l e  o p e r a t o r  J }  a n d  
i n t e g r a t e d .  S i n c e  the i n i t i a l  s t a t e  is l o c a l i z e d  a r o u n d  
t he  n u c l e u s ,  it f o l l o w s  th at  w e  n e e d  o n l y  for
—J j
a n d  7 "' b ot h s a a l l .
T h e  o u t g o i n g  G r e e n ’s f u n c t i o n  n e a r  t h e  i o n i z a t i o n
t h r e s h o l d  f o r  a C o u l o m b  p o t e n t i a l  w a s  f o u n d  in
e q . ( d - l S ) .  T h e  f ul l G r e e n ’s f u n c t i o n  in t h e  c o m b i n e d
f i e l d s  can b e  c o n s t r u c t e d  w i t h  the h e l p  o f  Gfc.
Let us w r i t e  the full G r e e n ' s  f u n c t i o n  as t h e
o u t g o i n g  C o u l o m b  G r e e n ' s  f u n c t i o n  p l u s  an a d d i t i o n a l  
^ -f-
f u n c t i o n  *
^'^Tct^ce (6-1)
T h e  p h y s i c a l  m e a n i n g  o f  (7 c o m e s  f r o m  t h e  
f o l l o w i n g  c o n s i d e r a t i o n s .
In the s e m i c 1 a s s i c a 1 a p p r o x i m a t i o n ,  th e  G r e e n ’s 
f u n c t i o n  ia c o r r e l a t e d  w i t h  t r a j e c t o r i e s (s u c h  t h a t  e a c h  
t r a j e c t o r y  o f  e n e r g y  E g o i n g  f r o m  7“ y to 7 ^ g i v e s  a 
c o n t r i b u t i o n  l i k e  to £7 ^  ' T / ' T * )  5,
(7 c V ^ f ^ r e P r e 8 e n t s  the a m p l i t u d e  for f i n d i n g  the
_i — 1,
e l e c t r o n  at "J~ , a s s u m i n g  t h a t  it s t a r t e d  f r o m  JJ ~ /  a n d
p r o p a g a t e d  o n  t h e  m o at  d i r e c t  p a t h  to 7" S i n c e  ^  a n d
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' y i  a r e  b o t h  s m a l l ,  in t h i s  e s s e  t h e  e l e c t r o n  f o e s  f r o m  7"/ 
to y  w i t h o u t  e v e r  g o i n g  far f r o m  t h e  n u c l e u s .  T h e
— * _ i
p r o p a g a t i o n  t i m e  f r o m  T ! to J r  c a n  t h e r e f o r e  be n o  m o r e  
t h a n  a few  a t o m i c  u n i t s  o f  time. In c o n t r a s t ,  
r e p r e s e n t s  c o n t r i b u t i o n s  to in w h i c h  t h e e l e c t r o n
t r a v e l s  far f r o m  the n u c l e u s ,  a nd  t h e n  is r e t u r n e d  
h a c k .  T h e  p r o p a g a t i o n  t i n e  o n  s u c h  a p a t h  is a b o u t  1 0 s 
a t o m i c  t i m e  u n i t s  w h e n  the  m a g n e t i c  f i e l d  is s few  
T e s l a .  T he  c l e a r  s e p a r a t i o n  of t i n e  s c a l e s  for  t h e s e  
t wo  p r o c e s s e s  p r o v i d e s  a c l e a r  d i s t i n c t i o n  b e t w e e n  ( y c  
a n d  -
W e  s h a l l  n o w  c o n s t r u c t  J ^or ^ c l o s e  to
z er o.
1. G r e e n ’s F u n c t i o n  a n d C l o s e d  orbiti
F o r  c o n v e n i e n c e  we w r i t e  in eq . (4- 15) h e r e .
(6 2a)r£ , ( W ) % ( K 7 > )  rejm
- i T r i  ( 6 _ 2 b )
if r r 7
A c a r e f u l  s w a m i n a t i o n  o f  s h o w s  that it
r e p r e s e n t s  an o u t g o i n g  wa ve . To s e e  this, c o n s i d e r  the 
p r i m e  v a r i a b l e s  as r e p r e s e n t i n g  t he  p o s i t i o n  o f  t h e  
s o u r c e  of w a v e s ( c l o s e  to t h e  n u c l e u s ) .  T h e n  for l a r g e  
d i s t a n c e s  r, w e  u s e  the a s y m p t o t i c  f o r m  of
(6-3)
W e  t h e n  o b t a i n  t h e  a a y a p t o t i c  f o r a  f o r  /C^
l£  Y £ (* '4 t) £ / & #  e m * * ]
(6-4)
Eq, (6 4) t e l l s  us that is o u t g o i n g .  T he  a b o v e
o u t g o i n g  w a v e  can a l s o  be r e g a r d e d  as a s u p e r p o s i t i o n  
o f  c y l i n d r i c a l  o u t g o i n g  w a v e s ,
o f  t h e  M a g n e t i c  field. W e  n o w  w i s h  to c o n t i n u e  t h i s  
w a v e  into t h e  r e g i o n  w h e r e  B c a n n o t  b e  n e g l e c t e d .
To do  this, th e  s p a c e  is d i v i d e d  i n t o  tw o  re gi o n s:  
t h e  i n n e r  r e g i o n  r<n>, a nd  t h e  o u t e r  r e g i o n ,  r>r&, 
w h e r e  rb is a r a d i u s  la r ge  e n o u g h  t h a t  the  
s e a i c l B B t i c a l  a p p r o x i m a t i o n  is v a l i d  h u t s m a l l  e n o u g h
(6-5*)
m
T h i s  G r e e n ' s  f u n c t i o n not i n c l u d e  t h e e f f e c t *
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that the d i a m a g n e t i c  t e r m  c an  b e  n e g l e c t e d .  A* was 
s h o w n  in C h a p t e r  IV, for B A / t  f e w  Teal s, a n y  d i s t a n c e
b e t w e e n  30 and  lOOao is a c c e p t e d  (we took r u = 5 0 ) .  F o r
-j
f  on this sp h er e ,  w i t h  ¥ '  w i t h i n  t h e  d o m a i n  o f  t h e i n i t i a l  
s tat e ( y { < 4  Bo ] , g i v e n  b y  e q . ( 6 - S ) .  W e  m a y  n o w
r e g a r d  e a c h  c y l i n d r i c a l  c o m p o n e n t  U f t C P j T Z j  
( w i t h  fixed) as an " i n i t i a l  w a v e "  on t he  s u r f a c e
r rt ; the s e s i c l a a i i c a l  m e t h o d  d e s c r i b e d  in C h a p t e r  V
is a p r o c e d u r e  for p r o p a g a t i n g  t h i s  w a v e  o u t w a r d .
The w a v e  will go o u t w a r d  i n i t i a l l y ,  a n d  l a t e r  t h e
m a g n e t i c  f i e l d  w i l l  t u r n  the w a v e  back. S i n c e  the
o B c i 1 lator s t r e n g t h  d e n s i t y  i n v o l v e s  the o v e r l a p  of 
this wave w i t h  the i n i t i a l  s t a t e  l o c a l i z e d  a r o u n d  the
n u c l e u s ,  n o n - z e r o  c o n t r i b u t i o n  to t he  s p e c t r u m  w i l l 
c o m e  oniy if th e w a v e s  r e t u r n  to the  v i c i n i t y  of the  
n u c l e u s .  As we said, t h e w a v e s  t r a v e l  a l o n g  c l a s s i c a l  
t r a j e c t o r i e s .  T o  h a v e  w a v e s  r e t u r n  to the n u c l e u s ,  
t h e r e  must be t r a j e c t o r i e s  c o n e  b a c k  to t h e  n u c l e u s .
We f u r t h e r  a r g u e  that if a f a m i l y  o f  t r a j e c t o r i e s  
r e t u r n s  to the v i c i n i t y  of the  n u c l e u s ,  t h e n  (f or  m - 0 )  
t h e r e  will be a t r a j e c t o r y  in t h e  c e n t e r  of t he  f a m i l y  
that cornea e x a c t l y  b a c k  to the n u c l e u s .  S i m i l a r l y  if 
t h e r e  is a c l o s e d  o r b i t  c o n i n g  b a c k  e x a c t l y  to the 
n u c l e u s ,  then t h e r e  is a f a m i l y  o f  n e a r b y  o r b i t a  t h a t  
c o n e  cl os e the n u c l e u s .  T h u s  we s e e  the c l o s e  
c o n n e c t i o n  b e t w e e n  c l o s e d  o r b i t a  g o i n g  f r o m  th e  n u c l e u s  
to the n u c l e u s  and  the s p e c t r u m .
(For ■ ^ 0, no c l a s s i c a l  o r b i t  p a s s e s  t h r o u g h  the
n u c l e u s ;  h o w e v e r  f o r  e v e r y  f a a i l y  o f  o r b i t a  that b e g i n *  
an d e n d *  In the v i c i n i t y  of the n u c l e u s ,  we ca n  select 
a p a r t i c u l a r  o r bi t  w h i c h  c o a e i  c l o s e s t  to the n u c l e u s .  
T h o s e o r b i t s  p l a y  t h e e as e  r o l e  for a d ^ O  as do the 
c l o s e d  o r b i t a  w h e n  a rQ. For c o n v e n i e n c e ,  we shall  a l s o  
re fer t h es e  c e n t r a l  o r b i t s  as c l o s e d  o r b i t s . )
N ex t  I shal l d e s c r i b e  t h is  c o n n e c t i o n  q u a n t i t a t i v e
2. C o n t r i b u t i o n  f r o s  B ac h  C l o s e d  O r b it  to the G r e e n ’s 
F u n c t i o n
Let He r e i t e r a t e  the a b o v e  ideas as f o l l o w s .  For  
a g i v e n  a a g n e t i c  q u a n t u a  n u a b e r  a, s u p p o s e  a c l o s e d  
orbit g o i n g  out w i t h  i n i t i a l  p o l a r  a n g l e  (9^  a n d
t r a j e c t o r i e s  a r e c o a p u t e d ,  a f a a i l y  of t r a j e c t o r i e s ,  
for w h i c h  the c l o s e d  on e  is in the cen t e r,  will be 
found. If the c y l i n d r i c a l  w a v e  in (6-5 a)  is c o n s i d e r e d  
as the i n i t i a l  w a v e  on the s u r f a c e  r-rt> , then t h e w a v e  
a s s o c i a t e d  w i t h  th i s  f a a i l y  of t r a j e c t o r i e s  can be 
found  b y  u s i n g  the s e a i c 1 a s s i c a l  net hod of p r o p a g a t i o n  
a l o n g  the t r a j e c t o r i e s .  As th e w a v e  p r o p a g a t e *  
f o l l o w i n g  the t r a j e c t o r i e s ,  it will later co l e  b a c h  
c l o s e  to the  n u c l e u s .
To c o i p u t e  t h e o s c i l l a t o r  s t r e n g t h  d e n s i t y ,  the 
r e s u l t i n g  wave, in t he  v i c i n i t y  of the n u c l e u s ,  aust be
r e t u r n i n g  w i t h  final a n g l e Q p *  is k n o w n l s e e  Fig. 6.1) 
Now if the in iti al  p o l a r  a n g l e  is v a r i e d  a r o u n d  an d
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Fig. 6 . 1  If a c l o s e d  o r b i t  c o a e a  b a c k  to t h e  c i r c l e  
rb i th an  t h e  n e i g h b o r i n g  t r a j e c t o r i e s  and t h e  a a s o c i a t e d  
cavern c o s e  b a c k  to the v i c i n i t y  of  the n u c l e u a .
c a l c u l a t e d ,  for t h e o v e r l a p  o f  t h i s  w a v e  w i t h  the 
i n i t ia l  l o c a l i s e d  s t a t e  f i v e s  t h e  o s c i l l a t o r  s t r e n g t h  
d e n s i t y .  But on the  o t h e r  ha n d,  w e  k n o w  t hat  the 
i t s i c 1 a s s i c a 1 s e t h o d  w i l l  b r e a k  d o w n  if t h e  w a v e  is 
p r o p a g a t e d  too c l o s e  to the n u c l e u s .  T h e r e f o r e  we 
shall i n s t e a d  f i n d  a p a r t i a l - w a v e  e x p a n s i o n  f o r m u l a  for 
the r e t u r n i n g  w a v e  c l o s e  to t h e  n u c l e u s  f r o s  the  
i n c o s i n g  ■ e a i c 1 a s s i c a  1 w a v e  at s o d e r a t e  d i s t a n c e .
a m p l i t u d e  f a c t o r  and  a c t i o n  in t he  ■ e a i c 1 a s s i c a 1 
p r o p a g a t i o n  f o r m u l i s m  for t h e  c l o s e d  o r b i t  f r o s  i n i t i a l
index on th e e a s e  o r b i t .  T h e n  t h e  r e t u r n i n g  w a v e  in
Me n o w  s a k e  o u r laat a p p r o x i m a t i o n .  Me a s s u m e  that the 
r e t u r n i n g  w a v e  in (6^6) is a p p r o x i m a t e l y  a c y l i n d r i c a l  
C o u l o m b  w a v e  of t he  t y p e  d e s c r i b e d  in s e c t i o n  IV. C . 3, 
and g i v e n  q u a n t i t a t i v e l y  by eq. (4-40). In t h is
a p p r o x i m a t i o n ,  e q . { 6 - 6 )  is e q u a l  to a c o n s t a n t  t i m e s  
e q . { 4 40). T h i s  c o n s t a n t  c an  be f o u n d  b y  e v a l u a t i n g  
b o t h  f o r m u l a s  at t h e  c h o s e n  r a d i u s  . T h e  s a m e
A  W ,  rt j fc" n ‘J C  tf'j
a n g l e  on a s p h e r e  w i t h  r a d i u s  " T ^ t o  a f i na l  a n g l e  
on a s p h e r e  T /  , an d I * * t he  M a s l o v
on t h e s p h e r e  ia
(6-6 )
c o n a t a o t  M u l t i p l i e s  t h e  p a r t i a l - w a v e  e x p a n s i o n  (4- 3 9 ),  
g i v i n g  t h e  p a r t i a l  w a v e  e x p a n s i o n  of t he  r e t u r n i n g  
w a v e  c l o s e  to the n u c l e u s ,
a n d
% ,  V g . i B , * ) ( , . T „
JL- J T
a f j » —  w l  2 i  ( n 0 *  ■ t o ( e l ] *  e  jS^ r y £ (6 g o )
^ ( i 5 ^  j r {)
(6-7b )
It is h a r d  to s e e  h o w  a c c u r a t e  t he  a p p r o x i a a t 1 on 
is w h e n  (6 7) is d e r i v e d  in t h i s  w a y .  W e  c a n  o n l y  
J u d g e  that t he  p r o c e d u r e  is r e a s o n a b l e  on p h y s i c a l  
g r o u n d .  O f  course, w e  w o u l d  l i k e  t o  h a v e  a b e t t e r  
e s t i m a t e  o f  e r r o r  for  s u c h  a p p r o x i a a t i o n . In A p p e n d i x  
G, I s h a l l  s h o w  t h a t  t h i s  a p p r o x i m a t i o n  is a c c u r a t e  to  
a b o u t  t h r e e  p e r c e n t .
In t h e  a b o v e  d e r i v a t i o n ,  t h e  s e n i c 1a s a i c a I  w a v e  in 
th e  o u t e r  r e g i o n  is j o i n e d  to a C o u l o m b  w a v e  in the 
i n n e r  r e g i o n ;  the J o i n i n g  r a d i i  a r e  '^’'for th e  o u t g o i n g
in A p p e n d i x  H. It is s h o w n  t h e r e  t ha t w i t h i n  the 
a p p r o x i a a t i o n s  M a d e ,  as long as t h e s e  t w o  r a d i i  are
th e r e t u r n i n g  w a v e .  A q u e s t i o n
n a t u r a l l y  a r i s e s ;  w i l l  t he  r e s u l t  b e  t h e  s a m e  w h e n  77*
a
a n d  7^/are changed"? T h i s  q u e s t i o n  is s t u d i e d  in d e t a i l
• ■ n i l  e n o u g h  t h a t  the M a g n e t i c  f i e l d  ia n e g l i b l a  a n d  
l a r g e  e n o u g h  th at the ic 1 a a e i c a 1 a p p r o x i m a t i o n  a n d
t he  a s y m p t o t i c  f o r a  of X # #  and H f f y j  c a n  be  u a e d ,  t h e  
r e s u l t  w i l l  b e  i n d e p e n d e n t  of  the v a l u e s  of a n d 7 ^  .
H e n c e  the t h e o r y  ie i n t e r n a l l y  c o n s i s t e n t *  T h e  r e s u l t  
in A p p e n d i x  G s h o w  that t he  a p p r o x i a a t i o n  of  the 
r e t u r n i n g  w a v e  b y  a C o u l o m b  w a v e  is a c c u r a t e  to  a b o u t  
3%, and n u m e r i c a l  t e s t s  s h o w  that the  c o e f f i c i e n t s  
v e r y  by a f e w  p e r c e n t  w h e n  the  j o i n i n g  r a d i u s  is v a r i e d  
b e t w e e n  3 0  a n d  lOOao. B e c a u s e  of t h is,  f r o s  n o w  on, w e  
c a n  let (=50ao^, n o  the f o r m u l a s  ca n  be
s i m p l i f i e d  s o m e w h a t .
3, T he  G r e e n ' s  F u n d i o n - - C o n t r t b u t i o n e  f r o m  A l l C l o s e d  
O rb  i t ■
Let ( J T ) label the c l o s e d  o r b i t  in the
s u b s p a c e  o f  a f i x e d  m a g n e t i c  q u a n t u m  n u m b e r  m, and
1 et 75), spfr tffv n) n)
b e  the a m p l i t u d e  fa ct or,  a c t i o n  a n d  M a s l o v  i n d e x  f o r  
t h e  c l o s e d  o r b i t  from t h e  i n i t i a l  s p h e r e  J ^ w i t h  i n i t i a l  
a n g l e  t h e  final s p h e r e  w i t h  f i n a l  a n g l e  1
E a c h  r e t u r n i n g  orbit p r o d u c e s  a c o n t r i b u t i o n  t o  t h e  
G r e e n ’s f u n c t i o n  g i v e n  by  (6-7), a n d  t h e  G r e e n ’s 
f u n c t i o n  is t h e  sum of  c o n t r i b u t i o n s  f r o m  e a c h  s u c h  
o r b i t .  U s i n g  the e x p r e s s i o n  for t he  i n i t i a l  w a v e  in 
( 6 - 5 b )  a n d s u m m i n g  i n (6 6) o v e r  all m ' s  a n d  o v e r
all c l o s e d  o r b i t a  Kb for e a c h  a, w e  t h e n  o b t a i n  th e 
r e t u r n i n g  p a r t  of t h e  G r e e n 1* f u n c t i o n  in t h e  i n n e r  
regi on
C l e a r l y  w e h a v e  e x p r e s s e d  t he  M a g n e t i c  f i e l d  d e p e n d e n t  
part o f  t he  G r e e n ' s  f u n c t i o h  in t e r s e  o f  t h e  p r o p e r t i e s  
of all the c l o s e d  o r b i t s  f o i n g  f r o s  t h e n u c l e u s  a n d
r e t u r n i n g  b e c k  to t h e  n u c l e u s ,  F r o s  (6 -8 ) it is a l s o
c l e a r  t h a t  d i f f e r e n t  s ’s are  not  c o n n e c t e d ,  t h e y  a r e  
s e r e l y  s u s s e d  up. T h e  c o n t r i b u t i o n  f r o s  o n e  s d o e s  not
a f f e c t  in an y  w a y  t h e  c o n t r i b u t i o n  f r o s
d i f f e r e n t  ■. T h i s  fact is c o n s i s t e n t  w i t h  t h e  f a c t  
that t h e  M a g n e t i c  q u a r t  us n u s b e r  s is c o n s e r v e d  in t h i s  
ays t e a ,
T h e  G r e e n ’s f u n c t i o n  c a l c u l a t e d  a b o v e ,  
r e p r e s e n t s  the G r e e n ’s f u n c t i o n  for 7 - a n d  J - f  in t h e
j
2 > n  J T T
w h e r e
} h  n k
V, m ^  ° )  0 )
e - i } r e i>J5% nK v ]
(6 - B b )
1 2 6
i n n e r  r e g i o n  on ly . C o n s t r u c t i n g  ft G r e e n 1* f u n c t i o n  for
a r b i t r a r y  v a l u e *  of ~ f a n d  M o u l d  i n v o l v e  s u c h  t o r e
w o r k -  H o w e v e r ,  o u r  G r e e n 1* f u n c t i o n  M i l l  b e  
■ u l t i p l i e d  b y  a n d  i n t e g r a t e d  w i t h  t h e  i n i t i a l  i t n t e ,  *o 
o n l y  i t a  v a l u e  in the i n n e r  r e g i o n  1* n e e d e d -
A c o u p l e t e  G r e e n ' *  f u n c t i o n  ia t y i a e t r i c  in the 
tw o  a r g u a e n t s ' T '  a n d  c e r t a i n l y
s y a a e t  r i c  in ^  a n d  J  / . In d e r i v i n g  ( j T j J ' )  * we h a v e
r e g a r d e d  as the  s o u r c e  p o i n t  a n d  y  t h e f i e l d  poi n t .
Is the r e s u l t  o b t a i n e d  in t h i s  w a y  s y a a e t r i c ?  T h e  
a n s w e r  ia ye*. O n l y  a l i t t l e  t h o u g h t  ia n e c e s s a r y  to
X -f-  ^ _j
p r o v e  t h a t  ia a y a a e t r i c .  In f ac t w h e n  ' T  a n d ^ a r e
e x c h a n g e d  in ( 6 - 8 ) ,  we f i n d  o n l y  th at  ^ ^ i i n d  n ee d
to b e  e x c h a n g e d  to a a k e  s y a n e t r i c .  T h i s  is c e r t a i n l y
not a p r o b l e a .  Just r e a e a b e r  that s i n c e  a l l the c l o s e d  
o r b i t s  a r e  i n c l u d e d  in ( 6 - 8 ) ,  a n d  in c l a s s i c a l  
a e c h a n i c *  for e a c h  o r b i t  t h e r e  w i l l  b e  a t i n e  r e v e r s e d  
o r b i t ,  w h i c h  is e q u a v l e n t  to e x c h a n g  i ng (J?£^aiid 
f r a *  t h e  r e l a t i o n s h i p  b e t w e e n  a c l o s e d  o r b i t  and ita 
t i a e  r e v e r s e d  o r b i t ,  w e  c o n c l u d e  £ f c g  1 8 a y a a e t r i c .
C. A n  O s c i l l a t o r y  O s c i l l a t o r  S t r e n g t h  D e n s i t y  F o r a u l e
U s i n g  the  G r e e n ' s  f u n c t i o n  in (6- 1) , w e  c an  e a s i l y  
c o i p u t e  t h e  o s c i l l a t o r  s t r e n g t h  d e n s i t y  f r o n  the 
f o r a u l a  (3 23).
W e  no w  s h o w  th at  the o s c i l l a t o r  s t r e n g t h  d e n s i t y
is g i v e n  b y  ■ n o o t h  ' b a c k g r o u n d "  p l u a  a s u a
of o s c i i l l e t o r y  t v r a a , e a c h  of w h i c h  is a s s o c i a t e d  w i t h  
a c l o s e d  o r b i t  j C ^  in the ■ s u b s p a c e :
(6-9)
The a e s n i n g  of  all of  t h e s e  q u a n t i t i e s  w i l l  b e  
d i s c u s s e d  a f t e r  the d e r i v a t i o n .
As s u a e  the i n i t i a l  s t a t e  is a H y d r o g e n i c  
e i g e n f u n c t i o n ,
V i  - R p n i j )
( 6 - 1 0 )
A g e n e r a l  d i p o l e  o p e r a t o r  c a n  be  w r i t t e n  in t h e  f o r a
a+ix-tiy) a-tz-iy) +
( 6 - 1 1 )
w h e r e  d *  , ((' a nd  (1° a r e  c o n s t a n t s  r e l a t e d  to the  
p o l a r i z a t i o n  of t h e  r a d i a t i o n  f i e l d .
U s i n g  the  r e l a t i o n  on s p h e r i c a l  h a r a o n i c s (s e e  
A p p e n d i x  fl), w e  c a n  w r i t e
7 > i i  =  r £ y f ( r ) <
(a+f v' _ /7Zy
l  ~ T ( J iy j ( ie ^ )  j
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(6 - 1 2 )
i t
e x p r e s s i o n ,  e n d  w r i t e  V^V^. as
For c o n v e n i e n c e ,  let b / L  d e n o t e  t h e c o e f f i c i e n t s  Id thli
£-Jf\
# i - t £  lL fc .1[ f j  ^  ^  ,  - (6-13)
N o w  w e  c a l c u l a t e  \  }
p u t t i n g  eq- (6-1 3) t o g e t h e r  w i t h  t h e  f o r a u l a  (4- 16)  for 
a n d  (6 - 8 ) f o r (7 ^  .
ia t he  c o n t r i b u t i o n  f r o a  t h e  d i r e c t  p a r t  of 
the G r e e n ' s  f u n c t i o n  . T h a t  is
. *  0 =  -  J "  < w ^ ! M t >  (6_ M }
At z e r o  e n e r g y
» ^ - ^ z  i c  & ( ’ * > ' > ! *
x  m  ’
( 6- 1 5 )
w h e r e
G l C n j ;  # ) =  f ° % s j r )  A 1 ' * .  iJF l \  r i j r
f rJ y  (6-16)
As In e q . ( 6 - 1 0 )  t h e  l a b e l s  n 1 i d e n t i f y  the  i n i t i a l  
s t a t e ,  a n d  1 ’ is t h a t  set of l a  t h a t  a r e  c o n n e c t e d  to 
t he  i n i t i a l  s t a t e  by t he  d i p o l e  o p e r a t o r ,  as in (6- 13 ).
S i a i l e r l y ,  t h e  i n d i r e c t  c o n t r i b u t i o n ,  f r o a  > ii
3f 0 ) .  _  < i k j ^  / 2 f k >
1 2 9
(6-17)
F r o a  eqi, (6-19) a n d  ( 6 - 8 ), s t r e i g h t f o r w a r d  a l g e b r a  
g i v e s
* * > - Z  4 | - ^ C C t
( 6 1 8 )
M e  d e f i n e  t he  q u a n t i t y  in c u r l y  b r a c k e t s  j J to be
A f n  K f t , ^  r * al posi ti ve.  T h e n  eq.
(6-9) f o l l o w s  i e i e d l a t e l y ,
As in eq. ( 6  15), t h e t u a  over a, 1] la 
in ( 6  18) i n c l u d e s  t h o s e  v a l u e s  that are c o n n e c t e d  to
t he  i n i t i a l  s t a t e  by the d i p o l e  ope rat or , K / y , labels
t he  c l o s e d  o r b i t s  in t he  m s u b s p a c e .
Let  us n o w  d i s c u s s  the a e a n i n g  of this e q u a t i o n
a n d  a o i e  of  the  a p p r o x i s a t i o n a .
W h e n  w e  w r i t e  t h e  G r e e n ' s  f u n c t i o n  ( f we
d e r i v e d  an e x p l i c i t  f o r m  f o r  o n l y  at z er o energy.
H o w e v e r  w h e n  the e n e r g y  is c l o s e  to zero, the  ze r o  
e n e r g y  G t  c a n s t i l l  be us ed , That is to say, -the
d i r e c t  p a r t  of t he  G r e e n ’s f u n c t i o n  d e p e n d s  on the 
e n e r g y  w e a k l y .  O n  t h e  o t h e r  hand, (7^  d e p en d s on the 
e n e r g y  v e r y  s t r o n g l y .  As a c o n s e q u e n c e  of t h es e  two 
d i f f e r e n t  d e p e n d e n c e s  on e n e r g y ,  the s p e c t r a will have 
t wo  v e r y  d i f f e r e n t  t y p e  of c o n t r i b u t i o n s .
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H o w  w i l l  c h a n g e  if the  e n e r g y  E ia c h a n g e d ?
To find the a n s w e r  to th ia  q u e s t i o n ,  w e  u se  t h e  f o r a u l a  
(6-8) for e x p r e a s e d  in t e r n  of t h e  c o n t r i b u t i o n *
fron all the  c l o a e d  o r b i t *.  An e q u i v a l e n t  q u e i t i o n  
w o u l d  o b v i o u s l y  be; h ow  w i l l  c h a n g e  w h e n  the
e n e r g y  E la c h a n g e d ?  N o w  i* r e l a t e d  to a c l o a e d
orbit, and  a c l o a e d  o r b it  i* a l a o  r e l a t e d  to an 
p r o p a g a t i o n  of w a v e s  a l o n g  the c l o a e d  orbit. Let ue 
c h a n g e  the e n e r g y  s l o w l y  a n d  a e e  h o w  e a c h  c l o a e d  o r b i t  
and th e w a v e  a s s o c i a t e d  w i t h  it c h a ng e . G e n e r a l l y  tba 
in itial a n d  final a n g l e  / Q * ‘ ^ d e p e n d  on the 
e n e r gy ,  ao e a c h  c l o a e d  o r b i t  w i l l  c h a n g e  to a n e a r b y  
c l o s e d  or b it . T h i a  c h a n g e  o f  p a t h  w i l l  a l a o  i n t r o d u c e  
a a a a ll  c h a n g e  in t h e  a m p l i t u d e  fa c to r  n) -
T he  M a s l o v  index it a t o p o l o g i c a l  p r o p e r t y  of t h e  o r b i t  
and it w i l l  not c h a n g e  for a l i t t l e  c h a n g e  of ene r gy .
C o a p a r e d  to the a b o v e  r e l a t i v e l y  w e a k  d e p e n d e n c e  on 
e n e rg y ,  the a c t i o n  S ^ a l o n g  a c l o a e d  o r bi t  c h a n g e s  v e r y  
ra pid ly . In A p p e n d i x  I, it is p r o v e d  that the a c t i o n  
a l o n g  a c l o s e d  o r b i t  s a t i s f i e s
(6-19)
w h e r e  T(E) ia the t i a e  to go a l o n g  t h e c l o s e d  orbit.
We can t h e r e f o r e  w r i t e  t he  o s c i l l a t o r  s t r e n g t h  d e n s i t y  
a r o u n d  &~0 as
s ^ i j o£ x ^ je A
(6 - 20 )
1 3 1
S i n c e  * re n e a r l y  c o m t s n t  o v e r  a
• ■ a l l  r a n e e  o f  e n e r g y ,  w e  h a v e
( 6 - 2 1)
N o w  we c l e a r l y  * e e  that t h e  a p e c t r u n  In < 6 - 2 1 )  ia
a s s o o t h  b a c k g r o u n d  a n d a a u p e r p o a i t i o n  of o i c i 1 l a t o r y
t e r a t .  T h e  b a c k g r o u n d  ia f r o m  , the  d i r e c t
c o n t r i b u t i o n  to t h e  e p e c t r u a .  T h i a  b a c k g r o u n d  ia
t he  a a a e  aa if t h e r e  w e r e  no w a g n e t i c  field . O n  t h e  
o t h e r  h a n d ,  t h e  o a c i l l a t o r y  t e r a a  are  i n d i r e c t  
c o n t r i b u t i o n !  to the  e p e c t r u a .  T h e y  a r e  t he  r e a u l t a  o f  
t he  c o - e x i s t e n c e  of C o u l o i b  a n d  a a g n e t i c  f i e l d s .  B a c h  
t e r a  r e p r e s e n t s  the a m p l i t u d e  for t h e e l e c t r o n  
b e i n g  e n i t t e d  f r o i  i n i t i a l  s t a t e  n e a r  the n u c l e u s ,  
a n d  b e i n g  r e t u r n e d  at t iie ~7L ^  l a t e r  n e a r  the 
n u c l e u s  by t he  f i e l d s .
T h e  s p e c t r a  f o r a u l a a  in (6-9) , ( 6 - 2 0 )  an d ( 6 - 2 1 )
s a y  be a s u r p r i s i n g  r e s u l t  at f ir st g l a n c e .  But if we
r e c a l l  o u r  p h y s i c a l  p i c t u r e ,  w e  wi ll  s e e  that t h e s e  
f o r a u l a a  a r e  t h e  n a t u r a l  c o n s e q u e n c e s  of it. To stake 
t h i a  p o i n t  c l e a r ,  in fig. 6 . 2  T s h o w  a c h e a a t i c a 1 1 y h o w  
a w a v e  a s s o c i a t e d  w i t h  a c l o s e d  o r b i t  i n d u c e s
o s c i l l a t i o n  in e n e r g y .  A e n d  B r e p r e s e n t  the n u c l e u s
( t h e y  s h o u l d  b e  at o n e  p o s i t i o n ,  but f o r  c l a r i t y ,  t h e y  
a r e  s e p a r a t e d ) .  W a v e s  r i d i n g  a l o n g  a c l o s e d  o r b i t  f r o s  
A to B at v a r i o u s  e n e r g i e s  a r e  d r a w n .  N ow  t h e  p h a s e  of 
t he  w a v e  at A is f i x e d .  B e c a u s e  t h e p a t h  of t h e o r b i t  
( w h i c h  is t h e p a t h  f o l l o w e d  b y  t h e  w a v e )  a nd  t he  w a v e
132
















































































































l e n g t h  c h a n g e  in a cont inuo ni  w a y  ■■ the e n e r g y  c h a ng e s,  
t h e  p h a s e  at i c h a n g e s  in a c o n t i n u o u s  way too. If we 
look at the a a g r i t u d e  of the  w a v e ( i e a g i n a r y  part of a
g et  a f i g u r e  l i k e  t h e  one on the rig ht.  The M a g n i t u d e  
at B aa a f u n c t i o n  of e n e r g y  o s c i l l a t e s .  T h e w a v e  
l e n g t h  of thia o s c i l l a t i o n  ia d e t e r m i n e d  by t he  t h e o r e i  
in ( 6 - 1 9 ).  To ha ve  the p h a s e  c h a n g e  by 2 l l  * 
e n e r g y  s h o u l d  c h a n g e  by
T he  a b o v e  e x p l a n a t i o n  s h ow s  how the o s c i l l a t i o n s  in 
t h e  a p e c t r u s  a r i s e  in a v a r y  n a t u r a l  way. T h e s e  
r e s u l t s  ar e  e x p r e s s e d  sore p r e c i s e l y  in (6-9).
F r o a  (6 9), (6 20) a n d (6-21) the e n e r g y  s p a c i n g
of e a c h  o s c i l l a t i o n  is g i v e n by (6 -Z2). T h i s  
r e l a t i o n s h i p  b e t w e e n  the e n e r g y  s p a c i n g  and the  
c l a s s i c a l  p e r i o d  of a c l o s e d  o r bi t  in the s y s t e a  w a s  
first p o i n t e d  out by E d o o n d s  for o n e  p a r t i c u l a r  c e s e ^  
R e c e n t l y  this r e l a t i o n s h i p  has b e e n  furl h e r  c o n f i r m e d  l o t  
■ a n y  n e w  c l o a e d  o r b i t s 7 H o w e v e r  this r e l a t i o n s h i p
h a s  b e e n  s i s i n t e r p r e t e d  a n d e x a c t l y  b o w  to d e r i v e  it 
w a s  not c l e a r  u n ti l  this study. In p a r t i c u l a r ,  in s o i e  
o f  the e a r l y  w o r k , t h e o s c i l l a t i o n s  w e r e  r e f e r r e d  to as 
" r e s o n a n c e s " ,  and it was t h o u g h t  t ha t they w e r e  
a s s o c i a t e d  w i t h  q u a s i b o u n d  states, w h i c h  w o u l d  b e  
■ e a i c 1 a i t i c e 1 1 y a s s o c i a t e d  w i t h  t r a j e c t o r i e s  h a v i n g
l i k e  /) <2 ^ ) Bt d i f f e r e n t  e n e r g y,  we s h o u l d  
A E -- 2 2 *
(6 -2 2 )
1 3 4
q u a n t i s e d  v a l u « *  of a c t i o n  v a r i a b l e * .  In fact, a c t i o n  
v a r i a b l e s  do not exist  for t h i a  eyatei. The total 
a c t i o n  a l o n g  the orbit  is not q u a n t i s e d  e i t h e r  ( t h e r e  is 
no s u c h  n e e d  in o r d e r to p r o d u c e  o s c i l l a t i o n s ,  but 
n u i e r o u s  a r t i c l e s  on this p r o b l e m  have b e e n  t a l k i n g  
ab out the q u a n t i z e d  a c ti o n a l o n g  t h e  o r b i t s  for s a o y  
y e a r s } .  A c t u a l l y  the p h e n o m e n o n  is e a s i l y  u n d e r s t o o d  as 
an i n t e r f e r e n c e  ef fe c t , w i t h  o s c i l l a t i o n s  c a u s e d  by the 
c h a n g i n g  p h a s e  of the w a v e  a l o n g  e a c h  c l o s e d  orbit.
It s h o u l d  be p o i n t e d  out that the a b s o l u t e  
p o s i t i o n  of e a c h  o s c i l l a t i o n  ia r e l a t e d  no t  on l y  to the 
p e r i o d  of th e orbit, b ut  a ls o to the p h a s e  ® er o
e n e r g y ,  for ex am p l e*  This p h a s e  i n v o l v e s  the p a r t i a l
w a v e  at s m a l l  r. In t hi s  re gio n, the s e m i c l a s s i c a l  
a p p r o x i m a t i o n  is not re li a bl e ,  so it a p p e a r s  that the 
a b s o l u t e  p h a s e  of the o s c i l l a t i o n s  c o n t a i n s  q u a n t u m  
e f f e c t s  as we l l  as s e m i c l s s a i c a 1 e f f e c t s ) v e  can p r e d i c t  
the a b s o l u t e  p o s i t i o n  of e a c h  o s c i l l a t i o n  in this 
the or y . h o w e v e r  even the m i s u s e d  WKB  m e t h o d ,  w h i c h  
q u a n t i s e s  the a c t i o n  a l o n g  e a c h  c l o s e d  orbit, <nn on ly  
g i v e  the r i g h t  v a l u e  of e n e r g y  sp ac i ng ! )
B e c a u s e  of the r e l a t i o n  <6-19), a l o n g e r  o r b i t will 
p r o d u c e  a s m a ll  e n e r g y  s p a c i n g .  As a r e s u l t  of this, a 
f i n i t e  r e s o l u t i o n  m e a s u r e m e n t (a l 1 m e a s u r e m e n t s  h a v e  a 
f i n i t e  r e s o l u t i o n )  can only o b t a i n  i n f o r m a t i o n  a b o u t  a 
f i n i t e  n u m b e r  of c l o s e d  o r b i t s  in the s y st e m.
w a v e  e x p a n s i o n s  o f  jj)y^^ and of  the z e r o  e n e r g y  C o u l o m b
Given the resolution /If^-in a experiment,
o s c i l l a t i o n s  f r o m  any o r b i t  w i t h  p e r i o d  T l o a f e r  t h a n
w i l l  be a v e r a g e d  to z e r o  in the i p e c t r u a .  So whe n we 
d o  a c o m p u t a t i o n ,  w e  d o  n o t h a v e  to f i n d  the e n t i r e  act  
o f  c l o a e d  o r b i t a ,  but o n l y  th os e w i t h  p e r i o d
In fac t w e  kn o w  M o r e  a b o u t  the  i m p o r t a n c e  of e a c h  
o r b i t  t h a n  j ust  the r e q u i r e m e n t  b y  (6-24), In g e n e r a l  
t h e  i m p o r t a n c e  of e a c h  o r b i t  or the  o s c i l l a t i o n  in t h e  
s p e c t r u m  a s s o c i a t e d  w i t h  t bia  c l o s e d  o r b i t  a r e  
d e t e r m i n e d  b y  s e v e r a l  factors,' first, the e n e r g y  
s p a c i n g  g i v e n  by (6-22), so  a a b o r t  p e r i o d  o r b i t  la 
m o r e  i m p o r t a n t  than a l o n g e r  one; s e c o n d ,  the 
s e n s i t i v i t y  o f  ea ch  o s c i l l a t i o n  to the m a g n e t i c  fiel d. 
H e  kn ow  in p r a c t i c e  t h e  m a g n e t i c  f i e l d  c an  n o t  be 
p e r f e c t l y  u n i f o r m  Hnd  s t a b l e .  A n o t h e r  q u e s t i o n  then 
ari ses : w h a t  h a p p e n s  to the  o s c i l l a t i o n s  w h e n  the
a a g n e t i c  f i e l d  is c h a n g e d ?  By u s i n g  a r g u m e n t s  s i m i l a r  
to t h e s e  u s e d  to o b t a i n  (6-21) f r o m  (6- 2 0) ,  w e  k now  the  
a m p l i t u d e  0 f e a c h  o s c i l l a t i o n  w il l not c h a n g e
muc h.  A g a i n  the p h a s e  c h a n g e  is m os t  i m p o r t a n t .  In 
A p p e n d i x  J, 1 p r o v e  that t he  c h a n g e  of a c t i o n  for e a c h  
c l o s e d  o r b i t  w i t h  r e s p e c t  to t h e  c h a n g e  o f  m a g n e t i c  
f i e l d  ia r e l a t e d  to the i n t e g r a l  a l o n g  the c l o a e d  o r b i t
(6-23)
(6-24)
Ty pi c a l v a l u e s  for -5^- n e a r  the  i o n i s a t i o n
t h r e t h o u l d  at a few T e s l a  are a b o u t  1 0 j ^  . T h t *  
r e q u i r e *  t h a t  the M a g n e t i c  f i e l d  h a s  to b e  a c c u r a t e  to 
w i t h i n  lee* than o n e p e r c e nt  if th e o s c i l l a t i o n s  in t h e  
s p e c t r u m  i* to be visible. F r o a  (6- 2B ) l o n g e r  p e r i o d  
o r b i t *  w i l l  h a v e  a m o r e  s e n s i t i v e  d e p e n d e n c e  on the 
a a g n e t i c  field . A g a i n  only sh or t p e r i o d  o r b i t s  h a v e  to 
b e  i n c l u d e d  in (6 20) and (6-21). G i v e n  t h e  a c c u r a c y  
of the a a g n e t i c  f i el d  A B  , we can f i n d  an u p p e r  l i ait  
for , an d  a n y  o r b it  w i t h  an v a l u e  o f  ^  l a r g e r  t h a n  thi 
w i l l  a v e r a g e d  to z e r o  in the o b s e r v e d  s p e c t r u a .
Thi rd,  p e r h a p s  the loit i m p o r t a n t  q u a n t i t y  w h i c h  
d e t e r m i n e *  t he  i m p o r t a n c e  of e a c h  o s c i l l a t i o n  in ( 6 - 2 0)  
a n d  (6-21) is the a m p l i t u d e  A °f e a c h  o s c i l l a t i o n .
O f  cause, l a r g e r  a a p l i t u d e  o s c i l l a t i o n s  are  m o r e  
i m p o r t a n t  an d e a s i e r  to m e a s u r e  in e x p e r i m e n t s  t h e n  
s aa ll  a m p l i t u d e  o s c i l l a t i o n s .  W i t h o u t  a c t u a l l y  d o i n g  
any  c a l c u l a t i o n  we c an  only d r a w  s o m e  g e n e r a l  
c o n c l u s i o n s  a b out  the sice of a m p l i t u d e s .  C l e a r l y  the  
a a p l i t u d e  of o s c i l l a t i o n *  in (6 20) and  (6- 2 1)  a r e
; P i
r e l a t e d  to C i g  f  in (6-8b). If w e  s K S M i n e  a c r e
L L
c a r e f u l l y ,  we see  the val u e  d e p e n d *  u p o n  t wo  v e r y
d i f f e r e n t  h i n d  of factors. The  f i r s t  type, w h i c h  
r e f l e c t s  t he  a n g u l a r  d i s t r i b u t i o n  of t h e  i n i t i a l  w a v e
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vis* , a r e  t h o s e  s p h e r i c a l  h a r a o n i c s  a nd  l i n e  f u n c t i o n s
f 'L1
e v a l u a t e d  at o u t i n g  or r e t u r n i n g  angl e. T h e  s e c o n d  
t y p e , w h i c h  ia a M e a s u r e  of t h e  d i v e r g e n c e  of t h e  
f a a i l y  o f  t r a j e c t o r i e s  a l o n g  e a c h  c l o s e d  o r b i t ,  is the 
a a p l i t u d e  f a c t o r  ^  J  T h i s  is a cl as s i c a 1
e f f e c t .  We k n o w  th e s y s t e a  is c l a s s i c a l l y  c h a o t i c ,  so 
n e i g h b o u r i n g  t r a j e c t o r i e s  a l w a y s  s e p a r a t e .  In t h e  w a v e  
p i c t u r e ,  the w a v e  s p r e a d s  to a l a r g e r  a n d  l a r g e r  a r e a  
a n d  th e  i n t e n s i t y  of the  w a v e  b e c o a e i  w e a k e r  a n d  
w e a k e r .  T h e r e f o r e  t h e  a a p l i t u d e  f a c t o r  w i l l  g e n e r a l l y  
b e  s a a l t e r  for l o n g e r  o r b i t s .
For o r b i t s  h a v i n g  a i s i l a r  p e r i o d s ,  a n d  s l a i l a r  
c l a s s i c a l  a a p l i t u d e  f a c t o r s ,  t h e n  q u a n t u a  e f f e c t s
h a s  a d e c i s i v e  role. Jf, fo r  e x a a p l e ,  t h e  c l a s s i c a l  
o r b i t  g o e s  out or r e t u r n s  r i g h t  at t h e  n o d e  o f  a 
s p h e r i c a l  h a r n o n i c  in ( 6 - B b ) ,  t h e n  the a a p l i t u d e  of the 
c o r r e s p o n d i n g  o s c i l l a t i o n  in t he  s p e c t r u a  w i l l  be  
n e a r l y  z e r o . T h i s  p h e n o a e o n  is c l e a r l y  s e e n  in 
e x p e r i n e n t i .
I n  c o n c l u s i o n ,  t h e  t h r e e  f a c t o r s - -  t h e  e n e r g y  
s p a c i n g ,  th e s e n s i t i v i t y  of t he  p h a s e  to t h e  a a g n e t i c  
f i e l d  a nd  the a a p l i t u d e  o f  o s c i l a t i o n  c o n s i s t e n t l y  
te ll us that s h o r t e r  p e r i o d  o r b i t  a r e  a o r e  u p o r t a n t  than 
l o n g e r  one s -
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D. Sussary
]. T he  G r e e n ' s  f u n c t i o n  f or  c o a p u t i n g  the i o n i z a t i o n  
s p e c t r u a  of a t o a s  in a s t r o n g  a a g n e t i c  f i e l d  ia f o u n d  
to b e  e q u a l  t o  a i u i  of  th e  G r e e n ' s  f u n c t i o n  w i t h o u t  
a a g n e t i c  f i e l d  a n d  a a a g n e t i c  field d e p e n d e n t
P ° rt
t 'f- - I" , / +
< 6 _ 1 }
( j t  w a s f o u n d  in C h a p t e r  IV e x p l i c i t l y ,  
e x p r e s s e d  in t e r a a  of th e p r o p e r t i e s  o f  all the 
c l o s e d  o r b i t s  in the s y s t e a  in (6-0).
2. T he  Dfljor r e s u l t  o f  t b i a  s t u d y ,  w h i c h  is p r o v e d  b y  
u s i n g  t h e  a b o v e  G r e e n ' s  f u n c t i o n ,  is that the  
i o n i z a t i o n  a p e c t r u a  c a n  b e  w r i t t e n  as a s a o o t h  
b a c k g r o u n d  p l u s  a s u p e r p o s i t i o n  o f  o s c i l l a t i o n s .  E a c h  
o s c i l l a t i o n  ia c l o s e l y  c o n n e c t e d  w i t h  a c l o s e d  o r b i t  
in t he  s y s t e a  a n d  f r o a  t he  p r o p e r t i e s  of the c l o s e d  
o r b i t  t h e s p e c t r u a  c a n  be  c o a p l e t e l y  d e t e r m i n e d .
3. If t h e i n i t i a l  s t a t e  a nd  l a s e r  p o l a r i z a t i o n  are  
s p e c i f i e d ,  t h e n  the a b s o r p t i o n  s p e c t r u a  n e a r  the 
i o n i z a t i o n  t h r e a h o u l d  c a n  b e c a l c u l a t e d  b y  the 
f o l l o w i n g  p r o c e d u r e :
( i > E v a l u a t e  th e  e x p a n s i o n  c o e  f f i c i e n t a  1 ■ for
- - t h e  p r o d u c t  o f  d i p o l e  o p e r a t o r  D a n d  t h e i n i t i a l  
s t a t e  a c c o r d i n g  to ( 6 - 1 0 ) ,  (6-11), ( 6 - 1 2 ) and
( 6  1 3 ) .
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(ii) C a l c u l a t e  the r a d i a l  o v e r l a p  I n t e g r a l
F or  o n l y  in ( 6 - 16 ) . S o i e  of t h e s e
i n t e g r a l s  are l i s t e d  In T a b l e  4.1.
( i i i )C e 1c u l a t e  the s m o o t h  b a c k g r o u n d  of t h e  s p e c t r u m
w i t h  eq. (6-15).
(iv) F i n d  a l l  the c l o s e d  o r b i t s  w i t h  p e r i o d  T leas than 
a d e s i r e d  v a l u e  T t n  in e a c h  s u b s p a c e  o f  ■ that 
a p p e a r s  in t he  e x p a n s i o n  o f  J } ' ^  in ( 6 - 1 3 ) .  For a ny  
a , an o r b i t  is s a i d  to b e  c l o s e d  if it b e g i n s  
r a d i a l l y  o u t w a r d  on the  s p h e r e  • BnC* s o d a  r a d i a l l y  
i n w a r d  o n  the s a m e  s p h e r e .  For e a c h  s u c h  c l o s e d  o r b i t ,  
c o m p u t e  the a m p l i t u d e  f a c t o r  A, a c t i o n  S^ ; M a s l o v  i n d e x  
an d p e r i o d  T.
(v) C a l c u l a t e  f r o m  (6-8).
(vi) F r o m  (6 -18), e v a l u a t e  t h e  o s c i l l a t i o n  a a p l i t u d e  
a n d  p h a s e  -
( v i i ) T h e  s p e c t r u m  n e a r  the i o n i z a t i o n  t h r e s h o u l d  is 
then g i v e n  b y  ( 6-2 1).
O b v i o u s  m o d i f i c a t i o n s  of  t h i s  p r o c e d u r e  c a n  be
m a d e  to o b t a i n  a s p e c t r u m  a r o u n d  an e n e r g y  Ei o t h e r
than the  t h r e s b o u l d -
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In t h e  p r e v i o u s  c h a p t e r s ,  in p a r t i c u l a r  in c h a p t e r  
VI, o u r  o r i g i n a l  p h y s i c a l  i d e a s  1 p i c t u r e )  of the 
i o n i z a t i o n  p r o c e s s e s  o f  an a t o m  in a s t r o n g  a a g n e t i c  
f i e l d  h a v e  b e e n  t u r n e d  i n t o  q u a n t i t a t i v e  M a t h e m a t i c a l  
f o r m u l a s .  It is h o p e d  t ha t  w i t h  t h e s e  f o r m u l a s ,  for 
e x a m p l e ,  the  s p e c t r u m  f o r m u l a  in (6-9), w e  c a n  e x p l a i n  
th e  a l r e a d y  e x i s t i n g  e x p e r i m e n t a l  data. A n d  w e  w o u l d  
a l s o  l i k e  to p r e d i c t  w h a t  w o u l d  h a p p e n  if f u t u r e  n e w  
e x p e r i m e n t s  a re  d o n e.  I h a v e  p a r t i c u l a r l y  in m i n d  the  
m o s t  r e c e n t  m e a s u r e m e n t s  of H y d r o g e n  a t o m  in 5 . 9 6  T e s l a  
m a g n e t i c  f i e l d  f o r  t r a n s i t i o n  f r o m  2P* to f i na l  m r = 0  
s t a t e s  n e a r  the i o n i z a t i o n  t h r e s h o l d ^  T h e s e
m e a s u r e m e n t s  w e r e  d i s c u s s e d  in c h a p t e r  II.
It ia a l s o  m y  h o p e  that in t h i s  c h a p t e r  I ca n 
i l l u s t r a t e  th e  t h e o r y  d e s c r i b e d  so far b y  e m p l o y i n g  it 
s t e p  b y  s t e p  in a r e a l  c o m p u t a t i o n .  By t h e  e n d of t h i s  
c h a p t e r ,  I w i s h  to c o n v i n c e  th e r e a d e r  t ha t  t h e t h e o r y  
ia e a s y  to i m p l e m e n t ,  e a s y  to u n d e r s t a n d ,  a nd  it 
p r o v i d e s  ui a f r a m e w o r k  for u n d e r s t a n d i n g  the 
c o m p l i c a t e d  s p e c t r u m  o f  an a t o m  in a s t r o n g  m a g n e t i c  
f i e l d.
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A. Theoretical Spectru* for Transition 2P*~>ar-0
O u r  c a l c u l a t i o n  in t h i a  s e c t i o n  w i l l  be  f o r  the 
t r a n s i t i o n  f r o *  the 2P* i n i t i a l  st at e  to f i n a l  s t a t e s  
n e a r  t h e i o n i z a t i o n  t h r e s h o l d  w i t h  a t - 0  in a a a g n e t i c  
f i e l d  B ~ 5 . 9 6  T e s l a ,
1. T h e  B a c k g r o u n d  S p e c t r u a
G i v e n  t h e i n i t i a l  s t a t e  2P*. the w a v e  f u n c t i o n  for  
s u c h  a s t a t e  is
F or  t r a n s i t i o n s  to final s t a t e s  w i t h  t h e * a * e  a a g n e t i c  
q u a n t u i  n u i b e r  t h e l i ght  a u s t  b e  p o l a r i z e d
w i t h  e l e c t r i c  f i e l d  a l o n g  t h e z- axi s,  b o
J > = £ ,
' (7-2 )
and, c o m p a r i n g  (7 2) w i t h  ( 6 - 1 1 1 ,  we f i n d
(7-1 )
—  a ; -  =  0
(7 3)
F o l l o w i n g  ( 6 - 1 2 ) ,  n o w  c a n  be  w r i t t e n  as
0 + i K t + O
( 2 a } 1 I ) ( J _ K I + } )
y -4~ I u+i>)(7-3f y I
Z0ZJ  I * ' 'ooJ
{ J W  r i o  +
(7 4)
C o m p a r i n g  ( 7 -4)  w i t h  ( 6 - 1 3 ) ,  w e  f i n d  in the  e x p a n s i o n
h L - -3- I i ^ L
CO V 3 (7-5)
a n d  all o t h e r  a r e  zero.
Jt
T h e  e n e r g y  of t h e  i n i t i a l  s t a t e  ia
E i ~ ----- L  ■ =  - - L
2  I 2- 3  (7-6)
F r o a  ( 6 - 15 ) ,  the b a c k g r o u n d  s p e c t r u a  is (in A t o n i c  
Unit):
V.(£=o)=j- / £4/62,0i)2+ ^-4162,Ij0)z]
(7- 7)
N o w  w e  look u p  T a b l e  4,1, a n d  we f i n d
0,1(2 Jj l) ^  2 + = s.W l
4 Z ( /  h O ) . ^ J ~  = / . } i  35r (7 B)
P u t t i n g  (7-B) i n t o  (7-7 ),  f i n a l l y  w e  o b t a i n  the  
b a c k g r o u n d  s p e c t r u a
—  (h 1} 3 $  ^ r t r e e s  ' (7-9)
T h i s  is the o s c i l l a t o r  s t r e n g t h  d e n s i t y  at the 
i o n i z a t i o n  t h r e s h o l d  in th e a b s e n c e  of a a g n e t i c  f i e ld ,  
a n d  this c o n s t a n t  v a l u e  a l s o  r e p r e s e n t s  t h e  s a o o t h  
b a c k g r o u n d  s p e c t r u a  n e a r  H = Q in t he  p r e s e n c e  of a
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■ t | n e t i c  f ie l d .
2 .  T r a j e c t o r i e s  a n d  c l o s e d  O r b i t s  in the S u b s p a c e  of 
■  = 0
T o  c o i p u t e  the o s c i l l a t i o n s  in t h e  s p e c t r u m  we 
h a v e  to s t u d y  the  c l a s s i c a l  t r a j e c t o r i e s  of this 
■ y t l t s .  B e c a u s e  o n l y  s = 0  h a r s o n i c s  a p p e a r  in the  
e x p a n s  i on o f i>ii in (7 -5 ),  it is e n o u g h  to r e s t r i c t  
o u r s e l v e s  to t h e  n-'Q s u h a  p a c e .
T o r  the a a g n e t i c  q u n n t u i  n u a b e r  u  b e i n g  zero, and 
the  a a g n e t i c  f i e l d  s t r e n g t h  B - 5 , 9 6  T e s l a ,  w e  can  w r i t e  
the  H a a i l t o n i a n  in e i t h e r  c y l i n d r i c a l  c o o r d i n a t e !  (f  , z)
H =  - -L-^ -f j f *
(7-10a)
or in s p h e r i c a l  c o o r d i n a t e ; ( r , Q , <fi  )
f-j^ ^  p f  t _ j & L . ) —  i  ( J J ^  ) ± -h2 <; i#
(7-10b)
T r a j e c t o r i e s  c a n  n o w  b e  o b t a i n e d  b y  c h o o s i n g  an 
i n i t i a l  c o n d i t i o n  a n d  i n t e g r a t i n g  H a m i l t o n ' s  e q u a t i o n  
for ( 7 - 1 0 ) .
W e  n e e d  to f i n d  t h o s e  t r a j e c t o r i e s  w h i c h  go out 
f r o s  t h e  n u c l e u s  an d  l a t e r  r e t u r n  to the  n uc l e u s ,
T h e r e f o r e  w e  cfaooia t h e  f o l l o w i n g  i n i t i a l  o u t g o i n g  
c o n d i t i o n  on a c i r c l e  r u - S O a o
?r ~ s (&;)1 )
Pg =-D
e ^ 9 0
( 7 - 1 1)
(9C i* the p o l a r  a n g l e  f r o a  t h e  z  a x i s .  In p r i n c i p l e  
all t h e f r o »  0° to lfl0° a h o u l d  b e  c h o i e n .  But 
b e c a u e e  t h e  H a a i l t o n i a n  in (7- 1 0 ) h a e  a t y i a e l r y  in 
*■ ' n a m e l y  it 's u n c h a n g e d  w h e n  z — v  -z), t h e r e f o r e  the 
t r a j e c t o r y  g o i n g  out at a n g l e  $  c a n  b e  o b t a i n e d  b y  a 
r e f l e c t i o n  a b o u t  the P  -0 b k I *  f r o a  t h e  t r a j e c t o r y  
g o i n g  out at a n g l e  , T h e r e f o r e  w e  o n l y  n e e d
to l a u n c h  t r a j e c t o r i e s  w i t h  i n i t i a l  c o n d i t i o n  as g i v e n  
in ( 7 - 1 1 )  f or  < r f o °  >
T he  t i n e  un i t  in t h i a  p r o b l e a  ia c o n v e n i e n t l y  
t a k e n  to be  t h e  c y c l o t r o n  p e r i o d
C
(7 -1 2 )
T he  a v a i l a b l e  e x p e r i a e n t a l  s p e c t r u a  c o r r e s p o n d s  to 
t r a j e c t o r i e s  w h i c h  r e t u r n  to the n u c l e u s  w i t h i n  a t i a e  
T U O T t  , W e  s h a l l  fi nd  t h o s e  c l o s e d  o r b i t s .
To s e e  t h e  g e n e r a l  n a t u r e  of c l a s s i c a l  o r b i t s  in
t h i s  s y s t e m ,  in Fig. 7.1  1 h a v e  p l o t t e d  91 o r b i t s  
s t a r t i n g  w i t h  £ 0 at e a c h  d e g r e e  f r o *  0° to 9 0 ° .  O n e  
c a n  s e e  f r o i  Fig. 7.1 t h a t  t h e  t r a j e c t o r i e s  s t a r t i n g  
w i t h  i n i t i a l  a n g l e  less t h a n  25° c a n  n ot  c o a e  b a c h  
c l o s e  to the n u c l e u s  w i t h i n  T < 1 0 T c  ■ So t h e r e  is no 
c l o s e d  or b it  in t h i s  r a n g e  of  a n g l e s .
O n e  a l s o  s e e s  the  c h a o t i c  n a t u r e  of the 
t r a j e c t o r i e s .  N e i g h b o r i n g  t r a j e c t o r i e s  s t a r t i n g  out 
w i t h  in it ia l  a n g l e s  d i f f e r i n g  by o n l y  1 d e g r e e  r e i a i n  
c l o s e  to e a c h  o t h e r  o n l y  for a v e r y  s h o r t  p e r i o d  of 
t i m e  (of the o r d e r  o f  Tc ). W h e n  t h e y  s e p a r a t e ]  t h e i r  
s u b s e q u e n t  b e h a v i o u r s  h a v e  n o  s i m i l a r i t y .
In p r i n c i p l e ,  if o r b i t s  b e g i n  s u f f i c i e n t l y  c l o s e  
t o g e t h e r ,  t h e n  f or  a n y  f i n i t e  t i m e  T t h e y  r e m a i n  c l o s e  
t o g e t h e r .  H e n c e  if w e  set a f i x e d  u p p e r  l i m i t  to the 
t i m e  Ttaij t h e n  in p r i n c i p l e  w e  c o u l d  c h o o s e  & Q 0 
s u f f i c i e n t l y  s m a l l  that n e i g h b o r i n g  t r a j e c t o r i e s  w i l l  
b e  c l o s e  t o g e t h e r  f o r a l l T < T n * . T h u s  w e  c o u l d  l e a r n  
t h e  b e h a v i o r  of all o f  t h e  o r b i t s  for  t h i s  t i m e  T < T a n . 
H o w e v e r ,  otie o f  t h e  c h a r  a c t e r i s  t ics o f  c h a o t i c  
c l a s s i c a l  s y s t e m s  is t h a t  t r a j e c t o r i e s  d i v e r g e  f r o m  
t h e i r  n e i g h b o r s  e x p o n e n t i a l l y  in t i m e . T h e r e f o r e  ss 
T i m  gets l a r g e ,  the i n i t i a l  c o n d i t i o n s  m u s t  b e  t a k e n  
e x t r e m e l y  c l o s e  t o g e t h e r ,  ( f o r  T»»* 'N/lQTt, w e  e s t i m a t e  
t h a t  the  c o n t i n u o u s  r e l a t i o n s h i p  b e t w e e n  f i n a l  and 
i n i t i a l  c o n d i t i o n s  w o u l d  be v i s i b l e  if w e  c o m p u t e d  
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N e v e r t h e l e s s  w e  c a n  f i n d  t h e  i i p o r t a n t  c l o s e d  
o r b i t *  o f  t h e  * y a t e i  w i t h  f e w e r  t r e j e c t o r i e e , B a c h  
c l o e e d  o r b i t f w b i c h  r e t u r n *  e x a c t l y  to t h e  n u c l e u a )  ie 
f u r r o u h d e d  b y  n e i g h b o r !  w h i c h  r e t u r n  t o  t h e  v i c i n i t y  of 
t h e  n u c l e u i .  T h e  i m p o r t a n t  c l o s e d  o r b i t !  a r e  t h o s e  
w i t h  l a r g e  a m p l i t u d e  f a c t o r *  in eq. ( 5 - 2 9 ) ,  a n d  t h e  
a m p l i t u d e *  a r e  i n v e r i e l y  r e l a t e d  to t h e  r a t e  of 
d i v e r g e n c e  o f  n e i g h b o r *  fro* t h e  c e n t r a l  c l o s e d  o r b i t .  
In o t h e r  w o r d * ,  t h e  i m p o r t a n t  c l o e e d  a r e  t h e  o n e *  f r o *  
w h i c h  t h e  n e i g h b o r s  d i v e r g e  r e l a t i v e l y  s l o w l y .  W e  f i n d  
t h e s e  as f o l l o w s .  T r a j e c t o r i e s  a r e  l a u n c h e d  f r o a  t h e  
i n i t i a l  c i r c l e  r=rb in all d i r e c t i o n s  b e t w e e n  0° a n d  
9 0 °  w i t h  i n i t i a l  a n g l e  s p a c i n g  A $0 for n e i g h b o r i n g  
t r a j e c t o r i e s ;  t h e n  t h e  t r a j e c t o r i e s  a r e  c o s p u t e d  a n d  
t h e  c o o r d i n a t e s  (r, 0 ) HT)d s o s e n t a  ( P r  t P q  ) a r e  
■ o n i t o r e d .  A  t r a j e c t o r y  r e t u r n i n g  to the v i c i n i t y  o f  
t h e  n u c l e u s  c r o s s e s  t h e  c i r c l e  r-rn- O n  t h i s  c i r c l e  
t h e s e  c o n d i t i o n s  s u i t  be s a t i s f i e d :
r * T b
P r ^ O
(7 13)
If ^ 1 *  s i s l l ,  w e  u s u a l l y  f i n d  f a m i l i e s  o f  n e i g h b o r i n g  
t r a j e c t o r i e s  t h a t  c r o s s  the c i r c l e .  T h e  nuiiber o f  s u c h  
t r a j e c t o r i e s  in a f a a i l y  is a i c t s u r e  o f  t h e  d i v e r g e n c e  
o f  t h i *  f a a i l y  o f  t r a j e c t o r i e s .  Th e  g r e a t e r  the 
n u m b e r *  t h e  s o r e  s t a b l e  this f a m i l y .  I s h a l l  c a l l  thi* 
n u i b e r  th e  i m p o r t a n c e  n u m b e r  for t h i s  f a m i l y  an d  d e n o t e  
b y  Hi . In e a c h  f a a i l y  of t r a j e c t o r i e s ,  t h e r e  w i l l  be a
J 5 0
c e n t r a l  o r b i t  w h i c h  sat itfiei (7-13) a n d  in a d d i t i o n  
aatiafie«
P & ^ - O
(7-14 >
on the c i r c l e ,  He call thia c e n t r a l  o r b i t  t h e  c l o s e d  
o r b i t  a n o c i a t e d  w i t h  the f a a i l y  of t r a j e c t o r i e s  (for 
■ = 0 this o r b i t  r e t u r n s  e x a c t l y  to the o u c l o m .  ) , T h i a  
c l o s e d  o r b i t  can e a s i l y  be f o u n d  by an i t e r a t i o n  p r o c e d u r e  
o n c e  two t r a j e c t o r i e s  in a f a a i l y  c r o s s i n g  the c i r c l e  are 
k n o w n .  T h i s  c l o s e d  o r b i t  c h a r a c t e r i z e s  t h e  f a a i l y  o f  
t r a j e c t o r i e s .  M a r e  i a p o r t a n t 1y , all o u r  f o r m u l a e  a r e  
e x p r e s a d  in teres p r o p e r t i e s  of s u c h  c l o s e d  orbit.
In T a b l e  7,1, 65 c l o s e d  o r b i t *  a r e  l i s ted. T h e y  
w e r e  f o u n d  b y  l a u n c h i n g  6501 t r a j e c t o r i e s  froi 25° to 
90° ( d $ 0 = O . O l ° ) ,  T h e s e  65 o r b i t s  all h a v e  the 
i m p o r t a n c e  n u m b e r  Ni g r e a t e r  then or e q u a l  to 3. O t h e r  
c l o s e d  o r b i t s  h a v i n g  Ni leas t h a n  3 w e r e  a l s o  f o u n d  but 
d i s c a r d e d .  The m i r r o r  im a g e s  of t h e s e  6 5  o r b i t s  a b o u t  
the P  a x i s  are a n o t h e r  set of 65 o r b i t s  ( e x cept for the 
o n e  g o e s  e x a c t l y  a l o n g  the p axis). T h e r e f o r e  we h a v e  
h e r e  129 c l o s e d  o r b i t s  in the m - 0  s u b s p a c e .  Th e  65 
c l o s e d  o r b i t s  are a l s o  s h o w n  in F i g . 7.2. He s h all 
c a l c u l a t e  t h e  o s c i l l a t i o n s  in the s p e c t r u m  a s s o c i a t e d  
w i t h  e a c h  o f  t h e s e  o r b i t *  in a m o m e n t .
But fi r s t ,  to s e e  into t h e  n a t u r e  o f  the f a m i l y  of 
t r a j e c t o r i e s  a s s o c i a t e d  w i t h  a c l o s e d  o r b i t ,  I plot in 
F i g .  7 . 3  t h e  f a a i l y  o f  t r a j e c t o r i e s  a s s o c i a t e d  w i t h  c l o s e d
151
T a b l e  7.1 65 
a H y d r o g e n  a t o a  in 5, 
In ■ =<> e u b a p a c e
cloaed orbit* of the 
.96 Rsfnetic field at
electron Id 
t e r o  e n e r g y




1 4 0 4 9 0 . 0 0 0 0 9 0 . 0 0 0 0
2 244 5 3 . 8 3 1 5 5 3 . 8 3 1 5
3 121 4 2 - 8 0 9 6 4 2 . 8 0 9 6
4 75 6 3 . 6 4 9 1 1 1 6 . 3 5 0 9
5 6B 3 7 . 3 1 1 2 3 7 . 3 1 1 2
6 54 8 1 . 6 7 6 9 1 2 8 . 2 4 6 0
7 53 51 . 7 5 4 0 9 8 . 3 2 3 1
8 49 3 3 . 8 3 5 9 3 3 . 8 3 5 9
9 38 31 . 3 6 5 0 3 1 . 3 6 5 0
10 38 6 7 . 4 9 6 2 1 3 3 . 3 2 0 9
11 37 4 6 . 6 7 9 1 1 1 2 . 5 0 4 8
12 32 41 . 5 4 1 4 1 0 0 . 8 8 5 5
13 31 2 9 . 4 8 1 6 2 9 . 4 8 1 6
14 28 7 2 . 3 7 9 3 1 4 7 . 3 3 8 5
15 28 7 6 . 0 6 1 7 1 4 6 . 9 5 1 0
16 28 7 9 . 1 1 4 5 1 3 8 . 4 5 8 617 26 3 9 . 6 0 1 5 1 1 0 . 5 0 6 0
IB 26 6 9 . 4 9 4 0 1 4 0 . 3 9 8 5
19 26 2 7 . 9 7 8 4 2 7 . 9 7 8 4
20 24 3 6 . 3 7 3 9 1 0 2 . 4 8 5 7
21 24 6 0 . 2 7 0 4 6 0 . 2 7 0 4
22 24 7 7 . 5 1 4 3 1 4 3 . 6 2 6 1
23 23 7 0 . 9 6 2 8 1 4 4 . 5 3 5 4
24 23 2 6 . 7 3 9 0 2 6 . 7 3 9 0
25 23 7 3 . 1 4 1 5 7 3 . 1 4 1 5
26 23 7 5 . 2 7 6 6 7 2 . 9 4 5 2
27 23 3 5 . 4 6 4 6 1 0 9 . 0 3 7 2
28 23 3 3 . 0 4 9 0 1 0 3 . 9 3 8 3
29 23 3 2 . 6 6 1 5 1 0 7 . 6 2 0 7
30 20 2 5 . 6 9 1 7 2 5 . 6 9 1 7
31 19 7 5 . 5 1 2 2 7 5 , 5 1 2 2
32 19 6 4 . 1 9 0 0 8 3 . 7 9 5 4
33 19 8 3 . 7 9 6 4 6 4 . 1 9 0 0
34 17 7 2 . 9 4 5 2 7 5 . 2 7 6 6
35 12 8 1 . 1 9 2  1 81. 1921
36 11 6 6 . 1 B 9 0 6 6 . 1 8 9 0
37 11 7 6 . 8 4 4 1 7 1 . 3 1 3 0
38 1 1 7 1 . 5 9 7 9 7 1 . 5 9 7 9
39 10 7 1 . 3 1 3 0 7 6 . 8 4 4 1
40 10 4 5 . 2 6 6 9 5 9 . 2 1 0 4
41 9 8 4 . 6 6 4  0 4 6 . B 8 7 9
42 9 8 0 . 0 7 8 1 6 7 . B 8 B 1
43 9 7 7 . 1 6 6 1 7 7 . 1 6 6 1
44 9 5 9 . 2 1 0 4 45 . 2 6 6 9
45 9 4 0 . 3 1 6 0 4 0 . 3 1 6 0
46 9 6 7 . 8 8 8 1 B 0 .0781
47 8 7 0 . 2 6 2 7 7 0 . Z 62 7
T a b l e  7 - 1  ( c o n t i n u e d )
N o . 1 Hi 6 0 ; c
4 S 8 6 9 . 8 2 7 0 7 8 . 2 4 4 4
4 9 8 6 8 . 6 6 4 0 6 8 . 6 6 4 0
50 8 6 1 . 3 0 4 4 1 1 8 . 6 9 6 6
51 B 7 8 . 7 6 3 1 7 8 . 7 6 3 1
52 B 7 8 , 2 4 4 4 6 9 . 8 2 7 8
53 7 6 5 . 6 2 0 7 4 7 . 9 5 6 2
54 7 50. 1847 6 4 . 9 1 4 4
55 7 47 - 9 5 6 2 6 5 . 6 2 0 7
5 6 7 6 0 . 0 9 5 4 9 6 . 9 4 6 6
57 7 6 4 . 9 1 4 4 5 0 . 1 8 4 7
5 0 6 8 5 , 1 3 0 1 3 9 . 7 3 5 9
5 9 6 4 0 . 7 2 5 6 4 0 . 1 6 7 7
6 0 6 3 8 , 7  169 5 8 . 7 3 0 7
61 6 4 6 . 8 8 7 9 8 4 . 6 6 4 0
62 5 5 8 . 7 3 0 7 3 8 . 7 1 6 9
63 6 8 3 . 0 5 3 4 1 1 9 . 9 0 4 6
64 5 4 0 . 1 6 7 7 4 0 . 7 2 5 7
65 3 3 9 . 7 3 5 9 8 5 . 1 3 8 1
■ T h e  o r b i t *  are o r d e r e d  a c c o r d i n g  t h e  v a l u e  o f  th e  
i m p o r t a n c e  n u m b e r  Hi .
b Ni is t h e  i m p o r t a n c e  n u m b e r .
( T h e  i n i t i a l  o u t g o i n g  p o l a r  a n g l e ( i n  d e g r e e )  of t h e
o r b  i t * .
d T h e  f i n a l  r e t u r n i n g  p o l a r  a n g l e ( i n  d e g r e e )  of th e  
o r b i t t .





























IIS. 3.2 65 cl ot t d orbits for Hydrogen itea aero
energy in 5.96 Tesla ai g n c t i c  field w i t h  magnetic quant ua number 
a being itro, These orbit* ell have an Initial outgoing angle 
between 0 end 90 dcgreer from the x, a* i a . Mirror images of 
these 65 orbit* shout the P  (rhb) ani* give us another 65 
orbits. The number in each plot correspondea to t h e  one in the 
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o r b i t  NO. 2. T h e  f a m i l y  o f  t r a j e c t o r i e s  h a *  t w o  
c a u s t i c * ,  e a c h  c l o s e  to a s a x i i u i  of j 3 , a n d  it p a s a e *  
t h r o u g h  a f o c u *  at P  =0. (The f o c u s  w o u l d  o n l y  he 
v i s i b l e  if t h e  t h r e e  d i a e n s i o n s l  f a a i l y  of t r a j e c t o r i e s  
w e r e  p l o t t e d , ) W h e n  th e  t r a j e c t o r i e s  r e t u r n  to th e  
v i c i n i t y  o f  t h e  n u c l e u s  t h e y  ar e  s c a t t e r e d  b y  th e  
C o u l o m b  f i e l d ,  a n d  e a c h  o r b i t  is l o c a l l y  a p a r a b o l a .
3. T h e  S p e c t r u s  f r o *  th e  C l o s e d  O r b i t s
F r o s  t h e  c l o s e d  o r b i t s  f o u n d  a b o v e ,  t h e  a c t i o n  Sr 
a l o n g  e a c h  c l o s e d  o r b i t  c a n  be c o m p u t e d  f r o m  eq. ( 5 - 2 5 c )  
or ( 5 - 2 5 d )  b y  d o i n g  an i n t e g r a t i o n .  Th e  s e s i c l a s * i c a l  
a m p l i t u d e  f a c t o r  A c a n  b e  c a l c u l a t e d  f r o a  eq*. ( 5 - 2 8 )  
a n d  ( 5 - 2 9 )  in p r i n c i p l e ,  bu t  in p r a c t i c e  s o l e  
m a n i p u l a t i o n  o f  t h e s e  t w o  e q u a t i o n s  m a y  b e  u s e f u l .
T h i s  p o i n t  is f u r t h e r  d i s c u s s e d  in A p p e n d i x  | w h e r e  
p r a c t i c a l  f o r m u l a e  fo r  c a l c u l a t i n g  A a r e  a l s o  g i v e n .
T h e  M a a l o v  i n d e x  for e a c h  o r b i t  is f o u n d  b y  s u m m i n g  the 
n u m b e r  of e x t r e m a  in p  d i r e c t i o n  a n d  the n u m b e r  o f  
c r o s s  i n g s  o f  =0 ( th e  e  ax is). T h e n  u s i n g  eq, ( 6 - 1 8 ) ,  
w e  c a n  e a s i l y  f i n d  th e  a m p l i t u d e  a n d  p h a s e  o f  t h e  
o s c i l l a t i o n  in th e  a b s o r p t i o n  s p e c t r u m  a s s o c i a t e d  w i t h  
e a c h  c l o s e d  o r b i t .  T h e  p e r i o d  T o f  e a c h  c l o s e d  o r b i t  
is a l s o  c o m p u t e d .  T h e s e  r e s u l t s  a r e  all l i s t e d  in 
T a b l e  T. 2
E x a m i n i n g  t h i s  t a b l e ,  we n o t i c e  t h a t  t h e  s q u a r e  o f
t h e  i m p o r t a n c e  n u m b e r  ia a p p r o x i a a t e 1 y p r o p o r t i o n a l  to 
t h e  e e m i c 1a a a 1 cel a m p l i t u d e  f a c t o r  A, T h i a  la no 
t u r p r i a e ,  b e c a u e  b o t h  t h e  i m p o r t a n c e  n u m b e r  Hi a n d  th e  
a m p l i t u d e  f a c t o r  A ■ e e e u r e  the d i v e r g e n c e  o f  t h e  f a m i l y  
o f  t r a j e c t o r i e s  a r o u n d  e a c h  c l o s e d  orbit. T h e  
i m p o r t a n c e  n u a b e r  ie m o r e  i n t u i t i v e  and l e a a  r i g o r o u s ,  
w h i l e  o n  t h e  o t h e r  h a n d  the a m p l i t u d e  f a c t o r  A i* a 
w e l l  d e f i n e d  q u a n t i t y  a n d  it o u t e r s  i n t o  th e  f o r m u l a  
fo r  t h e  a p o c t r u k .
W e  a l a o  n o t e  a l o o s e  c o n n e c t i o n  b e t w e e n  t h e  p e r i o d  
o f  t h e  c l o s e d  o r b i t  a n d  the v a l u e  o f  the e e m i c 1 a a a i c a 1 
f a c t o r  A , L o n g e r ,  m o r e  c o m p l i c a t e d  o r b i t e  u s u a l l y  h a v e  
a m s l l e r  v a l u e  o f  A. W e  n o t e  a l a o  t h e  e h o r t e e t ,  m o a t  
s t a b l e  a n d  m o a t  i m p o r t a n t  o r b i t  ia t h e  o n e  t h a t  g o e s
p r o m i n e n t  a n d  o f  c o u r s e  w a a  t h e  f i r a t  to be 
recognised.
F i n a l l y  w e  a e e  t h a t  t h e r e  a r e  p a i r s  of 
o r b i  t s I N o . 32 a n d  No. 3 3, for e x a m p l e )  h a v i n g  i d e n t i c a l
t h e  t w o  o r b i t a  a r e  r e l a t e d  by t i s e - r e v e r s a  1 . M o r e  
g e n e r a l l y  a n y  o r b i t ,  its t i m e  r e v e r s e d  o r b i t ,  its
o r b i t  o f  t h e  m i r r o r  i m a g e  all c o n t r i b u t e  t h e  a a m e  
o s c i l l a t i o n  to t h e  s p e c t r u m .  W e  s h a l l  s u m  t h e i r  
c o n t r i b u t i o n * .
B y  s u m m i n g  s u c h  c o r r e s p o n d i n g  t e r m s  a n d  
r e a r r a n g i n g  t h e  o s c i l l a t i o n s  in d e s c e n d i n g  o r d e r  o f  t h e
its e f f e c t  on t h e  s p e c t r u m  is m o s t
a c t i o n  a n d  p e r i o d  (and In fact
m i r r o r  i m a g e  a b o u t  t h e a n d  t h e  t i m e  r e v e r s e d
T a b l e  7 . 2  {•} H a a l o v  index, S e a i c l a a a i c a l  
a m p l i t u d e  f a c tor, a c t i o n  a n d  p e r i o d  c a l c u l a t e d  f o r  
65 c l o i e d  o r b l t a
No . Ji' Ab
1 1 21 . 2 207,98 0.6659
2 3 10.8 327,94 1.5690
3 5 7. 30 397.95 2.5788
4 5 6. 37 497.60 2.1426
5 7 5. 75 450.06 3.5889
6 7 5. 70 570.36 2.3613
7 7 4.47 570.35 2.3613
e 9 4 . 07 492.69 4.5962
9 11 4.29 529.27 5.6015
10 7 4. 79 582.33 3.0418
11 7 3. 75 502.33 3.0418
12 9 3.02 636.55 3.4586
13 13 3. 87 561.60 6.6054
14 13 4- B6 727.41 5.8533
15 13 4. 89 727. 10 5.6270
16 9 4. 54 636.55 3.4686
17 9 2 . 89 641. 14 3.9800
IB 9 4. 28 641 . 14 3.9800
19 15 3.55 590,75 7.6084
20 1 1 2. 59 686.26 4.6407
21 7 3 . 44 652.09 2.8826
22 11 4. 32 686.26 4.5407
23 1 1 4 . 24 687.88 4.9231
24 17 3 . 30 617.39 8.6106
25 17 4 . 60 961,22 7.0196
26 17 4.26 961.15 6.8979
27 1 1 2 . 58 687.80 4.9231
28 13 2 , 70 727.10 5.6270
29 13 2.74 727.41 5.8533
30 19 3. 09 642,02 9.6123
31 17 3. 77 961.05 6,7235
32 9 2. 83 742.55 2.8693
33 9 3. 15 742.55 2.0693
34 17 4.13 961.15 6.897 9
35 11 2.36 812. 12 3.1820
36 9 2.33 761,84 3.5826
37 15 2. 24 92 3. 17 5.8920
SB 15 2.29 924.04 6.1913
39 15 2 . 16 923.18 5.8920
40 9 1 . 96 732.37 3.8605
41 11 2 . 39 828.09 3.7428
42 1 1 2. 16 82 2.41 3.8724
43 15 2 . 12 922.00 5.5282
44 9 2 . 38 732.37 3.8605
45 17 2.11 1060.1 7.0086
46 11 2 . 02 822.41 3.0724
47 13 1 . 96 B81.19 5.3156
T a b l e  7.2 (a) ( c o n t i n u e d )
No. A b S' T a
48 13 1.90 8 7 8 . 4 0 4 . 8 8 3 8
49 11 1. 98 8 2 9 . 6 1 4 . 4 3 6 5
50 9 1. 99 8 1 2 . 9 6 3 . 5 4 0 7
51 13 1. 96 8 7 4 . 6 3 4 . 3 6 7 4
52 13 2. 00 8 7 8 . 4 0 4 . 8 8 3 8
53 11 2, 02 8 5 0 . 7 9 4 . 4 0 6 6
54 11 1 . 68 0 4 9 . 3 8 4 . 0 5 8 2
55 11 1 . 64 8 5 0 . 7 9 4 . 4 0 6 6
56 11 1.48 8 9 7 . 0 4 3 . 6 3 4 9
57 11 1 . 99 8 4 9 . 3 8 4 . 0 5 8 2
58 13 2. 18 8 8 7 . 2 7 4 , 6 6 4 5
59 17 1. 67 1 0 6 0 . 0 6 . 9 2 5 4
60 1 1 1.42 7 8 8 . 6 5 4 . 0 6 2 6
61 11 1. 72 8 2 8 . 0 9 3 . 7 4 2 8
62 1 1 1. 94 7 0 8 . 6 5 4 . 8 5 2 6
63 11 1. 72 8 9 7 . 0 4 3 . 6 3 4 9
64 17 1. 65 1060.0 6 . 9 2 6 4
65 13 1. 38 8 8 7 . 2 7 4 . 6 6 4 5
* T h e M a s l o v  index a s s o c i a t e d w i t h  e a c h  c l o s e d
orb i t .  It la equ a l  to the n u a b e r  o f  e x t r a s * *  in 
d i r e c t i o n  p l u a  the n u a b e r  of c r o t t i n f  of p  axis.
b T h e  a m p l i t u d e  f a c t o r *  ore c o n p u t e d  f r o a  c i r c l e  
rb to r b . T h e s e  n u a b e r *  a h o u l d  be a u t i l p l i e d  by 1 0 s , 
c T h e  a c t i o n *  are c o a p u t e d  f r o a  c i r c l e  rb to rb . 
a T h e  p e r i o d  T ia in T c ,
169
T a b ! *  7 . 2  (b) C a l c u l a t e d  o a c t l l a t i o n  e t p l t u d e i ,
p h a t e t ,  e n d  d e r i v a t i v e *  o f  p h a a e e  w i t h  r a i p e c t  tv th e  







1 6. 54 x 1 0 -  l 5 . 30 1 3 . 9
2 4 . 1 4 * 1 0 * 2 - 72 2 0 , 6
3 2 . 0 2 * 1 0 ’ i 0 , 49 2 4 . 5
4 7 . 9 6 * 1 0 - ^ 5 . B9 3 0  . 1
5 2 . 5 1 * 1 0 ' i 5. 47 2 7 . 4
6 6. 68*10' * 3 . 25 34 . 1
7 6. 6 0 * 1 0 - * 3 . 25 3 4  . 1
0 2 . 5 9 x 1 0 - * 0 . 98 29. 8
9 2 . 5 3 x 1 0  ‘ 3 . 0 1 3 1 . 8
10 4. 1 4 * 1 0 * 2 . 65 34 . B
1 1 4 , 1 4 *  1 0 - a 2 . 65 34. B
12 9 . 7 1 x 1 0 - * 3. 47 37 . 8
13 2 . 4 2 * 1 0 - i 0 . 77 3 3  . 6
14 9 . 3 9 x 1 0 - * 0 . 08 42. 9
15 1 . 1 6 * 1 0 - i 6 . 05 4 2  . 9
16 9 , 7 1 x 1 0  * 3 . 47 37 . 8
17 5 . 8 9 x 1 0  * 1 ,77 3 8  . 1
IB 5 , 0 9 * 1 0 - a 1 , 77 3 8  . 1
19 2 . 3 1 * 1 0 ’ i 1 .65 3 5  . 3
20 1 . 0 0 * 1 0 - i 6 . 06 4 0  . 6
21 2 . 3 1 * 1 0 ~ * 0 , 9 6 38. 0
22 1 . 0 0 * 1 0 - 1 6 . 0 6 4 0 . 6
23 7 . 1 6 * 1 0 ’ * 1 . 39 4 0 , 7
24 2 . 2 0 * 1 0 - i 0 . 0 2 3 6 . 8
25 5 . 8 9 * 1 0 ’ * 4. 55 5 6 . 0
26 6 . 0 5 * 1 0 - a 4 . 4 9 5 6 . 0
27 7 , 1 6 * 1 0 - * 1 . 39 40, 7
2B 1 . 1 1 * 1 0 - i 6 . 0 5 4 2 . 9
29 9 . 3 9 * 1 0 * 0 . 08 4 2  . 9
30 2 . 0 8 * 1 0 ' ) 2 . 65 38. 1
31 6 . 3 7 x 1 0 * 4 ■ 38 5 6  . 0
32 2 . 0 7 * 1 0 - * 5 . 00 4 3  . 3
33 2 . 0 7 * 1 0 * 5 . 80 4 3 . 8
34 6 , 0 5 x 1 0 * 4 . 49 5 6  . 0
35 5 . 8 9 x 1 0 - * 3. 10 47, 7
36 7 . 9 6 * 1 0 - a 6 . 24 4 4  . 8
37 3 . 0 2 x 1 0 * 1 . 07 5 3 . 9
38 2 . 3 9 x 1 0 ' * 1 . 92 5 3 . 9
39 3 . 0 2 * 1 0 - a I .07 5 3  . 9
40 3 . 1 8 x 1 0 - 3 1 .90 4 3 . 2
41 4 . 4 6 x 1 0 ' a 3 .37 4 8 . 6
42 2 . 3 9 x 1 0 - * 0 . 8 4 4 8 . 2
43 4 . 1 4 * 1 0 - a 6. 17 5 3  . 8
44 3 . 18*10- * 1 .90 4 3 . 2
45 7 , 3 2 * 1 0 ' * 2 . 9 0 6 1 . 5
46 2 . 3 9 * 1 0 ' * 0 - 64 48. 2
47 1 . 7 5 * 1 0  * 6. 20 5 1 . 5
T a b l e  7 , 2  (b) { c o n t i n u e d )
48 2 . 5 5 * 1 0 - *
49 1 . 2 7 * 1 0 *
50 3 . 3 4 * 1 0 *
51 4 . 3 0 * 1 0  *
52 2 . 5 5 * 1 0 - *
53 1 . 1 1 * 1 0 *
54 7 . 9 6 * 1 0 *
55 1 . 1 1 * 1 0 *
56 2 . 4 5 * 1 0 *
57 7 . 9 6 * 1 0 - *
58 5 , 7 3 * 1 0 *
59 5 . 7 3 * 1 0 ' *
60 4 . 7 7 * 1 0 - 3
61 4 . 4 6 * 1 0 *
62 4 . 7 7 * 1 0  *
63 1 . 75*10-4
64 5 . 7 3 x 1 0  *




3 . 4 2 5 1 . 4
1 . 65 4 8 . 6
0 . 8 1 4 7 . 7
5. 93 5 1 . 2
3 . 4 2 51 . 4
0. 94 4 9 . 8
5 . 8 1 49. 7
0 . 9 4 4 9 . B
0 . 0 7 5 2 . 4
5.81 4 9 . 7
2 . 8 7 5 1 . 9
2 . 0 5 6 1 , 5
4 . 7 7 46, 3
3. 37 4 8 . 6
4. 77 46. 3
3.21 52.4
2 . 85 61 . 5
2 . 87 5 1 . 9
1 A a p l i t u d e i  of th e  c l o e e d  o r b i t s .
‘’P h a s e s  of th e  c l o e e d  o r b i t e .
c Der i v a t  ive« of t h e  p h s e e a  w i t h  r e s p e c t  to the 
■ n g n e t i c  field in T e s l a 1 .
p e r i o d  T, T a b l e  7 . 3  it o b t a i n e d .  T b e a e  a r e  the 
t h e o r e t i c a l  a p e c t r u a  (o a c 1111 a t i o n e  in ( 6 - 2 1 ) ) .  W e  
n e x t  c o n p a r e  t h e a  to the e x p e r i a e n t a i  r e s u l t * .
4. C o a p a r i i o n s  B e t w e e n  T h e o r e t i c a l  a n d  E x p e r i a e n t a i  
S p e c  tr ua
( 6 - 2 1 ) ,  t a k i n g  t h e  o a c i l l a t i o n a  f r o a  T a b l e  7 . 3  a n d  t h e  
b a c k g r o u n d  in ( 7 - 9 ) ,  w e  g e t  the a p e c t r u a  in Fi g.  7.4. 
F o r  c o a p a r i i o n  I a l a o  s h o w  the e x p e r i a e n t a i  a p e c t r u a .  
B o t h  t h e o r e t i c a l  a n d  e x p e r i a e n t a i  e p e c t r a  a r e  so w i l d l y  
o s c i l l a t o r y  t h a t  it a e e a a  to b e  i a p o e e i b l e  to c o a p a r e  
t h e a  d i r e c t l y .  T h e  c o a p a r i i o n  b e t w e e n  t h e o r y  a n d  
e x p e r i a e n t  h a e  to be B a d e  in a d i f f e r e n t  way.
O n e  a e t h o d  to c o a p a r e  t h e a  ia t o  c h o o a e  a " w i n d o w "  
f u n c t i o n  w i t h  p r o p e r  w i d t h ,  a n d  a v e r a g e  the 
e x p e r i a e n t a i  a p e c t r u a  l o c a l l y .  In d o i n g  s o  t h e  s a a l l -  
s c a l e  o s c i l l a t i o n s  in t h e  a p e c t r u a  w i l l  be a v e r a g e d  to 
s e r a .  W h a t  is l e f t  o v e r  is t h e  l a r g e - s c a l e  
o a c i l l a t i o n a .  In Fig. 7 . 4  (a) la an e x p e r i a e n t a i  
s p e c t r u a (a e a a u r e d  at s o a e w h a t  l o w e r  r e s o l u t i o n  t h a n  
t h a t  in Fig. 7 . 4  (f) a n d  t h e  r e s u l t  o b t a i n e d  b y
S B O O t h i n g  t h a t  a p e c t r u a  l i g h t  line: a p e c t r u a ;  h e a v y
line: e n o o t h e d  a p e c t r u a ) .  T h i s  a a o o t b e d  a b s o r p t i o n
a p e c t r u a  is d i r e c t l y  c o m p a r a b l e  to o u r  t h e o r e t i c a l  
s p e c t r u m  i n c l u d i n g  o n l y  t h e  l o w e a t  T o s c i l l a t i o n
is p l o t t e d  a c c o r d i n g  to
T a b l e  7 . 3  T h e  o a c i l l a t n r y  a p e c t r u a  fo r  t r a n s i t i o n  
2Pi to e f " 0  n e a r  t h r e s h o l d  of • H y d r o g e n  a t o s  in 5 . 9 6  
T e s l a  a a f o e t i c  f i e l d .
T * . A * .
0 - 6 6 5 9 6 . 5 4 x 1 0 “ 1 5 . 3 0 <D
1 . 5 6 9 0 8 . 2 8 x 1 0  2 2 . 7 2 <2>
2 . 1 4 2 6 1 . 5 9 k 1 0 ” * 5 . 8 9
2 . 3 6 1 3 2 . 6 7 x 1 0 - 1 3.25
Q >2 . 6 7 8 8 4 . 0 4 x 1 0 - 1 0 . 4 9
2 . 8 6 9 3 8 . 2 B x l Q - 2 5. 80
2 . 8 8 2 5 4 . 6 2 x 1 0 - 4 0 . 96
3 . 0 4 1 B 1 . 6 6 x 1 0 -  1 2 . 65
3 . 1 8 2 0 1 . 1 B k I O - 1 3. 10
3 . 4 5 8 6 3 . 8 8 x 1 0 -  J 3.47
3 . 5 4 0 7 6 . 6 8 x 1 0 - « 0. 81
3 . 5 8 2 6 1 . 5 9 x 1 0 - * 6. 24
3 . 5 8 8 9 5 . 0 3 x 1 0 - 1 5 . 4 7
3 . 6 3 4 9 9 . 8 0 x 1 0 * * 0 . 0 7
3 . 7 4 2 8 1 . 7 8 x 1 0 - 1 3. 37
3 . 8 6 0 5 1 . 2 7 x 1 0 - * 1 .90
3 . 8 7 2 4 9. 5 5 x 1 0 *  2 0 . 8 4
3 - 9 8 0 6 2 . 3 6 x 1 0 - 1 1 . 77
4 . 0 5 8 2 1 . 5 9 x 1 0 -  * 5.81
4 . 3 6 7 4 8 . 5 9 x 1 0 - 2 5 . 9 3
4 . 4 0 6 6 4 . 4 6 x 1 0 - 1 0 . 9 4
4 . 4 3 6 5 2 . 5 5 x 1 0 - 2 1 .65
4 . 5 4 0 7 4 . 0 1 x 1 0 - 1 6. 06
®4 . 5 9 6 2 5 . 1 9 x 1 0 “ 1 0 . 9 8
4 . 6 6 4 5 2 . 2 9 x 1 0 - 1 2 . 8 7
4 . 8 5 2 6 1 . 9 1 x 1 0 - * 4 . 4 7
4 . 8 0 3 B 1 . 02x10- 1 3 . 4 2
4 . 9 2 3 1 2 . 8 6 x 1 0 - 1 1 . 39
5 . 3 1 5 6 3 . 5 0 x 1 0 ' * 6. 20
5 . 5 2 8 2 8 . 2 8 x 1 0 * 6. 17
©5 . 6 0 1 5 5 . 0 6 x 1 0 *  1 3, 01
5 . 6 2 7 0 4 , S & x l O  1 6. 05
5 . B 5 3 3 3 . 7 6 x 1 0 -  1 0. 08
5 . 8 9 2 0 1 . 2 1 x 1 0  1 1 . 07
6 . 1 9 1 3 4 . 7 7 x 1 0 -  * 1 . 92
e6 . 6 0 5 4 4 . 8 4 x 1 0  1 0 . 7 7
6 . 7 2 3 5 1 . 2 7 x 1 0 -  1 4 . 3 B
6 . 8 9 7 9 2 . 4 2 x 1 0 * 1 4 . 4 9
6 . 9 2 5 4 2 . 2 9 x 1 0 - 1 2 . 8 5
7 . 0 0 8 6 1 . 4 6 x 1 0 - 1 2 . 9 0
7 . 0 1 9 6 1 . 1 8 x 1 0 - 1 4 . 5 5
a7 . 6 0 8 4 4 . 6 2 x 1 0 - 1 1 .65
B . 6 1 0 6 4 . 3 9 x 1 0 - 1 0 . 0 2
9 . 6 1 2 3 4 - 1 7 x 1 0 - a 2. 65 w s
T h i s  t a b l e  ia o b t a i n e d  by sueaitil u p  the s a l t  
o a c i l l a t i o n a  in T a b l e  7 . 2  a n d  t h e  s a e e  
o a c i l l a t i o n a  f r o »  the l i r r o r  i a a g e a  o f  65 o r b i t * .
Table 7.3*The oscillatory apectrua aa in Table 7 . 3  
froa the firat and second haraonica of Ko. 1 orbit.
xi
1 . 3 3 1 8  3 . 2 5 x 1 0 ' *  3 . 5 1  4 H -
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FIG. 7.4 Theoretical apectrua (a), (b)t (e) and 
(d) are froa eq. (6-21} with b a c k g r o u n d  froa (7-9) end 
oacillationa taken froa Table 7.3 and 7.3* with o n l y  
T < I , OTc i T < 2 , OTt , T< 4 . OTc and T<10.QTc teraa 
reapective1y . Lower and higher reaolution experiaentai 
a p e c t r u a  (e) and  (f) are froa Ref. and reapectively.
(Fig. 7 . 4  (a)). I c a l l  th e r e a d e r ' s  a t t e n t i o n  to a fe e 
f a c t *  f r o a  Fig. 7 . 4  (a) a n d  Fig. 7 .4  (e>, T h e t h e o r y  
p r e d i c t a ;  F i r s t ,  t h e  a a g n l t u d e  o f  t h e l o w e s t  
o s c i l l a t i o n  c o a p a r e d  to the  b a c k g r o u n d ;  s e c o n d,  the  
e n e r g y - s p a c i n g  of th e o s c i l l a t i o n ;  t h i r d ,  the a b s o l u t e  
p h a s e  o f  t h e  o s c i 11 a t i o n ( I a a r k  z e r o  e n e r g y  w i t h  an 
a r r o w  a n d  d e n o t e  b y  I » ) . T h e s e  p r e d i c t i o n s  all s e e *  to 
a g r e e  w i t h  e x p e r i m e n t  v e r y  w e l l .
A b e t t e r  a e t h o d  o f  c o m p a r i n g  t h e o r y  w i t h  
e x p e r i m e n t ,  w h i c h  e n a b l e *  us to s a k e  q u a n t i t a t i v e  
c o m p a r i s o n  f o r  m a n y  o s c i l l a t i o n s ,  ia t he  F o u r i e r  
t r a n s f o r m a t i o n .  S u p p o s e  r e p r e s e n t *  the s p e c t r u m
( g i < B < B z ] .  H e  m a k e  a F o u r i e r  t r a n s f o r m a t i o n  to 
c h a n g e  e n e r g y  v a r i a b l e  H to t i m e  v a r i a b l e  T,
F 2 e  d e  (7 - i 5 )
n o w  w e  u s e  ( 6 - 2 1 )  to s u b s t i t u t e  fo r  in (7-15} *nd
do t h e  i n t e g r a l .  T h e  r e s u l t  is
f W C t J ^ _ 2 3 ^ 0 )  _ S t h  j~(
j h
+  T  S z ^ J C E a e , )
" > K .  2 x  c 7 ~ 7% ' ^
_  5 - / L t ^  - i G t h & I & S i  s n ( T + T * t j ( £ i - £ , y ,
t <  ^  C^ Tv^
(7-16)
W e  s h a l l  r e s t r i c t  o u r s e l v e s  to p o s i t i v e  T, Then the
s e c o n d  s u m  c a n  b e  n e g l e c t e d  a n d  w e  o b t a i n
F j y a e
■+^ L —----------- e ^
( 7 - 1 7 )
Now if j F J i f i j ) ^  a g a i n s t  T is p l o t t e d  a n d  if jT^ a r e  w e l l  
l e p a r a t e d ,  we  s h o u l d  s e e  p e e k s  a t  e a c h  . F u r t h e r
w o r e  t h e h e i g h t  o f e a c h  p e e k  is p r o p o r t i o n a l  t o  the 
s q u a r e  o f  t h e  p r o p e r  o s c i l l a t i o n  a m p l i t u d e  .
In Tig. 7 . 5  I p l o t  t he  s q u a r e  o f  t he  F o u r i e r  
t r a n s f o r m a t i o n  o f  s p e c t r u m  in Fi g .  7.4 (f) in d a s h e d
line a n d  the s q u a r e  of  t he  o s c i l l a t i o n  a m p l i t u d e s  f r o n
a t y h / i s l
t h e o r y  in s o l i d  l i n e f t h i s  p i c t u r e  d i i c r i a i n a t e s  the
A
s m a l l e r  o s c i l l a t i o n s  in t he  s p e c t r u m ) .  B e c a u s e  the 
e x p e r i m e n t a l  s p e c t r u m  is in a r b i t r a r y  uni t ,  t h e  
e x p e r i m e n t a l  a p e c t r u a  is n o r m a l i z e d  s o  t h a t th e  h i g h e s t  
p e a k ( a t  T - 0 , 6 6 T t )  m a t c h e s  the  c o r r e s p o n d i n g  t h e o r e t i c a l  
o n e .
Let m e  e x p l a i n  t h i s  Fig. 7 - 5  a l i t t l e  m o r e .  T h e s e  
o r b i t s  a s s o c i a t e d  w i t h  th e  p e a k s  m a r k e d  by  f^) t h r o u g h  
an d y *  a r e  a l s o  m a r k e d  in T a b l e  7 .3  npd T a b l e  7 , 3 * .
F r o m  T a b l e  7.3, 7 . 3 * ,  7 . 2 and 7 . 1  w e  c an  f i n d  t h e
p r o p e r t i e s  of t h e a e  o r b i t s  ( i n i t i a l  a n g l e ,  fi nal  a n g l e ,  
p e r i o d ,  e t c . ) .  T h e  o r b i t  a s s o c i a t e d  w i t h  t h e  penk(j) is 
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been known to be correlated with tb* Urfeat 
oscillation Ln the observed aptctrui lince 1970 ^
T h e  o r b i t *  a s s o c i a t e d  w i t h  the P e a k a  (J) t h r o u g h ^  w e r e  
f o u n d  i c r a  r e c e n t l y ' 7 . All o t h e r  c l o s e d  o r b i t *  
p r e s e n t e d  h e r e  a r e  n e w  o n e * .
T h e r e  a r e  s o a e  i n t e r e s t i n g  f e a t u r e *  in F i g u r e  7.5 
w h i c h  s h o u l d  b e  p o i n t e d  out . T h e  o r b i t *  l a b l l e d  (JJ and  
( I )  a r e  t h e  a o a t  s t a b l e  a n d  the n e x t  a o s t a t a h l *  o r b i t s  
of  t h e  l y i t o s  ( s t a b i l i t y  is l e a i u r e d  by  the v a l u e  o f  the 
a m p l i t u d e  f a c t o r  A. A a o r e  s t a b l e  o r b i t  h a s  a l a r g e r  
v a l u e  o f  A * - l o o k  in T a b l e  7.2). T h e i r  v a l u e s  of 
a a p l i t u d e  f a c t o r s  d i f f e r  b y  o n l y  a f a c t o r  o f  2f 
h o w e v e r ,  t h e i r  o s c i l l a t i o n  a a p l i t u d e #  d i f f e r  by
a l a o s t  a n  o r d e r  o f  a a g n i t u d e .  W h y  is (j ■ t h e  h i g h e s t  
p e a k  s o d  0  ao  s a a l l ?
T o  u n d e r s t a n d  t h i s ,  w e  a u s t  u s e  a n d  the
T h e  a b o v e  i n t e g r a l  r e p r e s e n t s  t he  o u t g o i n g  w a v e  c a u s e d  
b y  t h e  a b s o r p t i o n  o f  a p h o t o n  in s t a t e  ZP* - If w e  do 
t h e  i n t e g r a l ,  w e  w o u l d  f i n d  that it is an o u t g o i n g  w a v e  
h a v i n g  a n  a n g u l a r  a a p l i t u d e  d i s t r i b u t i o n .  This 
d i s t r i b u t i o n  is a l i n e a r  c o a b l n a t i o n  o f an S w a v e  a nd  s 
D w a v e -  T h e  D w a v e  d o s i n a t e s  t h e  S w a v e ( D  w a v e  
a a p l i t u d e  is a b o u t  4 t i a e s  of t he  a w a v e  a a p l i t u d e ) .
B y  e x a a i n i n g  t h e  i n i t i a l  o u t g o i n g  a n g l e  o f  o r b i t {P a n d  ( 2 )  
w e  f i n d  t h a t  t h e  I n i t i a l  a n g l e  o f  (2) is c l o s e  to the 
n o d e  o f  t h e  D w a v e  a n d  ( J ) is on t h e  p e e k  o f  the D wave. 
T h e r e f o r e  t h e  w a v e s  p r o p a g a t e d  o u t w a r d  in t h e s e  two
o u t g o i n g  G r e e n ' s  f u n c  t i o n  t o f i n d  J ( j * (  £ ? )  M l  i f  ‘^ f r 1 
d i f f e r e n t  d i r e c t i o n *  have v e r y  d i f f e r e n t  i n t e ns i t y , 
t h e i r c o n t r i b u t i o n s  to the s p e c t r u a  are th us v e r y  
d i f f e r e n t .  S i a i l a r l y  r e t u r n i n g  a n g l e  a l s o  s a k e *  a 
g r e a t d i f f e r e n c e  for  the c o n t r i b u t i o n  o f  eny  c l o s e d  
o r b i t to the i p e c t r u a -  T h e  e f f e c t s  of i n i t i a l  and 
final a n g l e s  a a y  a a p l i f y  e a c h  o t h e r  and thus p r o d u c e  a 
d r s a a t i c  c o n t r a s t  in the s p e c t r u a  like (7) and -
As 1 h a v e  just a e n t i o n e d ,  (T) ia the o r b i t  g o i n g  
a l o n g  t h e  P a x i s  a n d  r e t u r n i n g  to the n u c l e u s .  W ha t  
w o u l d  b e  the c o n t r i b u t i o n  to the s p e c t r u a  if the o r b i t  
r e p e a t s  i t s e l f  a f e w  t i a e a ?  The  o r b i t *  a a r k e d  by 1* 
a n d  1** are t he  c o n t r i b u t i o n s  of r e p e a t e d  o r b i t s  of (J ) . 
1* g o e s  out f r o i  the  n u c l e u s  a l o n g  the p a x i s ,  
r e t u r n i n g  to th e n u c l e u s ,  g o i n g  o u t  a g a i n  a n d r e t u r n i n g  
b a c k  to the n u c l e u s .  I1* J u s t  r e p e a t *  o n e  B o r e  t ia e  
t h a n  1*. T he  c o n t r i b u t i o n s  of (?) , 1* a n d  1'* in a
d e c r e a s i n g  o r d e r  a a y  be e a s i l y  u n d e r s t o o d .  We k n o w  
that t h e  p r o p a g a t i n g  w a v e s  a l w a y s  s p r e a d  in this s y s t e a  
a n d  as t h e y  do so, th ei r a a p l i t u d e  b e c o a e a  s a a l l e r .  So 
w h e n  t h e  w a v e s  t r a v e l  one m o r e  t i m e  o ver  the path, the 
r e s u l t i n g  c o n t r i b u t i o n  to t he  s p e c t r u a  w i l l  be s a a l l e r .  
T h i s  c o n s i d e r a t i o n  a l s o  s u g g e s t s  a r e l a t i o n s h i p  a a o n g
t he  h e i g h t s  of 0  , I* and 1 * *  ‘t h e r a t i o  of h e i g h t  of
(?) a g a i n s t  1* is a p p r o x  iaat e 1 y equ a l  to t h e r a t i o  of 
h e i g h t  of 1* to 1**. The n u a b e r i  s h o wn  in T a b l e  7.3 
a n d  7,3* c o n f i r s  this.
T h e  pe ak s a a r k e d  by (6) and  6* e i g h t  be a o r e
I n t e r e s t i n g .  He s e e  th e  e x p e r i m e n t a l  p e a k  t h e r e  1* 
r a t h e r  s m a l l .  N o w  f r o m  t h e o r y  w e  f o u n d  two m u c h  h i g h e r  
p e a k s  c o n t r i b u t e d  b y  two v e r y  d i f f e r e n t  o r b i t s .  In 
fact (?) is f r o m  a p e r i o d i c  o r b i t ,  b u t 6* la f r o m  a c l o s e d  
one. H ow  c a n  w e  e x p l a i n  t h i s  a p p a r e n t  p a r a d o x ?  He ll , 
it t u r n s  out t h a t  the  p h a s e s  of the  o s c i l l a t i o n s  f r o m 
t h e s e  two o r b i t s  d i f f e r  a l m o s t  by TT ■ T h e  t h e o r y  
a c t u a l l y  a g r e e s  w i t h  e x p e r i m e n t  there.
O v e r a l l  t h e  a g r e e m e n t  b e t w e e n  t h e o r y  and 
e x p e r i m e n t  u p  to 6Tc is i m p r e s s i v e .  A b o v e  6 T c  the 
t h e o r y  has p r e d i c t e d  s o m e  v e r y  d i s t i n c t  p e a k e s .  The  
e x p e r i m e n t a l  d a t a  d o e s  n ot  m a t c h  t h e s e  p e a k e s .  H e  h a v e  
n o  r e a s o n  to b e l i e v e  that the t h e o r y  is less a c c u r a t e  
f o r  t h e  l o n g e r - p e r i o d  o r b i t s ,  so w e  t e n t a t i v e l y  a s c r i b e  
this d i s c r e p a n c y  to p r o b l e m *  of e x p e r i m e n t a l  
r e s o l u t i o n :  l o n g e r  p e r i o d  o r b i t s  p r o d u c e  v e r y  s m a l l -
s c a l e  f l u c t u a t i o n s  io the s p e c t r u m ,  w h i c h  w o u l d  be 
d i f f i c u l t  to m e a s u r e  a c c u r a t e l y ,
1 h a v e  s o  far m a d e  c o m p a r i s o n s  w i t h  o n l y  a v a i l a b l e  
e x p e r i m e n t a l  d a ta .  The  t h e o r y  p r e d i c t *  r e s u l t s  of 
e x p e r i m e n t s  t h a t  h a v e  not yet b e e n  done. F r o m  (7-1 7)  
w e  c a n  o b t a i n  the  p h a s e  o f  e a c h  o s c i l l a t i o n
( 7 - 1 8 )
So if w e  d o  t h e  F o u r i e r  t r a n s f o r m a t i o n  of t h e s p e c t r u m ,  
a n d  f i n d  t h e  a r g u m e n t  o f  t h e  r e s u l t i n g  c o m p l e x  n u m b e r  
at t h e  p e a k s  , w e  w o u l d  get the p h a s e s  of t h e
o s c i l l a t i o n s .  T h i s  i n f o r m a t i o n  c a n  b e  c a l c u l a t e d  
d i r e c t l y  f r o m  t b«  e x p e r i m e n t a l  da t a,  but l u c b  
c a l c u l a t i o n s  h a v e  n o t  b e e n  r e p o r t e d .  Tb s r e a s o n  is 
l a r g e l y  d u e  to the lack of s c o m p l e t e  t h e o r y  in the  
p a s t .  N o  t h e o r y  in t he  p as t  has b e e n  a bl e  to p r e d i c t  
t he  a m p l i t u d e  an d  p h a s e  o f  the o s c i l l a t i o n s  I p the 
s p e c t r u m .  T h o s e  s c a t t e r e d ,  v e r y  i n c o m p l e t e  t h e o r i e s  
h a v e  f o u n d  t h e  c o r r e c t  r e l a t i o n s h i p  b e t w e e n  the s p a c i n g  
of  e a c h  o s c i l l a t i o n  an d  t h e  p e r i o d  of  s o m e  ki ad of 
o r b i t .  B x a c t l y  w h a t  k i n d  o rb it a n d  th e r e l a t i o n s h i p  
b e t w e e n  p e a k  a p a c i n g  a n d  p e r i o d  of o r b i t  ca n o nl y  n o w  
b e  u n d e r s t o o d  c o r r e c t l y !
B. R e m a r k s  on  C l o s e d  O r b i t s
In t h e  a b o v e  c o m p a r i s o n s  b e t w e e n  the F o u r i e r  
t r a n s f o r m e d  e x p e r i m e n t a l  s p e c t r u m  a n d  the c o m p u t e d  
a m p l i t u d e  o f  o s c i l l a t i o n s ,  I ha ve  u s e d  the t h e o r e t i c a l  
v a l u e s  at z e r o  e n e r g y  only. This is a r e a s o n a b l e  
s i m p l i f i c a t i o n ,  b e c a u s e  w e kn ow if t h e  r a n g e  a t  
e n e r g y  for t h e  e x p e r i m e n t a l  a p e c r u m  is not too large, 
t h e  a m p l i t u d e  a n d  p e r i o d  of ea c h  o s c i l l a t i o n  can be 
r e g a r d e d  a a  c o n s t a n t s ,  N o r a  p r e c i s e  c a l c u l a t i o n s  c o u l d  
b e  m a d e  if w e  r e p e a t  t he  c o m p u t a t i o n s  at d i f f e r e n t  
e n e r g i e s  to  o b t a i n  th e a m p l i t u d e s ,  p h a s e s  a nd  p e r i o d s  
o f  o r b i t s  as  f u n c t i o n s  of  e n e r g y  { s e e  eq. (6-9)). 
A n o t h e r  i n t e r e s t i n g  p h e n o m e n o n  t he n  ar is es . In g e n e r a l  
a n y  p a r t i c u l a r  c l o s e d  o r b i t  e x i s t e d  o n l y  i n a c e r t a i n
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ran ge  o f  e n e r g y .  S o  wh en we c h a n g e  e n e r gy , w e  find 
a o a t  of the t i a e  o r b i t a  just c h a n g e  t h e i r  s h a p e s ,  but 
■ o i e  o r b i t a  a a y  v a n i s h  s u d d e n l y .  If th la h a p p e n s ,  the 
c o n t r i b u t i o n s  froa these v a n i s h e d  o r b i t a  to the 
■ p e c t r u a  a l a o  va nish. C o n v e r s e l y  new o r b i t s  a a y  be 
b o r n  at c e r t a i n  ener gi es.  In t h i s  case, w e  w o u l d  ad d 
t h e i r c o n t r i b u t i o n  to the s p e c t r u a .  Fig. 7-6  
i l l u s t r a t e s  this p o in t  v e r y  c l e ar l y.
F r o a  this, w e  ob ta in  a u n i f i e d  p i c t u r e  for the 
a t o a  la a s t r o n g  a a g n e t i c  field. S u p p o s e  we s t a r t  f r o a  
any  e n e rg y , s u c h  as E=0. T h e r e  we ha ve  a set of c l o s e d  
o r b i t s  w h i c h  r e p r e s e n t  a s u p e r p o s i t i o n  of o s c i l l a t i o n s  
in the s p e c t r u a .  Now we Lower t he  e n e rg y . H o s t  c l o s e d  
o r b i t a  e v o l v e  c o n t i n u o u s l y  w i t h  energy. S o a e  will 
d i s a p p e a r  a n d  s o a e  others a a y  a p p ea r .  T h i s  p r o c e s s  c a n  be 
r e p e a t e d  for a n y  d e s i r e d  r a n ge  o f  ene rgy, a nd  w e  w o u l d  
o b t a i n  a s p e c t r u a  for the w h o l e  r a ng e  of e n e rg y . At 
v a r i o u s  e n e r g i e s  w e  will h a v e  d i f f e r e n t  set of c l o s e d  
o r b i t s  c o n t r i b u t i n g  to the s p e c t r u a ,  but we r e t a i n  the  
v i e w  t h a t  the  c l o s e d  o r b i t s  p r o d u c e  o e c i l l a t i o n s  in 
the s p e c t r u a .
C. W h a t  Has B e e n  Learned
In this s t u d y  I ha ve  e x t e n d e d  the i d ea s  o f  
G u t z w i l l e r ,  B e r r y  and Tabor, w h o  s h o w e d  that p e r i o d i c  




TIG. 7.6 A «ch«a«tlc picture of orbit* over a 
range of energy. T and K are the period and energy of 
cloeed orbita respectively, Orbit 1 exiat* only 
between Si and Bi . Similarly other orbita eitiat in 
different range*. At energy (• we hav* orbita 1, 2 and
4. When we increaae the energy we will #e* orbit 2
vaniahe* at B« , orbit 3 appear* at li and orbit 1
disappear* at Bz , while orbit 4 only changes it# ebape.
When the energy reach** Be orbit* 3 and 4 hav* replaced 
the orbit* 1, 2 and 4 at I*.
I h a v *  s h o w n  that c l o s e d  o r b i t *  p r o d u c e  o s c i l l a t i o n *  in 
the a b s o r p t i o n  s p e c t r u a .
Q u a n t i t a t i v e  f o r a u l a *  w e r e  e s t a b l i s h e d  for *
p a r t i c u l a r  c l a t *  o f  p r o b l e a a  a t o n e  in e x t e r n a l
m a g n e t i c  f i e l d * .
C o p p u t a t  i oni  w e r e  d o n e  for the t r a n s i t i o n  2 P i - ^ a f .  
T h e o r e t i c a l  r e s u l t s  a g r e e  w el l  w i t h  t h e a v a i l a b l e  
e x p e r i m e n t a l  da ta . New p r e d i c t i o n *  h a v e  b e e n  ma de ,  and  
it is h o p e d  that i m p r o v e d  e x p e r i m e n t  w i l l  c o n f i r m  t h e s e  
p r e d i c t i o n *  in t he  f u t ur e .
T h i s  s t u d y  s t a r t e d  w i t h  th e  d e s i r e  to u n d e r s t a n d  
the  q u a n t u m  s p e c t r u m  of a c l a s s i c a l  c h a o t i c  s y s te m .
No w it can b e  c o n c l u d e d  th a t  t h r o u g h  the c o n n e c t i o n  
b e t w e e n  o s c i l l a t i o n *  in t h e  s p e c t r u m  a n d  t h e  c l o s e d  
o r b i t a  in t h e  s y s t e s  the q u a n t u m  s p e c t r u a  o f  • c h a o t i c  
s y s t e m  p o s s e s s e s  order. But it is a n o t h e r  k ind  o f  order.
The  e y e *  w o u l d  h a v e  a h a r d  t i m e  to f i n d  s u c h  o r e d r  by 
l o o k i n g  at t h e  h i g h  r e s o l u t i o n  s p e c t r u m - - -  it b e c o m e s  
m o r e  c h a o t i c  w h e n  t he  r e s o l u t i o n  is i n c r e a s e d .  T h i s  is 
c o n t r a r y  to t he  b e h a v i o u r  of r e g u l a r  s y s t e m * .
D- W h a t  M o r e  C a n  Be Done
T h e  i de as  h e r e  can b e  u s e d  for m a n y  o t h e r  a y s t e a s -  
In p a r t i c u l a r  for a t o m s  in s t r o n g  m a g n e t i c  field, 
d i f f e r e n t  i n i t i a l  i t a t t i , p o l a r i z a t i o n s  D and f i e l d  
s t r e n g t h s  can be  cho se n;  c o m p u t a t i o n *  for ea ch c a s e  t:an
e a s i l y  be done. A l s o  a t o a s  in e l e c t r i c  f i e l d s  or in
p a r a l l e l  e l e c t r i c  and m a g n e t i c  f i e l d s  c a n  b e  s t u d i e d  
w i t h  d o  acidification o f  the f o r m u l a s .
T h e n  if the  G r e e n ’s f u n c t i o n  is m o d i f i e d  a
l i t tl e ,  o n e  c o u l d  s t u d y  the a b o v e  s y s t e m s  o v e r  a w i d e  
r a n g e  of en er gy.
T h e s e  and o t h e r s  will be t he  s u b j e c t s  of f u t u r e  
r e s e a r c h ■
a p p e n d i x  a
E N E R G Y  A V E R A G E
A n  e n e r g y - a v e r a g e d  G r e e n ' *  f u n c t i o n  l *  r e l a t e d  to 
the f i n i t e  t i a e  p r o p a g a t o r .  To s e e t h in ,  let ut d e f i n e
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T h u *  e q . ( 3  10} is w r i t t e n  as
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w h e r e  ^ i j t )  is a g e n e r a l  c u t - o f f  f u n c t i o n .  We d e f i n e  
to b e  s y m e t r i c  in tiae, so f / - t )  * p t )
W e  sh a ll  n o w  p r o v e  t ha t i* afi e n e r g y - a v e r a g e d
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G r e e n ’s f u n c t i o n ,  s p e c i f i c a l l y ,
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Proof:
F r o a  (A 2), the  i n v e r s e  F o u r i e r  t r a n s f o r m  g i v e s
K  *1 y : j  l \ o } =  ^  . S j  E ) e - t £ i 4 j E
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s u b s t i t u t i n g  t his  f o r a u l a  far into eq. {A - 3), we
ob tsin
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in the a b o v e  the o r d e r  of i n t e g r a t i o n  w a s  cha n ge d .
The s p e c i f i c  f o r a  of the c o n v o l u t i o n  f u n c t i o n  
d e p e n d s  on t h e form c h o s e n  far $ & )  For e x a m p l e ,  if 
g i v e s  a s u d d e n  c u t o f f ,
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If ia e x p o n e n t i a l  or Q a u s B i a n ,  than L o r e n t z i a n
or G a u s s i a n  c o n v o l u t i o n  f u n c t i o n s  a re  o b t a i n e d ,
:-l_ / */r
v  f i y j z  + i £ - e > ) Z
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( A - 7 d )
Alw ay s  the r e l a t i o n s h i p  b e t w e e n  t he  t iae and e n e r g y  
w i n d o w  is r e t a i n e d ,  ^  2 1 T t i  ■
An e n e r g y - a v e r g e d  o s c i 11 at o r - s t r e n g t  h d e n s i t y  is 
r e l a t e d  to t h e  f i n e t e  t im e p r o p a g a t o r  a nd  to the 
e n e r g y - a v e r a g e d  G r e e n ’s f u n c t i o n .  If th e  p r o p a g a t o r
,A
c a l c u l a t e d  for o n l y  a f i n i t e  t im e i n t e r v a l  
— ~J ~ i t h e n  an a v e r a g e d  osci 1 l a t o r - i t r e n g t h  d e n s i t y  
ia d e t e r m i n e d ,  and the s p e c t r u m  c a n  be c a l c u l a t e d  to a 
c o r r e s p o n d i n g  r e s o l u t i o n .  T he  a a m e  " l o w - r e s o l u t  ion" 
s p e c t r u m  c a n  b e  c a l c u l a t e d  from t he  e a e r g y - a v e r s g e d  
G r e e n ’s f u n c t i o n .
L et  us d e f i n e
vfy(e)-(E-£i)/le'-fi)-1 $f{a') gte-E'Jde1
IA- Ba)
When t he  w i d t h  o f ^ f T ' J i s  m u c h  s m a l l e r  th an th e n
l> f^(E}r=  j  i f ( e ' )  $(£'-£) <j£>
f A 8 b )
1 9 1
that is, just an a v e r a g e  of
It ia e a a y  to p r o v e  t h a t
W t ( E ) =  -  J ^ k L K z i i i  u ,  £ ) j
(A-9)




P r o o f :
E q , ( A - 9 )  f o l l o w s  t r i v i a l l y  f r o a  (A- B) , (3 -2 3 )  a n d
( A - 4 ) , T h e n  e q . (A- 10)  f o l l o w s  f r o a  (A-9) a n d  (A - 1 J *
I d e a l l y  w e  s h o u l d  t a k e  in (A-B) in the a a a e
f o r a  as that f o r  t he  l a s er  p r o f i l e .  H o w e v e r ,  w h i l e  the
r e s u l t i n g  t h e o r e t i c a l  a v e r a f e d  o b c i l l a t o r - s t r e n g t h  
d e n s i t y  s h o u l d  d e p e n d  u p o n  t he  w i d t h  o f  the
c o n v o l u t i o n  f u n c t i o n ,  it s h o u l d  not be s e n s i t i v e  to the 
d e t a i l e d  f o r a  o f  t h i s  f u n c t i o n .  T h e r e f o r e  w e  c o n s i d e r  
th e  s p e c i a l  c a s e  that c o r r e s p o n d s  to a s h a r p  c u t o f f ,
as in e q ■ (A - 7 a )  . In t h i s  c a s e  w e  u s e  o n l y  a f i n i t e -
H-V
t i a e  p r o p a g a t o r ,  K f t j O )  for . a nd  t h e r e s u l t i n g
o s c i 1 l a t o r - s t r e n g t h - d e n s i t y  is a v e r a g e d  o v e r  e n e r g y  w i t h  
t he  c o n v o l u t i o n  f u n c t i o n  ( A - 7b ) .  In t h i s  w a y ,  we 
o b t a i n  a t h e o r e t i c a l l y  a v e r a g e d  o s c i 1 l a t o r -a t r e n g t h -  
d e n s i t y ,  ■ T h i s  q u a n t i t y  w i l l  b e  c o m p a r e d  to
t he  e x p e r i m e n t a l l y  a v e r a g e d  m e a s u r e m e n t s  u p  I E )  ■
W e  t a k e  t h e  w i d t h  (in e n e r g y )  of the  t h e o r e t i c a l  
c o n v o l u t i o n  f u n c t o n  c o m p a r a b l e  to the
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e n e r g y  w i d t h  of the laser b e a a ,  w h i c h  ia c o n t a i n e d  in 
^  F vp  C ~ £  J E q u i v a l e n t l y ,  we e v a l u a t e  the
p r o p a g a t o r  up to a a a K i a u i  t i a e  T w h i c h  it c o a p a r a b l e
to 2 .7 1  ~k. y  ( e x p e r i m e n t a l  e n e r g y  r e a o l u t o n )  ,
APPENDIX B
H Y D R O G E N  W A V E  F U N C T I O N S
T h e  e i g e n f u n c t i o n  of H y d r o g e n  a t o »  is the  p r o d u c t  
of a r a d i a l  f u n c t i o n  Hr i a n d  a s p h e r i c a l  h a r a o n  i c .
S o a e  l o w e r  o r d e r  s u c h  f u n c t i o n s  a r e  l i s t e d  h e r e .  P h a s e  
c o n v e n t i o n s  are t h o s e  of ref. 56. A l t h o u g h  a ll  o b s e r v a b l e  
q u a n t i t i e s  are i n d e p e n d e n t  of t he  c h o i c e  of p h a s e  
c o n v e n t i o n ,  it is i m p o r t a n t  to u s e  o n e  i n t e r n a l l y  
c o n s i s t e n t  c o n v e n t i o n  t h r o u g h o u t  t h e  c a l c u l a t i o n .
T h e  f u n c t i o n s  a n d  r e l a t i o n s  l i s t e d  h e r e  a r e  t h e  o n e s  
u s e d  in the c a l c u l a t i o n s  in thi s t h e s i s .
T a b l e  B-l L o w e r  O r d e r  R a d i a l  F u n c t i o n s
K o - Z £ ~ r  
R * D  =  j r ® - ' f
=  e - *5  ■ y
^  r +  % - j  r * )
f a )  =  % t f ) 5  £ ~ v >  t 1 
£ ? z  =  e ~ ^  t 3
X u  =  i b J T ’ e ~ V'4' r -  ( t - y +  +  r y 8 o )
=  t 1 ( s - f / z )
K i - i ^ y f b S - J j?  G  ^  r 3
1 9 3
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T a b l e  B 2  L o w e r  O r d e r  S p h e r i c a l  H a r m o n i c a
=  ^4-Tf
T i o  < - 0 5 &
T i ; ^ ' ^ 9  0  * f
r x o ^ J ^ n
Y u  -*/r>&  0 ^
Yt l  *  H l j >  S' ' i28  e 2 i f
Y 3 0  ~ 7 3 ?  ( - ^  £ o $ * & —  |  L p i S )
Y $ j  —  +  5 'n@ ( £  £j>S 2&  -  i )  0 ^
V 3 3 = 7 f  5 i ' ^ J e  -c 3i<^
^ + 0  = J ("|f” ^  ~~ ’T  L o S  +  ^ ^
( ? C u ^ &  - 3 c * S 8 )  $ * > > &  e t f  
( 7 ^ ^  -  0  e 21*^
=  s V t £  - £ ? * * ?
To o b t a i n  th e o t h e r  h a l f  of s p h e r i c a l  harmon ic  
f u n c t i o n s  (a n e g a t i v e )  , r e l a t i o n
y £ =  w
i s u s e d .
F o r  e v a l u a t i n g  d i p o l e  m a t r i x  e l e m e n t * ,  the 
f o l l o w i n g  r e l a t i o n s  a r e  h e l p f u l :
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ca&rhri
S / o Q  ^
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APPENDIX C
T  ±
THE F O H M U L A  F O B I N T E G RA L
H er e  we shall d e r i v e  a ge n er a l  f o r m u l a  for 
i n t e g r a 1
<T(7ijj')=£Zpt<rJ r 3 IA r
(C-l)
4 p f ft
T hen  J-71 J| is the s p e c i a l  c a s e  of ( f in , JP,JPJwhen J[ ,
S i n c e  the rad ial  f u n c t i o n  Rpj(f) is a p r o d u c t  of
-Q_ ^ 3 . and a p o l y n o m i a l  of order (n~l)»
^  ^  7^
( C 2 )
i n t e g r a l  G ( n , 1,1') is a l i n e a r  c o m b i n a t i o n  of in teg ra l
e ~ ^ r  y - &  l } ^ h U ^ ± i _ j r
/o if
i C 3 )
for k g o i n g  g r o m  3 lo (n+2),
71+Z
(r(n,i, 1’;= Jl LU-i F ( * , i ,P )
( C - 4 )
To e v a l u a t e  F ( n , k , l ’ ). we first m a k e  e c h a n g e  of 
v a r i a b l e  x ~ J S f ~  in the i n t e g r a l ,  t hen




N o w  w e  u s e  f o r m u l a  1 1 . 4 . 2 9  o f  R e f .  5 7 ,
~  - ^ T i v ^ r  W ' - f c )
( i U M + V )  > 0  ;
w h e r e  t h e  n o t a t i o n  M ( a , b , z )  s t a n d s  for the c o n f l u e n t  
h y p c r g e o n e t r i c  f u n c t i o n ,  w h i c h  h a s  a T a y l o r  e x p a n s i o n
n -  ^  + ! h 1 l ^  +  M n i n   ^
b M v  7faTi77+ '
w h e r e
1^)^= .(a+7\-\) t /ajp. |
T h e  r e s u l t  for F(n,k, 1' ) is
f ( M ,  n = z > '- *  . W & j  * » >
(C-6)
A P P E N D I X  D
S T A T I O N A R Y  P H A S E  A P P R O X I M A T I O N
F or  real f u n c t i o n s  t $ 1 % )  ■ u n d e r  s t a t i o n a r y
p h a s e  a p p r o x i m a t i o n
m b i ' ^ l i4,il°  + T s3n/ct>'Ui))]
( D - l i
w h e r e  i labels the s t a t i o n e r y  p o i n t s  of  the p o i n t s
w h e r e  <p> ( _ X t ) =■ Q  .
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APPENDIX B
P R Q O F  O F  S E M I C L A S S I C A L  W A V E  A P P R O X I M A T I O N
H e r e  for c o m p l e t e n e s s  I s h e l l  g i v e  a s h o r t  p r o o f  
that th e  s e m i c 1 a s s i c a  1 a p p r o x i m a t i o n  u s e d  in t h i s  
t h e s i s  for the w a v e  f u n c t i o n  is a s y m p t o t i c a l l y  a c c u r a t e  
to o r d e r  ,
W e  w r i t e  the  w a v e  f u n c t i o n  in the f o r m
a % ) =  M i )
(H I)
a n d  f u r t h e r  w e  a s s u m e  that A ( q )  c a n  be e x p a n d e d  in 
p o w e r  o f  ^  ,
M l ) ^  —  ,
( E - 2 )
T h i s  e x p a n s i o n  ( E l )  a n d  ( E - 2)  a r e  s u b s t i t u t e d  i n t o  the 
S c h r o e d i n g e r  e q u a t i o n ,
( +  v n ) - E ] w ) = o
( e 3 )
a n d  w e  d e m a n d  that the q u a n t i t i e s  o f  d i f f e r e n t  o r d e r  of 
ti, to be aero,
: 2 V A h l  P S  +  (^ S )  A  l° ~  0  * » • « '
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o i P A / f l  175-f (17*S )
2 0 0
( H-4c )
T hu s  w e  o b t a i n  the H a m i 1 t o n - J a c o b i  e q u a t i o n  
(E 4a), a " t r a n s p o r t  e q u a t i o n "  (E- 4 b ) and a s e t of 
d i f f e r e n t i a l  e q u a t i o n s  d e f i n i n g  A"} in t e n s  of for
J * 1 -
F r o m  the a b o v e  e q u a t i o n s  w e  a l s o  n o t e
I(h -e) A %  e i m ) k /=/£ v 'A l0] j
{ E 5 )
t h e  re f o r e  if fll°l a n d  its d e r i v a t i v e s  a r e  b o u n d e d  by a 
c o n s t a n t ,  K, t h e n  the r i g h t  h and  s i d e  of (E-S) ia less 
t h a n  ^  . W h e n  t\_ g o e s  to z e r o  t h i s  u p p e r  b o u n d
a l s o  g o e s  to z e r o  as . W e  say that js a
" f o r m a l  a s y m p t o t i c  a p p r o x i m a t i o n 11 f o r the s o l u t i o n  of 
t he  S c h r o e d i n g e r  e q u a t i o n .
N ow  w r i t e  V S ( % p ^ r = ,  & { % )  in (E -4 b )  a nd  t h i n h  of v(q) 
as a v e l o c i t y  fie ld ,  then
Z l r  vAh]+  ivv )A lB] ~ o
( E Ga }
m u l t i p l y  < E Ga ) b y  A101 a n d  set AloJ . o  b e c o m e s
l i r - r > p - K r - l r > f > ~ o (1.Sb,
o r
V ( f i r ) = 0
{E- Gc)
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T h i ■ it t he  t l i e - i n d e p e n d e n t  f o r a  of t h e  e q u a t i o n  
of  c o n t i n u i t y ,
T h e  s o l u t i o n s  of  (E-4 a)  a n d  ( H - 4 b )  a r e  
c o n s t r u c t e d  in a p r o c e d u r e  d e s c r i b e d  in s o r e  d e t a i l  in 
C h a p t e r  V. B r i e f l y  w e  b e g i n  b y  s p e c i f y i n g  a n  i n i t i a l  
s u r f a c e  of ( n- 1 } - d i a e n  m i on in t h e  n d i a e m i o n a l  
c o n f i g u r a t i o n  s p a c e .  Let p o i n t s  on t h i s  i n i t i a l  
s u r f a c e  be  s p e c i f i e d  by c o o r d i d i n a t e s  cf c °  - F o r  e a c h  
i n i t i a l  po in t c^ / °  , w e  r e q u i r e  that the  n o k e n t u a  
s a t i s f i e s  t he  e n e r g y  e q u a t i o n ,
c o a p u t e d  b y  i n t e g r a t i n g  H a m i l t o n ’s e q u a t i o n .  Let 
h i  ( l- 1 , , . . ,n - 1> b e  the c o o r d i n a t e s  o f  t h e  i n i t i a l  
s u r f a c e ,  w e  h a v e  f u n c t i o n s
(B - 6 d  }
o r
( E - G e )
( B-7  )
a n d  the e q u a t i o n
J 5 " = P W 4 * ' Z  f> itV )
i
( E 8 )
t he n  s t a r t i n g  f r o a  e a c h  p o i n t  on t h e i n i t i a l  s u r f a c e
a n d  u s i n g  P Y £ BJ a s  t he  i n i t i a l  m o m e n t u m ,  t r a j e c t o r i e s  a r e
( E - 9 a )
( E - 9 b  >
2 0 2
t h e n  t he  s o l u t i o n *  of ( E - 4 a )  a n d  ( E ~ 4 b )  are
sn) -  Sirtt)) -bf lit )  &




“ h e r e  .
Jit ,  w ) =  zttjiv)
(E lib)
an d ? ° ( V 0 ) is an a r b i t r a r Y  "in i t i a l "  d e n s i t y  f u n c t i o n .
W e  n o w  s h o w  t h a t  if a s o l u t i o n  to ( E - 4 a )  e x i s t s  
a n d  it is e q u a l  to % C)  on th e i n i t i a l  s u r f a c e ,  th e n  
that s o l u t i o n  is g i v e n  by ( E - 10) , Let Sfq) b e  a 
s o l u t i o n  to (E-4a) in a g i v e n  d o n m n ,  i n c l u d i n g  the  
i n i t i a l  s u r f a c e ,  on w h i c h  S ( q ) = 5 tT £ cJ . 
a n d  d e f i n e  t he  f u n c t i o n  a *
_  as&J
* (B--12)
D i f f e r e n t i a t i n g  (E 4a) w i t h  r e s p e c t  to q < , w e  h a v e
N o w  s t a r t i n g  f r o a  a p a r t i c u l a r  p o i n t  q° on the 
i n i t i a l  s u r f a c e ,  d e f i n e  a p a t h  q)t) s u c h  th a t
^  JHCK %)
***= iTl ,n
( E - 1 4 )
H e r e  we  d i f f e r e n t i a t e  H ( q , p )  w i t h  re sp ect  to p i , 
the n s u b s t i t u t e  , so t hat  the r i g h t - h a n d  a i d e
ia a f u n c t i o n  of o n l y  q, and ( H - 1 4 )  is a c l o s e d  set o f  3 
e q u a t i o n s  d e t e r i i m n j  th e  p a t h  q( t)  froa t he  i n i ti a l  
p o i n t  q° . Now c o n s i d e r  t h e  f u n c t i o n
l E 15)
T his  s a t i s f i e s
_ - M
f f i  16)
w h e r e  w e h a v e  u aed  ( E - 1 2 ) a nd  ( E l  3 ) . E q s . (E - 15 } a n d  
(E- 16 )  ar e  H a m i l t o n ' s  e q u a t i o n s ,  w h i c h  t h e r e f o r e  
p r o v i d e  an a l t e r n a t i v e  w a y  of s p e c i f y i n g  the p a t h  
d e f i n e d  by (£ -1 4).  O n  t hi s p a t h ,  let us d e f i n e  
s{ d = s i t f t i )  . it f « n  ow e  that
B  = ^ 4  3 ^  - V h t t t o )
^ Z-
( H 17)
Th is is a d i f f e r e n t i a l  f o r *  for w h i c h  t h e  i n t e g r a l  
is (E 10 ) .
T o  p r o v e  that f* ( % J  d e f i n e d  in IE-11) ia a s o l u t i o n  
of the t r a n s p o r t  e q u a t i o n  ( E - 6 e ) ,  w h i c h  is e q u i v a l e n t  
to ( E ■4 b ), w e  n e e d  f i r s t  to s h o w  that for a n y  n o n ­
s i n g u l a r  N x N  m a t r i x ,  w i t h  e l e i e n t s  J i j , t h e n
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( e - i 8 )
To p r o v e  this, c o n s i d e r  t h e  a n t r i x  of c o f a c t o n  
C i j , e a c h  of w h i c h  i» equal to ( - 1 ) I+J t i a e s  the 
d e t e r a i n a n t  of the a a t r i x  o b t a i n e d  by s t r i k i n g  out the 
ith r ow  and jth c o l u i n  of J. F r o *  w e l l - k n o w n  t h e o r e m s  
in linear a l g eb r a,
N ow  let the p a t h s  q(t) b e  g e n e r a t e d  a c c o r d i n g  to 
(E-14), w h i c h  we w r i t e  in the f o r a
Let the s o l u t i o n s  q{t) b e  r e g a r d e d  as a f u n c t i o n
i
so
f u r  t  he  r « o r e
t h e r e f o r e
Z [d c tJ)(7 j . j _ IJeej) T rlJ -lf)
(E - 19)
we wi ll n e e d  the ■ a t r i x
( E ■ 2 0 )
o f  t h e  n v a r i a b l e s  = { t , w ) ,  w i t h  w  b e i n g  the  n - 1 
v a r i a b l e s  t h a t  s p e c i f y  a p o i n t  on t h e  i n i t i a l  surface. 
C o n s i d e r  t h e  a a t r i x  J h a v i n g  e l e n e n t s
=V  ~
lta t is e  d e r i v a t i v e  is g i v e n  by
Z - & -
j  3 * 4
m  _  , r  j ) . .
( E 31)
t E-22)
f u r t h e r m o r e ,  a c c o r d i n g  to eq. ( E - l l b ) ,
J{ t ,w> = d e t J (E - 23)
f r o i  (E 11a) w e  f i n d
_  _  PTki) Tfo, nr) ^Ttt,io )
ctt T ft jto)1
u s i n g  (E 23), ( B - 1 8 )  an d  (E 22), we o b t a i n
Jfrt) 71°, w)
<Jtr ' J , H , H > )  r  I
a n d  f r o *  ( E ~ 2 0 ) ,  i E - 19) a n d  t h e  H a m i l t o n i a n
(H- p * / 2 a  + v (q ) ) ,
(E -24  )
so t h e  f u n c t i o n  f Y ^ J d e f i n e d  in (B - ll )  s a t i s f i e s  the 
c o n t i n u i t y  e q u a t i o n  (E-6).
a p p e n d i x  r
PHASE LOSS T HROUGH A FOCUS
For ■ V) the P " °  line is a p o t e n t i a l  b a r r i e r  { m 2 / p i  
in the e f f e c t i v e  p o t e n t i a l ) -  T h e  f a m i l y  of t r a j e c t o r i e s  
is t u r n e d  b a c h  w h e n  m o v i n g  t o w a r d  the b a r r i e r *  As a 
r e s u l t  the s t r u c t u r e  in the p h a s e  s p a c e  for this 
f a m i l y  of t r a j e c t o r i e s  f o rma  an  o r d i n a r y  fold*  a n d  a 
p h a s e  loss o f  is p r o d u c e d  w h e n  the w a v e  p a s s e s
t h r o u g h  th i s  r e g i o n.
For m O ,  the P  0 line ia a f o c u s  i n s t e a d .  W K B  
a p p r o x i m a t i o n  for the w a v e  f u n c t i o n  in t his  r e g i o n  is 
p o o r l y  u n d e r s t o o d .  Ho wev er , s i m p l e  p h y s i c a l  a r g u m e n t  
s u g g e s t s  that the w a v e  f u n c t i o n  is l i k e  a B e s s e l  
f u n c t i o n  in p  d i r e c t i o n  a nd  a p h a s e  l os s  is a l s o  ^  .
R e c a l l  t h e  S c h r o e d i n g e r  e q u a t i o n  for a H y d r o g e n  
a t o m  in a m a g n e t i c  field w h e n  m - 0  in c y l i n d r i c a l  
c o o r d i n a t e  c a n  be w r i t t e n  as
f ' x k  ^  + Fif ^ + Wfi i)  ]  'ttP,l)=Ettf>, i )
{7 1 )
w h e r e
V l f o ) = - J = =  +  ± ( * . ) *  p i
cYF^-Tp s c  * t f - 2 )
In the r e g i o n  far a w a y  f r o m  the o r i g i n  bul c l o s e  
to P  ~ 0 line, we  m ak e a WK B l i k e  a p p r o x i m a t i o n  for  the
2 0 6
i n d e p e n d e n c e  o f  the w e v e - f u n c t i o n
»  * * p I i f W . V W A  J  i ’ / f r t )
T h e n  the e q u a t i o n  s a t i s f i e d  by i a  a p p r o x i m a t e l y
t j t r j k 7 + P &  + ^  f^ ) ~ ?£< o, i ) ^  -  e ) 4>(pj )=o
w h e r e  we h a v e  n e g l e c t e d  d e r i v a t i v e s  of w i t h  r e s p e c t
to z ■ D e f i n i n g
AH?,ji- -  m i ) -
it is e a s y  to s h o w  that, an e x p a n s i o n  o f  A ir , i )  in p o w e r s  
of p  c o n t a i n s  no l i n e a r  term. D r o p p i n g  t he  q u a d r a t i c  
term, w e  r e p l a c e  N o w  t h e e q u a t i o n
s a t i s f i e d  by t ^ ^ J i s
[ z p 2  +  - + 4 ( 0 , 3 ) ] $  = 0
w h e r e  we h a v e  s u p p r e s s e d  t h e d e p e n d e n c e  of T^ 1 u p o n  p  
T h i s  is B e s s e l ' s  e q u a t i o n ,  a n d  the  s o l u t i o n  is
t  -  X  ( * P )
The l o w e s t  o r d e r  a p p r o x i m a t i o n  to (F 1) in t h e  f o c u s  
r e g i o n  is t h e r e f o r e
I
By m e a n s  of a long d e r i v a t i o n  ( w h i c h  is not 
p r e s e n t e d  h e r e )  it is p o s s i b l e  to s h o w  that e q . ( F - 3 )  
r e p r e s e n t s  the  first t e r m  in a f o r m a l  a s y m p t o t i c  
e x p a n s i o n  f or  ^  in p o w e r s  of .
N o w  u s e  the a s y m p t o t i c  f o r m  of the B e s s e l
2 0 8
f u n c t i o n ,
( F-4 )
c l e a r l y  f r o a  f F ■ 3 ) a nd  (F-4) a p h a s e  lose of J jjf is 
p r o d u c e d  f o r a w a v e  g o i n g  t h r o u g h  the focus.
APPENDIX «
THE A P P R O X I M A T I O N  O F  R E T U R N I N G  W A V E S
In o r edr  to s h o w  that th e  r e t u r n i n g  w a v e  in (6 6)
is well a p p r o x i m a t e d  by  the f o r m u l a  in (4 40) we
n u m e r i c a l l y  c o m p u t e  t h e  r e t u r n i n g  w a v e  a s s o c i a t e d  w i t h
t h e  t r a j e c t o r i e s  a r o u n d  the s e c o n d  c l o s e d  o r b i t  in 
C h a p t e r  VII, w h i c h  is s h o w n  in Fig. 7.3.
T he  c o m p a r i s o n  is m ade  b o t h  in the r a d i a l  a n d  
a n g u l a r  direct ions. [n Fig. G~1 t h e  real and i m a g i n a r y
pa rt of the w a v e  on a c i r c l e  r r “ 5 0 a o b ut  at d i f f e r e n t
final a n g l e s  a r e  s h o w n ;  in Fig. (i-2 the rea l a n d  
i m a g i n a r y  part of the  w a v e  at the f i x e d  i n c o m i n g  a n g l e  
b ut  at d i f f e r e n t  f i nal  r a d i u s  r t  is s h o w n .  
T he  s q u a r e s  and  c i r c l e s  are  t h e w a v e  c o m p u t e d  
n u m e r i c a l l y  u s i n g  the  s e a i c 1 a s s i c a  1 a p p r o x i m a t i o n  in 
t he  o u t e r  re g io n.  T h e  s o l i d  l i nes  a r e  t h e  a n a l y t i c  
a p p r o x i m a t i o n  (c y 1 i n d r i c a 1 1 y m o d i f i e d - z e r o  e n e r g y  
C ou 1 o s b - s c  a 1 1 e r i n g  w a v e )  . T h e  a g r e e m e n t  b e t w e e n  the 
t w o  is v e r y  good-
A n o t h e r  w a y  of c h e c k i n g  the a c c u r a c y  of the
a p p r o x i m a t i o n  is to c o m p u t e  the e x p a n s i o n  c o e f f i c i e n t
b i b  in (6-7) a n d  s e e  if its v a l u e  is i n d e p e n d e n t  of t h e  
r e d i u s  of the f i n al  c i r c l e  w h e r e  t h e  s e m i e l a s s i c s l  
a p p r o x i m a t i o n  is j o i n e d  to th e  a n a l y t i c  a p p r o x i m a t i o n .  









Fig. 0 1  C o a p a n i o n s  b e t w e e n  the n u o e r i c o l  ly 
c o s p u t e d  r e t u r n i n g  w a v e  a n d  t h e  a n a l y t i c  e x p r e a a i o n  
S e e  text for e x p l a i n a t i o n * .
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r a d i i  t i  ( T a b l e  0 - 1 ) .  W e  f i n d  w h e n  rr c h a ng e s  fro* 
3 0 * o  to 1 0 0 * o ,  t he  M a g n i t u d e  of bid vari es  by about 3*, 
a nd  t h e p h a s e  c h a n g e s  i n a i g n i f i c e n t 1y .
T a b l e  G - 1 E x p a n s i o n  C o e f f i c i e n t  aio
rr a * p . of aiu p h a s e  of aio
3 0 . 0 0  Bo 1 . 7 2 3 3 4 4 . 7 9 4
3 5 . OOao 1 , 7 2 9 3 4 4 . 7 9 5
4 0 . OOao 1 . 7 3 4 3 4 4 . 7 9 5
4 5 . OOao 1 . 7 3 9 3 4 4 . 7 9 5
5 0 . 0 0  do 1 . 7 4 4 3 4 4 . 7 9 5
5 5 ■ 0 0  an 1 . 7 4 8 3 4 4 . 7 9 6
6 0 . OOao 1 . 7 5 3 3 4 4 . 7 9 6
6 5  . OOao 1 . 7 5 7 3 4 4 , 7 9 6
7 0 . OOao 1 . 7 6 1 3 4 4 . 796
7 5 ,  OOao 1 . 7 6 5 3 4 4 . 7 9 5
H O . O O a o 1 . 7 6 9 3 4 4 , 7 9 6
8 5 . OOao 1 . 7 7 3  3 4 4 . 7 9 b
9 0 . OOao  1 . 7 7 6  3 4 4 . 7 9 6
9 5 . OOao 1 . 7 8 0 3 4  4 . 7  9 6
1 0 0 . OOao 1 . 7 8 3 3 4 4 . 7 9 7
A P P E N D I X  H
T H E  H E S U L J S  A R E I N D E P E N D E N T  OF  THE  J O I N I N G  R A D I I
In A p p e n d i x  G, I s h o w e d  n u m e r i c a l l y  that the  v a l u e  
of th e  c o e f f i c i e n t  a i B d e f i n e d  in eq, (6-7) is 
i n d e p e n d e n t  of  t h e  f i n a l  j o i n i n g  r a d i u s  rr. H e r e  [ 
s h a l l  e s t a b l i s h  t h a t  t h e  r e s u l t s  a r e  i n d e p e n d e n t  of 
b o t h  t he  i n i t i a l  a n d  fi na l r a d i i  a n a l y t i c a l l y .  If 
e i t h e r  the i n i t i a l  o r  f i n a l  r a d i u s  r Lb or r f b a r e  
c h a n g e d  in a p r o p e r  r a n g e  the e x p a n s i o n  c o e f f i c i e n t  aia 
in ( 6  7) r e m a i n s  u n c h a n g e d .  T h e r e f o r e  the f o r m u l a  for 
t he  s p e c t r a l  o s c i l l a t i o n s  16 2 0 ) is i n d e p e n d e n t  of the 
j o i n i n g  r a d i i .
T he  r a n g e  of  r is s u c h  th at  t h e C o u l o m b  t e r m  
d o m i n a t e s  o t h e r  t e r m s  ( m a g n e t i c  t e r m  a n d  the t e r m  f r o n  ^  
m o t i o n )  in t h e  e f f e c t i v e  p o t e n t i a l .  So  the c l a s s i c a l  
m o t i o n  of t h e  e l e c t r o n  in the r e g i o n  is g o v e r n e d  by the 
t w o  d i m e n s i o n a l  H a m i l t o n i a n
l O O a o , In t h i s  r e g i o n ,  the r a d i a l l y  o u t g o i n g  
t r a j e c t o r i e s  k e e p  r a d i a l l y  o u t g o i n g ,  s o the o u t g o i n g  
a n g l e  o f  e a c h  t r a j e c t o r y  d o e s  not c h a n g e .
< H  - L )
N o w  let us a s s u m e
W e  a l l o w  y ^ -  to be  a ny  v a l u e  in th e r a n g e  3 0 ao to
2 1 2
The  M a s l o v  i n d e x d o e s  not  c h a n g e  s i n c e  t he  r e g i o n  
u n d e r  c o n s i d e r a t i o n  h a s  no c o n t r i b u t i o n  to jj[ _
A c c o r d i n g  to eq, ( 6  5b)
r b
a nd  froi eq. ( 5 - 2 7)
Sr * 5r ( J s r i ' - J i r f )
C o m b i n i n g  eqs. <5- 28)  a n d  (5 29), s i n c e  i n i t i a l l y  
the t r a j e c t o r i e s  are g o i n g  o u t w a r d  radially, w e  find
- £ £ r  =  U r y ^ h
t h e r e f o r e  l ^
/ t - / )  i % ) *
As a r e s u l t  a i m  i s  u n c h a n g e d :  the c h a n g e  in the
i n i t i a l  v a l u e  o f  the w a v e  f u n c t i o n  on the b o u n d a r y  is 
c a n c e l l e d  by t h e  c h a n g e  in th e  s e m i c l n s s i c a l  w a v e
p r o p a g a t o r
8 0  s i ■ ia u n c h a n g e d .
S i m i l a r l y  w h e n  r't c h a n g e s ,
w e  h av e
-  I  J i r f '  -  J s r f  ]
u n d e r  t h e a p p r o x i m a t i o n  t hat  the i n c o m i n g  t r a j e c t o r i e s  
a r e  t h e  s a m e  as if t h e  e l e c t r o n  c o m e s  in from i n f i n i t y ,  
we  h a v e  th e  e q u a t i o n  of  m o t i o n
P y -  I ^  U > S Q
f r o m  w h i c h  we  get
&  T r
a n d  f r o m  t h e  e n e r g y  e q u a t i o n  we a ls o  get 
t h e r e f o r e
a n d  a g a i n  a n  is i n v a r i a n t  u n d e r  s u c h  c h a n g es .
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A C T I O N  AND T I M E  T H E O R E M
We n o w  p r o v e  a t h e o r e i  w h i c h  r e l a t e s  t h e  a c t i o n  t o  
t i m e  a l o n g  a t r a j e c t o r y .
C o n s i d e r  a t r a j e c t o r y  w i t h  e n e r g y  E i g o i n g  f r o m  ^ J 
t o  %  W h e n  t h e  e n e r g y  i s  c h a n g e d  f r o m  Ei  t o  e n e r g y
E;  w h i c h  i s  c l o s e  t o  
E i , t h e  t r a j e c t o r y  
g o i n g  f r o m  %  t o  S  w i l l  
f o l l o w  a d i f f e r e n t  b u t  
n e a r b y  p a t h .  Row a r e  t h e  
a c t i o n s  a l o n g  t h e  t w o  p a t h s  r e l a t e d ?
T h e o r e m ;
W e e  ~  T , e i
( I  1 )
w h e r e  T ! E )  i s  t h e  t i m e  n e e d e d  t o  g o  f r o m  %  t o  ^
T h i s  t h e o r e m  s a y s  t h a t  t h e  d i f f e r e n c e  o f  a c t i o n  f o r  
t w o  n e a r b y  t r a j e c t o r i e s  h a v i n g  t h e  s a me  e n d s  i s  e q u a l  
t o  e n e r g y  c h a n g e  t i m e s  t h e  t r a n s i t  t i m e .
P r o o f :
o' ~ 9 HT h e  t r a j e c t o r y  g o i n g  f r o m  fe t o  fc. a t  e n e r g y  E 
. - u  b e  w r i t t e n  a s
Th e  a c t i o n  a l on g the t r a j e c t o r y  i* d e f i n e d  «i
5f i ' j t * } i ' j  %*)<=t tfcj £,S',i"J
(I 3 )
w h e r e  in (I 3), t* and t*' a r e  the t i m e a  that the 
p a r t i c l e  a r r i v e s  at ^  and fc, T a k i n g  d e r i v a t i v e s  o
a p a r t i a l  i n t e g r a t i o n  o f  the s e c o n d  t e n  g i v e s  us
f * ? ,  > f  =>S J «  i p  i<-  
K  f i t  = * ( * "
in the e x p r e s s i o n  of  (1-51 th e d e r i v a t i v e  is t a ke n  as
"7^  if
if the two end  p o i n t s  %  and &  w er e  free. If the two 
end  p o i n t s  and t > *  fixed, we h a v e  two e q u a t i o n s
X & t t j  %‘, V ) = % ‘ II61
t a k i n g  d e r i v a t i v e s  in II 6 ) a n d k e e p i n g  in mi n d  that 
t he e n d p o i n t s  % f  and  %* * are fixed, we f in d
[ % . +  f ?
to be z e r o  at t 1 and  t 1 ’ . T h e r e f o r e  we h ave
2 1 7
u a i n f  H a a i l t o n ’a e q u a t i o n  in (1-7),
t t - p  s  $
- E s *
( ± ' f  
=  / < * r
V
)
Q . E . D ■
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THE D E P E N D E N C E  OP A C T I O N  O N  M A G N E T I C  F I E L D
Wh e n  a H a a i 1 t o n ) a n  c o n t a i n s  q p a r a m e t e r  s u c h  a s  
t h e  m a g n e t i c  f i e l d  B,  we w o u l d  l i k e  t o  k n o w  h o w t h e  
a c t i o n  d e p e n d  on t h e  p a r a m e t e r ?
L e t  us  a s s u m e ,
?\»A) (j-n
a n d  a t r a j e c t o r y  ^  g o i n g  f r o m  ^  a t  t ’ t o  a t  t  1 1 ,
i J - 2 a )
i. J - 2 b  )
I f  A  i s  c h a n g e d  t o  , t h e r e  w i l l  b e  a n e a r b y
t r a j e c t o r y  c l o s e  t o  t h e  o r i g i n a l  o n e  a t  t h e  s a n e  e n e r g y  
g o i n g  f r o m  ^  t  o - How a r e  t h e  a c t i o n s  a s s o c i a t e d  
w i t h  t h e  t w o  t r a j e c t o r i e s  r e l a t e d  t o  e a c h  o t h e r ?
T h e o r e m :
Proof:
Take the d e r i v a t i v e  of 5
s
, J J ^
w i t h  r e s pe c t to ^  , h o l d i n g  E . ^  fixed,
t o  =£"' £  #  + f  &  1 *
* /*'
^  ^  a A
2 1 8
->■ i f g - f g g i l S
( J - 4 )
w h e r e  in t he s e c o n d  s t ep ,  a p a r t i a l  i n t e g r a t i o n  h a s 
b e e n  p e r f o n e d .  The t e r a s  o u t s i d e  of t he  i n t e g r a l  
s i g n  in (J 4) e x a c t l y  c a n c e l .  T h i s  c an  be s e e n  by  
t a k i n g  d e r i v a t i v e s  of the t w o c o n s t r a i n s ,
(J 5*>
€ “ )  ( J - Sb )
t h e r e f o r e  ^
1 ^  * *  ~  T X  J * *
f  J 6 )
M ow  u se  H a a i l t o n ’a e q u a t i o n ,
sLi- ^  jiti
w e  ob t a i n  ^
r-c
U t i t . t . V  ~ jt J  S  s i I  *
- g l *
s i n c e  E = flCg 7*, \ )  *■ h e l d  fix ed,  w e  hav 
Q. E .0 .
(J-7)
In the p r e s e n t  c a s e,  w e  went to k n o w  h o w  the 




I B  __ g
* 3  4 -!r 7 P
<*e
(J-B)
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p r a c t i c a l  f o r m u l a  f o r  e v a l u a t i n g
S E M I C L A S S 1 C A L  W A V E  A M P L I T U D E
W h e n  c o m p u t i n g  the seal c l a s s i c a l  w a v e  a m p l i t u d e  A 
as in 15-28) and {5-29) the d e r i v a t i v e s  of r and Q  w it h  
r e s p e c t  to the initial s u r f a c e  at a f i x e d  t i m e
are needed. H o wev er,  b e c a u s e  u s u a l l y  we do not u s e  ■
we do not h a v e  the d a t a  for n e i g h b o u r i n g  t r a j e c t o r i e s  
at the s a n e  time ■
In our  case w e  l a u n c h  a f a m i l y  of t r a j e c t o r i e s  at 
t = 0 f rom  the in itial c i r c l e  a n d  e a c h  of t h e s e  
t r a j e c t o r i e s  is p r o p a g a t e d  w i t h  a v a r i e d  t i n e  s t e p  s iz e  
a c c o r d i n g  to the l o c a t i o n  of t h e e l e c t r o n .  T r a j e c t o r i e s  
are s t o p p e d  right on t he  final c i r c l e  re c o n s t a n t .  
A p p a r e n t l y  t r a j e c t o r i e s  in this f a s i l y  do not a r r i v e  
at the final c i r c l e  at t h e s a m e  time.
Let us e x p r e s s  the d e s i r e d  q u a n t i t i e s  in t e r m s  of 
o t h e r  q u a n t i t i e s  w h i c h  a r e  r e a d i l y  o b t a i n e d .
From r u n n i n g  the t r a j e c t o r i e s ,  w e  c o u l d ,  In 
p r i n c i p l e ,  o b t a i n  two f u n c t i o n s ,
u n i f o r m  t i m e  ste p A t, =  in o u r n u m e r i c a l  i n t e g r a t i o n ,
( K la)
f  K lb )
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We h a v e  from t h e  f i r a t  o n e ,
J r ~  0  k  de '  -+  I j z h o  ^  , s . 2 ,
on the  final c i r c l e  r is a c o n s t a n t ,  w e  o b t a i n
T h i s  is one o f  the  r e l a t i o n .
F n i s  ( K lb) w e  h a v e
w h i c h ,  on t he  f i na l  c i r c l e ,  is
L22.) — t&L) -(US)
> w jt  ~  ' i& J r > t }&o 1 a o j r
< K 3 )
f R-41
f K -5)
T h i s  is a n o t h e r  r e l at  ion.
Eqs. (K 3) a nd  (K 5) a r e  the o n e s  u s e d  in our 
c a l c u l a t i o n  of A. To e v a l u a t e  th e  r i g h t  h a n d  s i d e  of 
eqs. i k J 1 a n d  (K-5) we n e e d  t h e n o a e n t e  of e a c h  
t r a j e c t o r y  a n d  t he  t i m e  of t w o n e i g h b o u r i n g  
t r a j e c t o r i e s  a r r i v i n g  at t h e  f i na l c i r c l e .  T h e s e  ar e 
t he  i n f o r m a t i o n s  o b t a i n e d  w h e n  H a m i l t o n ' s  e q u a t i o n  are  
i nt e g r a t e d .
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